MinicrepcTBo OCBiTH 1 HAyKu Y KpalHu
JIbBiBCHKUIT HaIiOHAILHUN YHIBepcuTeT iMeHi [Bana Ppanka

A.C. T'apacum, A.M. Hepanikoscbka, B.A. OcTtynin

Metoan po3B’d3yBaHHsI TUIIOBUX 3a/1a4
P YHKI[IOHAJILHOIO aHaJJ 13y

MeToauunnii MOCIOHUK 11T CTYIEHTIB
daxkyaIpTeTy MPUKJIaTHOI MATeMaTUKH Ta 1H(POPMaTUKH

JIpBiB Bugasaumrso "IIpocrip M"

2015



VIIK 517.5

lFapacum ¢1.C., Hemamkosebka A. M., Octyain b.A. Metojiu po3s’sizyBaHHs
TUIIOBUX 3a/1a4 (PYHKIIOHAJIBHOTrO anajizy: Meromauannit mociOHUK st CTy-
nentis. — JIbBiB: IIpoctip M, 2015. — 72 c.

PexomenioBano Buenoro pajioio dpakyabreTy NpUKIIaIHOl MATEMATUKHI Ta
indopmaruku (mporokos N Bij 21 xkoerast 2015 p.)

306ipHUK 38181 OXOIJTIOE TEMU BiJI JIHIHHIX TPOCTOPIB JI0 CIPSI?KEHNX OlTe-
PaToOpiB, MICTUTH CIM PO3JILIIB, y KO2KHOMY 3 SIKUX HaBeJIeHO TeOPEeTUIHI Bi-
JIOMOCTI Ta 3pa3Ku PO3B’SI3yBaHHs TUIIOBUX 3aJ1a4 13 BIIIIOBITHUMU TOSICHE-
HHAMU fI KOMeHTapsiMu. /[0 KOXKHOI!I TeMu HaBeJIeHO TAKOXK 3a/iadi Pi3HOL
CKJIAJTHOCTI, IpU3HAYEH] gK JIJIs ayUTOPHOTO PO3B’s3yBaHHsd, TakK 1 JIJId ca-
MOCTIffHOT'O OIpalIlfOBAHHS.

Y 30ipHUKY 3a/ilad HaBeJEHO TAKOXK IPUKJIAIN eK3aMeHaIiitHux OieriB
JIJIs TPaBUJIBHOI OPIEHTAIll CTYJ/IEHTIB y CEHCl BUMOI JI0 PIBHS 3aCBOECHHS
bYHKITIOHATBHOTO aHAJTI3Y.

JList cTyJeHTiB BUIMUX HABYAJIBHUX 3aKJIJIB, AKi BUBYAIOTH (DYHKIIIO-
HaJIbHUI aHaJIi3, aclipaHTIB Ta HAYKOBUX ITPAIliBHUKIB.

©Tlapacum ¢1.C., Hemamkosebka A.M., Ocrymuin B.A.



3MICT

1 JIiniitHi npocTopu

2 Jlimiiini HOpMoBaHi pocTopu

3 IlIpocTopm 3i cKaJagpHUM J00yTKOM
4 JliniiiHi HenmepepBHi orlepaTopu

5 Jliwniitai dysK1ionaan

6 OO6opoTHicTb JiHITHUX ollepaTopiB

7 CupsikeHi onnepaTopu

11

22

36

45

52

63



Beryn

QyHKITIOHAJTLHUN aHAJI3 € OJHAM 13 HaBaK/JIUBIIIUX PO3/ILIB CYy9acHOL
MareMaTuku. ChorosiHi MOBY (byHKIIOHAJILHOIO aHAJII3Yy Ta HOTO METOJIH 1~
POKO 3aCTOCOBYIOTH Y PI3HUX HaIIPSIMaX MaTeMAaTHIHOI OCBITH.

Mu yzaraJbHUIN JIOCBIJI MPOBEJICHHSA MPAKTUIHUX 3aHATH 13 (PYHKINO-
HaJBHOTO aHasi3y Ha (PaKy/JbTeTi MPUKJIAIHOT MaTeMaTUKNU Ta iHdOopMaTH-
K1 JIbBIBCHKOTO HalllOHAJIBLHOTO yHIBepcuTeTy imMeHi IBana Ppanka. B mpomy
30ipHUKY HaBEeJICHO THUIIOBI 3aJ1adi, 10 OXOILIIOIOTH OLIBIICTL PO3/ILIB Jie-
KIIHHUX KypCiB i3 (DyHKIIOHAIBLHOTO aHAJII3y, SKi BUK/IAJAIOTH Y OKPEMUX
dopMmaTax cTyJIeHTaM CIeliaJbHOCTell “TIpuKJIajiHa MaTeMaTuka’, ‘CucTeM-
HUIT aHaJi3 Ta yrpasjainusg’, “indopmaTnka’.

Ockibku, (HyHKIIOHATBLHUN aHAI3 SIK HOPMATUBHY JUCIUILIIHY BUBYaA-
I0Th ITPOTATOM JIUIIE OJIHOI'O CEMECTPY CTYJEHTH JIPYTOTro KypCy, TO MU MaJIH
Ha MeTi HOCIPHUATH 3aCBOEHHIO OA30BUX IMOHATH Ta OBOJIOIIHHIO CIENN(IKOO
JIOCJTIZKEHD PI3HUX KOHCTPYKIIiH, 9K BUKOHYIOTH BiIIIOBITHUMHU METO/IAMH.

30ipHUK 38181 OXOTLTIOE TEMU BiJ JIHIHHIX TPOCTOPIB /10 CIPSI?KEHNX OlTe-
paTopiB, MICTUTH CIM PO3/IJIB, Yy KOXKHOMY 3 AKUX HaBeJIEHO TEOPETHIHI Bi-
JIOMOCTi Ta 3pa3Ku PO3B’d3yBaHHs THUIIOBUX 3aJ1a4 13 BIAIOBIIHIMU TOSCHE-
HHAMHU fI KOMeHTapsiMu. /[0 KOXKHOINl TeMu HaBeJeHO TAaKOXK 3a/ladi Pi3HOL
CKJIAJTHOCTI, IpU3HAYEH] 9K JJIs ayMTOPHOTO PO3B’si3yBaHHd, TaK 1 JIJId ca-
MOCTIifHOTO ompaloBanisd. He nperenayioun Ha OpuUrinaabHICTb, MU 3aI103H-
YA OLIBIIICTE 3a/1a4 i3 BiloMuX 30ipHUKIB, MiJPYIHUKIB Ta MOHOIpaddiii:
(21, [3], [41, [6], [8], [10] Ta im.

Bigyaoun masexxue Bucokomy mpodeciitHoMy piBHIO crieriamicTis 3 ¢yH-
KITIOHAJILHOT'O aHaJ I3y, MI HaMaraJucd aJalTyBaTH BiITOBIIHI MaTeMaTUIHI
CTPOTOCTI JI0 PiBHA 3HAHb CTYJIEHTIB, 3aXOIJIEHUX, SIK BIJIOMO, TI€pETyCIiM 1H-
dbopMaIitHIMI TEXHOJIOTISIMH.

Y 30ipHUKY 3a/i1a9 HaBeJEHO TAKOXK IPUKJIAIN eK3aMeHaIliitHux OieriB
JIJIs TPaBUJIBHOI OPIEHTAIll CTYJ/IEHTIB y CEHCl BUMOI JI0 PIBHS 3aCBOECHHS
bYHKITIOHATIBHOTO aHAJTI3Y.

OcobsnBa BISIHICTH HAIMAM KOJIETaM — CIieriaicraM i3 pyKIioHAJIbHOTO
aHaJi3y MeXaHIKO-MaTeMaTHIHOro GakyabTeTy JIbBIBCHKOIO HAIIOHAJIHHOTO



yHiBepcuTery imeni IBana @panka 3a MiHHI TOpan I KOHCYIbTAIIII.



Pozmina 1

JIiH1iiHI TpocTOopu

[TonsTTd JIHIHOrO MPOCTOPY € OJHUM 13 HANBaK/JIUBIIIUX y CydacHiit
MaTeMmaTuli. MHOKUHY BCiX BEKTOPIB IJIOMUHKU YU HMPOCTOPY Ta MHOYKUHU
dyHKIIIT MOKHA CXapaKTepu3yBaTU OJHUMU il TUMU K BJIACTHBOCTSAMM JIiHIN-
HocTi. ['0JIOBHI 3 X BJIACTUBOCTEN JIATJIM B OCHOBY aKCIOM, IO BU3HAYAIOThH
3arajibHe MOHATTS JIHIITHOTO IIPOCTOPY.

Oznavenns 1.1. Muoxwuny F ejleMeHTIB x,¥, Z, ... Ha3UBATUMEMO ATHIT-
HUM TPOCMOPOM, SIKITIO B Hill 0O3HAYEH] JIB1 OIlepalrii:

e Oy/Ib-sIKUM J[BOM €JIeMeHTaM &,y € F mocraB/ieHO y BiJIIIOBI/IHICTH eJie-
MeHT T + y € F — IxHs cyma;

® KOXKHOMY eJIeMeHTY € E 1 1oBIIbHOMY CKaIsapy A MOCTaBJIEHO y Bij-
MOBIJIHICTD e/leMeHT A\x € F — 100yTOK ejleMeHTa T Ha CKaJIsdp A.

Y 1mpoMy 3almpoBa/KEHH] Ollepallil 10/ [aBaHHsd 1 MHOKEHHSA Ha CKaJIdp JJId
JIOBUILHUX X, Y, 2 € E 1 7OBIIbHUX CKAJIAPIB A, [t TOBUHHI 38/I0BOJILHATH aKCi-
OMU:

1
2) x+(y+2z2)=(x+y)+z
3

)
)
)
4) Apa) = (M) ;
)
)
)

icuye HeffTpasbhuil eteMent © € E Takuit, mo z + 0 = x;

(S

l-x=2,0-2=06;
6) Az +y) =z + \y;
) A+ p)r =z + px.



Axmo A\, p € R, To E nazuBaTuMeMo JHCHUM JIHIHHUM ITPOCTOPOM, SKIIO
K A\, € C, To — KOMILUTEKCHUM JHHITHIM ITPOCTOPOM.

Y Oyab-sikoMy JtiHilftHOMY 1pocTopi E st jgoBiabHOTO entemenTta © € F
MOYKHA BU3HAYUTU NPOMUAEHCHUT eJIEeMEeHT —x, a OTZKe, 1 ollepalliio BiTHi-
MaHHs ejleMeHTiB y — x. [Ipuitmemo, mo —x = (—1) z. Toxi, BignosigHO 10
aKciom b Ta 7,

z+(—z)=1lz+(-1)-2=02x=0,atomy y —z =y + (—x).

Hacaimok 1.1. Jlng Oynab-skux z,y € E Ta cKaldapiB A, (t CIPaBIRKYIOTHCS
HaBeJIeHI HUXKYe TBEPJKEHHSI.

1. HeiliTpaybauii eJ1eMeHT €IMHUMA.
2. dxmo \x = ux, 1e v # O, To A = L.
3. dxmo Az = Ay i A#0, 70 x =1y.

BaznaunMo, 10 HaJgall HelTpaabHuil eJleMeHT JIHIAHOrO IpocTopy I
CKOPOYEHHs HA3UBATUMEMO HyJieM. Y IbOMY pasi B JIeIKUX JIHIHHIX IPOCTO-
pax OKpeMi eJIeMEHTH, 3a TPAJHINEI0, HA3UBAIOTH BeKTOpaMu (abo TOUKaMi),
a BIJIITOBITHI TPOCTOPU — BEKTOPHUMM.

Hexait x1, 2, ..., x; — JOBUIBHI ejleMenTH JiHiliHoro nipocropy E. Jliniii-
l

HO10 KOMOTHAYIEI0 TUX €JIEMEHTIB HA3BUBATUMEMO CYMY BULJISLY Y ATk, J€
k=1
ai,as,...,Qq; — JOBLJIbHI KOHCTAHTH.

Enementu x1, xq, . .., ; HABUBATUMEMO AIHITHO 3AAEHCHUMU, AKIIO ICHYE
!
ixHs JiHifiHa KOMOiHAIA » | apry = O, 1e He BCl a A0piBHIOIOTH 0 OfHOYA-
k=1
!
cHo. ZKImo piBHICTD Y | apr) = @ MOXKJIMBa JIWIIE 33 YMOBH, IO (] = Gy =
k=1
... =q; =0, TO €JIeMEHTH T1, Ta, . . ., T; HABUBATUMEMO AIHITIHO HE3ANEHCHU-

MU.

Ozunavenns 1.2. Jliniitauit mpocTip HaA3UBATUMEMO M-BUMIDHUM, SKIINO B
HBOMY iCHY€ m JIHIHO He3a/Ie2KHUX €JIEMEHTIB, a Oy/Ib-sKa cucrema 3 m + 1
eJleMeHTa JIHIITHO 3a/IeXKHA.

Oznauenns 1.3. Habip Oy/ab-akux m JIHIHTHO HE3aJIEXKHUX €JIEMEHTIB Y M-
BUMipHOMY TIpocTopi F HaszmBaTumemo OasucoMm B F.

Hexait {eg };-, — 6a3uc iiniitnoro npocropy E, Toai ayist 6y ap-sikoro x € E
ICHYIOTH CKaJISPHU A1, Ao, . . . , Ay, TAKIL, IO



T = aie; + azey + -+ + apepm. (1.1)

[Tomanns (1.1) moBUIBHOrO ejleMeHTa Mm-BUMIPHOTO mpocropy E HasuBaru-
MEMO Po3KAadom ejleMeHTa T 3a 6asucoM {eg} -, & GUCHA G1, A, . . ., Gy —
Koopdunamamu ejaementa x y 6asuci {ey}, .

Ozunavenns 1.4. Jliniitauit npocrip E HaszuBaTuMeMO HECKIiHIYCHHOBHMIp-
HIM, SKITO J7Ts KOXKHOTO HATYPaJBLHOTO N B F icHYe N JIHITHO He3aIesKHIX
€JIEMEHTIB.

Oszunavenns 1.5. Muoxuny E B jinifinomy npocropi F HazuBaTuMemo Ji-
HIfHUM 0AraToOBUJIOM, SIKIIO i OY/JIb-IKuX T,y € F i OyIb-aKuX CKaIsdpiB
A, 4 miHifiHa KoMOiHatig Ax + uy € E.

3azHaINMO, 1110 E rtex e niniitamg IIPOCTOPOM.

Hexait M — nedka MHOXkUHa B JiiHifiHOMY 1pocTopi E. Muoxuny eje-
MeHTIB i3 F Burisgmy xg + u, jge u upobirae M, noznadatumemo rg + M.
Tobro

ro+ M = {zo+u;uec M}.

Oznavenns 1.6. Hexait L — jiniifinnit 6araTooBuj y JIHIHHOMY IIPOCTOPI
E. ®ikcyemo xy ¢ L. Muoxkuny xg + L HasuBaoTh abiHHIM 6araToBUIOM
y E. dxmo npoctip E CKiHYEHHOBUMIPHU, TO PO3MIPHICTL L yBarKaloTh
po3mMmipHicTio adirHoro baraToBuLy To + L.

Hexait E/ — niwniitauit npoctip. Bidpisdkom, 1o 3’€Hy€e TOUKU X1, To € F,
HA3UBATUMEMO CYKYITHICTD yCIiX TOYOK T BUTJISLY

= (1—1t)z; + tay, t €[0,1].

Posrussemo siniitni npocropu X i X; Hexait KOYKHOMY eJleMeHTy & € X
[IOCTABJIEHNUI Y BiJIIOBIIHICTh BU3HadYeHUil ejleMeHT T € X, TOOTO 3ajaHa
dyukiis & = J (r) Busnadena ckpi3b Ha X 31 3HAYEHHSIMU B X. T'oBoputu-
MeMo, 10 mpocTopu X 1 X (y1iHiiiHO) i30MOpdHI, AKINO 3HAIETHCsT DYHKITisT
T = J (x), mo 3xiiicHioe JiHI{HY i B3a€MHOOIHO3HAYHY BiAmoBiHICT MiK X
i X, To6ro

1) J(Az+py) = N (x) + pJ (y) naa 6yap-akux exementis z,y € X i
OYIb-IKUX CKAJIAPIB A, [4;

2) gaxmo J (z1) = J (x2), TO T1 = T9;

3) st TOBUIBHOTO T € X sHaiigerbest x € X Takuif, wo z = J (x).
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Oznauenns 1.7. Muoxuny W y miniitHOMY pocTopi £ Ha3uBaTHMEMO OITy-
KJIOIO, SIKITIO 3 YMOBH Z1, To € W BuUIIUBaE, Mo MHOXKUHA W/ TaKoK MICTUTD
BIJIPI3OK, KMl 3’€/IHYE TOUKHU T 1 Xa.

Pozristremo Tenep nousiTTs onyksoro ¢gpyukitionana. Hexait y miftaifinomy
npocropi F 3amano GyHKIIO, 110 CTaBUTh Y BiJIIIOBIIHICTH KOKHOMY o € F
Biamosigae dnciao p (). Y oMy BHIAJKY KaXKyTh, Mo Ha E 3amaHo dyH-
Kijonas p (z). fkmo Bei 3Havenus p (x) aiiicHi, To dyHKIHOHAX p () HA3W-
BaTUMEMO JIHCHUM.

Osnavenns 1.8. /liiicuuii byHKIIOHA P () HA3MBATUMEMO OITYKJIUM, SKIIO
JJtst Oyb-SIKUX T1, Ty € E 1 Oyub-sakux t € [0, 1]

p((1—t)xy +tag) < (1 —1t)p(x1) + tp(z2).
ITpuknag 1.1. IlepeBipuMo mpaBUIbHICTHL TBep/2KeHb HACTIIKY 1.1..

1. Ilpumnycrumo, mo @1 i @y — Hyai B F; Toxi O1+ 60y = 01,0, +60; = Oy
(BimmosimHO 10 akciomu 3). 3Bicu, 3a akciomorw 1, @1 = Os.

2. ko 10 000X YaCTUH PIBHOCTI AT = U JOJATU — 4L, TO OTPUMAEMO
(A=p)x = 6. 3a ymoBu A # p Ha nijcrasi akciomu 4 JiHIKHOrO
mpocropy (A — ) (A —p)x = x = O, WO CyHepeduTsh IPHITYIEHHIO
x # 6. OTke, A = pu.

3. Honasmmm g0 000X 9acTHH PIBHOCTI Axr = Ay BHUpa3 —AY, OTPUMAEMO
Mz —y)=06.4dxkmo A #0, 10—y = A" X(z —y) = O, 10610 T = ¥.

Ipukiax 1.2. Posrssemo minifiauii upocrip R” i3 6asucom {e;};_; 1 g0-
BeJIeMO, 1110 Oy/Ib-sikuii ejjeMenT € R™ MoxKHa €IMHIM CIIOCOOOM 3BECTH JI0
BUIIIANY £ = &1 €1+ & e+ -+ &, - e,.

[Ipunyctumo, 1o icHye e OfuH HabIp 9HuCcesT 1,72, - - -, Yn TAKHX, IO
T =y -€e + Y- e+ -+ - ey Tom, 3a akciomoro 7, (§ —71)er +
(&2 — 72) ea+- - +(& — V) €0 = O. Ockiibku {e;};_, —6asuc y R™, 1o 3a1aHa

PIBHICTH BUKOHYETBHCsI TOAL i TLibku Tomi, Komu (& — ) = 0, (& — ) =
0,...,(& —vn) = 0. 3Bigen & = 71,8 = Yo, ..., & = Vn

IMpuknang 1.3. V minifinomy mpocropi C' [0, 1] posristaeMo cucteMy esileMeH-
TiB 1,¢,¢2,...,t". JloBeiemMo, IO I CHCTEMa JIIHIHHO He3aJIeKHa.

JloBejienHst TIOOY/lyEMO METOJOM BiJl MPOTHJIEXKHOTO. JJIs 1IbOTO IIpuIry-
CTUMO, IO ICHYIOTH KOHCTAHTH A, A1, G2 - - - , Ap, IKiI HE BCl JOPIBHIOIOTH HYJIIO
OJHOYACHO, TaKi, IO

ag-14ay-t+ag-t>+---+a, t"=0. (1.2)



Pipricts (1.2) mis Beix ¢ BUKOHYETHCS TOJ i TIIBKH TOJIi, KOJIM GaraTousieH
ap-1+ay-t+as-t>+---+a,-t" TOTOXKHO JTOPIBHIOE HYJIIO, TOOTO TOJI i TIIHLKN
TOMi, KOJIK Qg = a1 = Gy = -+ = a, = 0. A 1le cynepednTh IPHUILYIIEHHIO, 110

n .

He BCi KoedinienTn {a;} i—o JOPIBHIOIOTD HYJIIO OJHOYACHO.

10.

11.

Sagaqgi

. Hosectu, mo muoxkuaa R™ yciXx MOXKJIMBUX YIOPSJIKOBAHIUX HAOOPIB

(cToBmIiB BUCOTH M) MIICHUX YHCEN € JIHIHIM TPOCTOPOM.

[IepeBipuTn, 4yu € jiHifiHUM IPOCTOPOM MHOXKUHA M, YCIX MPAMOKY-
THUX MATPHUIb MOPAIKY M X N 31 CKAJIAPHUMU €JIEMEHTaMU.

Yu € JiHIAHIM IPOCTOPOM MHOYKUHA, BCIX JIHCHUX, BUBHAYEHNX HA BiJI-
pisKy |[a, b], HemepepBHux dyHKIHH? KO Tak, TO 3ampPOBAIUMO JJIsI
uboro nosHadenns C'[a, b].

. Hosecrn, 1mo oxuu esemeHT (BeKTOp) JIHIHHOTO TPOCTOPY JIiHIHO 3a-

JICYKHUI TOMAl # TIJIBKKM TOJi, KOJIM BiH JIOPIBHIOE HYJIIO.

; T T . T
Buaiitu «, 3a gxoro ejementu R3 (1,2,3)" ,(1,1,0)" i (o, 1,1)" Kom-
IaHapHi (3a TePMIHOJIOTI€I BEKTOPHUX JIHIHHUX MPOCTOPIB), TOOTO
JIHITHO 3aJ/IeKHI.

. Hosecru, mo B C'[0,7] dynxuii 1, cost,cos?t miniiino nesamexui, a

dbynxmii 1, cos 2t, cos? t miniitHo 3a/IexKHi.

Hexait etementu xq, 2o, ..., T, JiHIIHOrO npocTtopy FE iHIHO He3a-
snexHi. Jlosectn, mo Oyab-ski k i3 Hux, 1 < k£ < m, TakoXK JiHIITHO
He3aJIeXKHi.

. Hosectu, mo B R 6yab-ski m + 1 BeKTOpu 3aJexHi. /s mporo 3arm-

caTh MATPUITIO 13 KOOPJIMHAT IMUX BEKTOPIB 1 CKOPUCTATUCH TUM, IO 11
paHI' He IIePEBUIILYE M.

. Hosecrn, mo C'[a,b] € neckindennoBumipauM. PosrisgayTn mocsigos-

micts dbynkmii 1,¢,t%,...,¢", ... i gosectn, mo 1,¢,t%, ..., t" nixiitao
He3aJIeXKHI /I OY/Ib-IKOT0 HATYPaJIBLHOTO 1.

Josectu, mo 3a 6yb-axoro k > | > 0 C* [a, b] e ninifinnm 6araTosumiom
I
y C"[a,b].

[TokaxiTh, 110 MHOXKMHa& BCiX OaraTodjieHiB creneHd < m € m + 1-
BuMipHAM JiHifiHUM Garatosugom B C' [a, b].



12.

13.

14.

JloBecTu, 1110 MHOYXKUHA, PO3B’13KiB JIIHIITHOIO HEOJIHOPIIHOTO T epeH-
IIaJIGHOTO PIBHAHHS N-T'O HOPSIKY

Tr pa () S ta, () =y (1)

yTBOpIOE n-puMiphuii adinnuit 6ararosus y C |a, b]. [Tpudomy koediri-
enru a; (t),i=1,2,...,n, i npaBa yacruna y (t) HenepeppHi Ha |[a, b].

osectu, mo Oyab-gKkuii JTiHifiHUIE O0araToBu B F € OIyKJ/IOI0 MHOXKH-
HOIO.

JoBecTu, 10 MepeTwH JIO0BIIbHOI KiJIBKOCTI OIYKJ/IUX MHOXKHH € OILy-
KJI0I0 MHOXKHHOJO.
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Po3zmia 2

JIiH1IiHI HOPMOBAHI IIPOCTOPH

VY nonepeiHboOMY PO3JIiJIi PO3TJIAHYTO JIiHiiHI TpocTopu. HacTynmnum Kpo-
KOM Oy/le 3aITpOBa/?KeHHs] HOPMOBAHUX MTpocTopiB. [lonaTTa MOmyms miticHo-
ro 4mcjia, KOMIIEKCHOTO YHCIa Ta BEKTOPa Jla€ 3MOI'Y O3HAYUTH Bi/ICTaHb
97, IHIMAMA CJI0BaMH, METPUKY, Ha YHUCJIOBINA OCi, Yy KOMILJIEKCHIN IJIOTTUHI
abo MPOCTOpPI BEeKTOPiB, BimoBiHOo. HasgBHICTH METPUKHU J1a€ 3MOT'Yy PO3IJId-
HYTH TPUHIUIIOB] MUTAHHA 3012KHOCTI TIOCJIIOBHOCTEH YU PsAJIiB, ICHYBAHHS
IPaHUIl, HENIEPEPBHOCTI 1 JinpepeHIiitoBHOCTI (DYHKIIIH TOIIO.

Ozunavenns 2.1. Jliniitawit npocrip F HasuBaTMMEMO HOPMOBAHWM, SIKIIO
KOKHOMY = € F 1mocTaBjieHO y BiAOBiIHICT HeBix'emue uuciio ||z|| (Hopma
x), sKe 33JJ0BOJIbHAE TaKi TPU BJIACTHBOCTI (aKCIOMH HOPMH):

1) |lz|| > 0;]|z|| = 0 Toxi i Tiapku ToOAi, KO T = O;

2) [|[Az|| = |A| - ||z]| st Gyap-sikoro x € E 1 Gynb-siKOro JiiicHOro (Kom-
IJICKCHOTO) YHCIIA A;

3) ||z + vyl < |lz||+|ly|| (nepiBHicT TpUKyTHUKA) H1s1 Oy b-IKUX T,y € F.
Y HOpMOBaHOMY TIPOCTOPiI F PO3I/ITHEMO MHOYKUHY
Sy (zo) ={x € E: ||z — x| <7},

ne rg € E — dikcoBana touka, a r > 0. Muoxkuny S, (xy) HasuBaTuMe-
MO 610KpUMOI0 Kysero i3 MEHTPOM Y Tg pajdiyca r. AHaJOrIYIHO MHOXKHHY
S, (z0) = {x € E : ||z — x0|| < r} masusatumemo samxrenoto kyaero (i3 men-
TPOM B Z¢, pajiyca 1), a MHOXKUHY 0, (xo) = {x € E : ||z — xo]| =1} — ce-

poro. Ouesnjno, 1o S, (xg) = S, (x¢) U o, (29).

Oznavenns 2.2. Muoxuny M C F HazuBaTuMeMO OOMEXKEHOIO, AKITO T1
MOXKHA, MOMICTUTH B JedKy Kyso. loumimme, M — obMmexkeHa, HAKIIO iCHYE
take "ucso C' > 0, mo i Beix @ € M BukonyeThes HepiBaicTs ||z|| < C.
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PosrisinemMo B HOpMOBaHOMY TIPOCTOPI F' TIOCiIOBHICTE e1leMeHTiB {x;, }.

Oznavenns 2.3. Ejement xy € F Ha3uBaeMO T'DAHUIEIO IIOCJIiIOBHOCTI

{z,,}, axmo ||z, — zo|| — 0 mpu n — oo. dkmo zy € rpanuneno {z,}, To

BAIUCYIOTh Tog = lim x,, abo x, — To Upu N — 00, i KaxKyTh, IO MOCJIiI0B-
n—0o0

HicTb {2, } 36ikHA 10 To. OKOJOM TOUKU T HA3UBAIOTH OY/Ib-AKY BiIKPUTY

KyJtio S, (z9).

st Oy/ib-gKUX JIBOX HAOOPIB KOMILJIEKCHUX YUCEIT £, .oy & 1M1y - -y in
CITPAB/ZKYIOTHCS HEPIEHICTD I bOABLOEDPQ,

m m m q
>0 €kl < ( 22 1€l ) {20 Imel”) s e 5+ 5 =1, 3a ymosu p,g > 1,
k=1 k=1 k=1

Ta nepisnicms Minkoscvrozo

m P m D m
oISk A mel” ) < XAl ) A+ X Il

Oznavenns 2.4. Hexait y ginifinomy npocropi E 3ampoBa/izKeHO JBi HOpMU:
Il 1 ||lly. Axmio iciye xoncranTa § > 0 Taka, mo gis Oyab-akux © € E
BHUKOHYy€ThCs HepiBHicTb ||z, < 7|, To BBazxkarmmemo, mo zopMa |||,
migropsakosBana Hopwmi |||,

KazkyTs, 1o sopmu ||-||; Ta ||-||, exsiBasenTHi, sKkimo icHytoTh Ynca o >
0, 8 > 0 Taxi, 110 JJIsT JOBLIBHUX * € E BUKOHYIOTHCsSI TaKi HEPIBHOCTI

allzfly < flzlly < Bl
3 orvIdAly Ha Ile CHPaB/IZKYEThCs TAaKOXK BarK/IMBE TBEP/?KEHHS.

Teopema 2.1. V Oy/ib-IKOMY CKiHU€HHOBUMIPHOMY JIIHIHHOMY TTPOCTOPI BCi
HOPMU €KBiBaJIEHTHI.

Hexait ¥ nopMoBanwmii mpocTip.

Osznavenns 2.5. Muoxuny M C E Ha3zuBaeMo BIIKPUTOIO, SKITO Pa30M i3
KOXKHOIO CBOEIO0 TOYKOI0 M MICTUTH TaKOXK JesaKuil okija miel Touku. Tobro
M € BiIKpUTOIO, SIKINO I JOBLIBHOTO xg € M 3Haiigerbca r > (0 Take, 110
S, (xg) C M. Topoxuto MHOKMHY () BBazkatoTh BiakpuTono B E 3a o3HaueH-
HSIM.

Oznavenns 2.6. Touky a Ha3MBaEMO I'PAaHUYHOIO TOYKOIO MHOXKuUHEU M C
E, gxmo goBuLIbHMNE OKiT @ MiCTUTH X04a O OJHy TOUYKY MHOKuHU M, Bii-
MiHHY BiJ @.
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BaxxymmBuMm € 1 Take TBEPKEHHS.

Teopema 2.2. Touka a € rpaHUYIHOIO TOYKOIO MHOKUHI M C E Toi it utie
TOJIi, KOJIH iCHY€E Jlesika mocigoBHicTb {x,} C M, mo 36iraerbes 10 a, npu
BOMY Ty, # a,n = 1,2,...

Ha mincrasi o3navenns 2.6. 3alpoBa/IzKyIOTh BaxK/IMBe MOHATTA 3aMKHe-
HOI MHOXKWHU.

O3znauenns 2.7. Muoxuny M C FE na3uBaeMO 3aMKHEHOIO, SIKITIO BOHA
MICTHTB yci ¢BOI rpaHn4Hi ToUKU. [TopoxkHio MHOKHHY () 3aB2K/IM BBazKalOTh
3aMKHEHOIO 33 O3HAYEHHSIM.

Osznauenns 2.8. Hexait M C E, a M’ — MmuoXuHa rpanndaux To4ok M.
Muoxkuny M = M U M’ nasuBaemo samukanusm M.

Osnadvenns 2.9. Hexait M C E; muoxkuny E\ M ={z € E:x ¢ M} na-
3UBAEMO JTOHOBHEHHIM 10 M.

Axmo M C E, 1o Bci rouku 3 E (110710 M) 6y/1yTh OJHOTO i3 TPHOX THITIB:
BHyTpimHiI Toukn M, Toukn Mexki M i 3oBuimmmi Toukn M. Touky xg € M
HA3UBATHMEMO SHYMpPiwHbot0 Toukow M, skino icuye 11 okin S, (xg) C M.
Touky zg ¢ M HazHBATHEMEMO 306HIWHbON TOUYKOIO M, SKIIO iCHYe Kyt
Sy (o) (IT okin), mo #e micturh TOUOK i3 M (10610 M NS, (20) = 0). Touky
o € F nazuBaeMo moukoro meorct M, ak1mo B Oy/1b-sIKOMY OKOJI Ty € TOUKH,
mo HaJiexkaTb M, 1 Toukn, mo M He HaJIEXKATh.

Orxke, BinkpuToio Oyjie MHOXKUHA, sIKa MICTUTH JIUIIE BHYTPIIIHI TOYKH.

Touku MeKi yTBOPIOIOTH Tak 3BaHy Mexky OM muoxkuau M.

Oznauenns 2.10. 3amkHeHuit jJiHifiHM 6araToBug L y HOPMOBAHOMY IIPO-
cropi F/ HazuBarumeMo mijmnpocTtopom F.

Busnaunmo Bijicranb o (x, L) Bijg Touku x 10 mignpocropy L 3a gomomo-
roro pisuocti o (z, L) = 11Lr€1£ |z — u||. Hucno o (z, L) xapakrepusye Haiiimire
HaOJIMKEHHST eJIeMEeHTa, T 3a JIONOMOTOK0 eJIeMeHTIB mianpoctopy L. fkimo
icaye emement u* € L takwit, mo o (z,L) = ||z —u*||, To u* HasmBaTmMe-
MO EAEMEHMOM HATUAINU020 HAOAUNCEHHA T eJIeMEeHTaMu IianpocTopy L.
Enement maiiminmoro HaOIMKEHHST MOYXKE BHABUTHCH HE €UHIM ab0 K He
icnyBaTu B3araji. ToMy BaK/IMBUMHU € TaKi TBEP/I2KEHHS.

Teopema 2.3. Hexaii L — cKIHU€eHHOBUMIPHUI TiIITPOCTIP HOPMOBAHOT'O ITPO-

cropy E. ng 6ynp-sikoro x € E ichye (MOXKJINBO, He €MHUIT) TAKHIA €JIEMEHT
* _ *

u* € L, mo o (z,L) = |z —u.
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Oznauenns 2.11. HopmoBanwmit npoctip F HazsuBaTUMEMO CTPOI'O HOPMO-
BaHUM, $IKIIO B HBOMY piBHICTSH ||z 4+ y|| = ||z|| + ||y|| MoxsmBa Tinbku 3a
yMOBH Yy = Ax, 1e A > 0.

Teopema 2.4. VY crporo HopMOBaHOMY ITpocTopi F g KoxkHOTO * € F i
KOKHOTIO Tinpocropy L Moxke icHyBaTH He OiJIbIlle OJHOIO e/IeMEeHTa HailIi-
IIIIIOr0 HAOJIMXKEHHST X ejleMeHTaMu L.

Osznavenns 2.12. Jliniitanit 6aratoBu L, 110 HAIE:KUTh HOPMOBAHOMY IIPO-
cropy E, HazuBaTUMEMO IILILHUM B F, 9KIIO 3a Oyab-gKoro x € F i 10BlIb-
Horo € > () 3HaiieThes eeMenT u € L takuii, mo ||z — ul| < e.

HaBe,ZLeMO pO3B’513KI/I JEAKNX THUIIOBUX 3a/a4.

Ipuknazn 2.1. Posriagnemo niniitauit npoctip crosmmis o = (£1,&,. . ,&m) T
BHCOTH M. 3alIPOBAINMO B IILOMY JIHIHHOMY IIPOCTOPI HOPMY 3a TaKUM IIpa-

BIIIOM: ||z|| = max |&;|. IlepeBipnmo axciomu HOPMUL.

1. Ockimpku [€;] > 0 3a 6yap-sikoro i = 1,m, 1o i max 1&| > 0. Oraxe,
<i<m

|z|| = 0 mpu = O. daxi npunycrumo, mo ||z|| = 0, Tobro max |§;| =
1<i<m

0. BBigku & = 0 3a 6yap-gxoro ¢ = 1, m, a Tomy = = 6.

2. Jlerko mobaunru, mo 3a Oynp-skoro i = 1,m |A§| = |A| - |&]. Tomy
1Azl = max [A&] = [A] max |&] = |A[[|z].
3. st 6yap-sikoro dikcoBanoro i 3 MuOKuHU {1,2 ..., m} Jerko orpu-

MaTH Taky MOCJII0BHICT HepiBHoCTed [&; + n;| < |&|+|mi] < max &+
<i<m

max |n;|, me n; (1,m) — KOOPJIMHATU JOBLJILHOIO CTOBIIS ) BUCOTH

1<i<m
m. OCKUJIbKI OCTaHHI HEPIBHOCTI CIIPABIZKYIOTHCS JIJIsl Oy/Ib-AKOTO § €
11,2,...,m}, mo max & + i < max |&] + max |ni], abo [|lz +y]| <
]l + yll-

Ot2xke, 3anPOBa/IKEHII HAMEI 00’ €KT MOYKHA BBayKaTH HOPMOIO, OCKIJIbKI
JIJIsl HOPMU CIIPABEJIZKYIOThCsl HEBUPOJIZKEHICTD, OJIHOPIIHICTh Ta HEPIBHICTH
TpukyTHUKA. OTpUMaHNit HOPMOBAHUI IPOCTIP, 38 TPAJMINEI0, TO3HATAIOTH
¢™. Bracue romy max |&| = ||| m-

1<i<m

IMpukuang 2.2. PosrisgHeMo JiesKy MOCTIOBHICT {X,} HOPMOBAHOTO MPO-
cropy E. Hexait o = lim x, i xqg € E. /loBegemo, 1o rpaHuliisd xoy €IMHA.
n—o0
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JloBojiutumemo Biji cynporusHoro. [Ipumycrumo, 1o icHyIOTH jJBa eJje-

MEHTH To 1 Yo Taki, Mo T, — Tg 1 T, — Yo, IPUIOMY To F# Yo. JIerko
n—o0 n—oo

IOOAYUNTH, 110

lzo = woll = llzo — & + 20 = yoll < llr0 = 2nll + 120 — woll-
Ockimbru ||xg — x| — 01 ||z, — yo|| — 0, a HaBegena HepiBHICTH BUKO-
HYETHCH 38 JJOBIIBHOTO 1, OTPUMYEMO, IO To = Yo. OTKe, IPAHUI €HHA.

Ilpukiaan 2.3. /loBememo mpaBUIbHICTH HEPIBHOCTEIH

Om ||‘r||Em < ||x||cm < Bm ||I||Em

Ta 3HaiIeMO BiJIITOBiAHI KOHCTAHTHU €KBiBaJEHTHOCTI v, Ta [,,.
[Tounemo i3 mepIoi HEPIBHOCTI.
Ouesnano, mo & < maxé; 3a Oyap-gkoro i = 1,m, ogHak Tom & <
(2

max &2, TlijicyMyemo 1 HepiBHOCTI 3a i, OTPUMAEMO
7

ZgQSZ max &2 = m - max &2.

=1 1<i<m 1<i<m

3Bijgcu

m

Z 512 < ,/m- max 12?
abo

1 2
vm Zg < II?%X ’£z|

Orxe, oo, ||2]| gm < ||2|| m, i€ KOHCTAHTA €KBIBAIEHTHOCTI Oy = \/Lm
Hosenemo renep npaBuibHICTb ||| m < B ||2]| g -

YucsoBa nocinosricts {£2}," | TAKOXK MICTHTDH max &2 romy max 2 <
1<i<m 1<i<m

m m
> &2, 3Binkn max & < 1.4/ &2 Orxe, ||2]| gn < B ||| gm s i€ KOHCTAHTA,
: <ism i=1

eKBiBaJIeHTHOCTI (3, = 1.

: : co n+1 n+2
Ipuknazn 2.4. Posrasuemo nociijosricts GyHKIM T, (1) = E— — L

n+1 n_—|—2
upoctopi C'[0, 1] 1 mepesipumo, 1u BoHA € 3612KHOIO.
[MocrinosricTs {2, (t)} mms Koxuoro dikcosanoro ¢ € [0, 1] mpu n — 0o
36iraernbest 10 xg (t) = 0. Hosegemo tenep, mo {z, (t)} 36iracrbes 10 Hyss
piBHOMIpHO. 7151 TTHOTO PO3TJISTHEMO
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tn+1 tn+2

n+1 n+2

e+l )

n+1 n—+2

/
gl qnt2 — " _ tn—l—l
n+1 n+2 -

BHaiiemMo max . JIerko nobaunTu, 1o <

t€[0,1]
i

tn— " =0mnput, =01ty = 1.

tn+1 tn+2
n+l  n+t2

— 0. OTKe, 19 TOCJIIOBHICTH 30ira€ThCst B IIPO-
n—oo

IlizcraBuMmo t1 1ty B ( ) Maxkcumym Jocsaraerbed mpu to = 1 :

(71 — 713) = GoeT

cropi C [0, 1] piBHOMIpHO.

IMpukuang 2.5. Yu Gyje omykioo B npocropi C' [0, 1] MHOKHMHA GaraTodie-
HiB cremnens k7
s Toro, 106 1e 3’sicyBaTH, 3allAIIeMO JIBa, JOBLILHI OaraTovjieHn

21 (t) = apt® + art* L+t ap Ta zo (8) = botF + bytF T+ by
1 po3ryIsiHEMO TXHIO JIHIHY KOMOIHAIIIO

x(t)=0—=7)a1 (t) + 122 (t) =
(1 — 7') (CLth + altk_l + -+ (Zk) +7 (botk + b1tk_1 + -+ bk)-

O6’eanaemMo Koeilli€eHTH IPU OJHAKOBUX CTEICHSIX:
(1 =7)ag+7bg) - th + -+ (1 = 7)ar +7b) - 1 =z (t).

Jlerko nobauuty, mo npu 7 = — 2= (7 € [0, 1]) creninp Gararowrena x ()

Oyne k — 11 x (t) He HasexkaTHMe MHOXKUHI GaraTo4IeHiB cTemeHs k.

Ilpukian 2.6. IlepeBipumo 4u € cTporo HOPMOBAHUM MIACHUI TIPOCTIP [s.

Binomo, mo i Oyab-gKux &,y i3 NpocTopy 31 CKAJIAPHUM J00YTKOM
cripaBKyeTbes HepiBaicTs Komi-Bynsakoseskoro |(x,y)| < ||z - [|y||. IIpu-
YOMY PIBHICTH BUKOHYETHCH JIUIIE Y BUMQJIKY, KOJIU T,y JIHIIHO 3a/IeKHi:
x = \y. Jdosenemo me. Cupasi, s goBiabHOTO A € R ckanmsipuuii 106yTOK

(& = Ay, = Ay) = (,2)=2X (2,9)+N (y.9) = A |yl —=2X (2, 9)+]|«|* > 0.

Ile MokIMBO TOAI i TIIBKY TOI, KOJIM JUCKPUMIHAHT KBaIPaTHOTO TPUUJIEHA
M [yl|*—=2A (z, y)+]||z||* € Menrmmm abo mopismioe mymo. To6To ko 4 (z, i) —
42 1y < 0, 3w | (2, )] < [l2] 1y

Hagejieni Bure MipkyBaHHs 3aCBILIIyIOTH, 10 B HepiBHOCTI Kormri-Byns-
KOBCHKOT'O PIBHICTH BUKOHYETHCS TOJI il JIUINE TOMi, KOIU & = Ay. ZK Mu
3HaEMO, 3a JIOMOMOroi0 HepiBHOCTI Komri-ByHAaKOBCHKOrO T0OBOJATH HEPIB-
HICTH TPUKYTHUKa /Ui HOpME B lp. Biacue tomy || +yl|,, = [z, + [yl

Tofi i Juiie Toxi, Koy = Ay. OTxke, mpocTip ly CTPOro HOPMOBAHMIA.
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VY pasi nepuioro YuTaHHs Mei MPpUKJIa] MOXKHA IPOITYCTUTH 1 TOBEPHY THCS
JIO HBOT'O B XO/JIi BUBYEHHS ITPOCTOPIB 31 CKAJIAPHUM JOOYTKOM.

Samaui

1. Yu 6yne 36ixkHO0 B HOpMI IipocTopy X TOCTiI0BHICTE {T), }7

a) X =C[0,1], 2,(t)=en;

6) X =Ly(0,1),  a,(t) =t — 2
B) X =Ly (0,1),  a,(t) =t
DX =Li(0,1),  aa(t)=e

N X=CO,  wnlt) = =
e) X =1L,(0,1), z, (t) =" — "
&) X =001, 2,0 = 5%

w) X =C[0,1], () = 728
K) X =L (0,1), @ (t) = 2
1) X =1,(0,1), $n(t):1+721%;
M) X =15(0,1), n (t) = —5

3ayBakeHHS 1110/I0 BUKOPUCTAHUX [TO3HAYEHb OKPEMUX HOPMOBAHUX
npoctopis. Tumosnm nosHadenusMm npocropy Jlebera € Lo (0,1) (moi-
6o L1 (0,1)). BrignHo 3 03HAYEHHSAM, €JIeMEHTaMU I[HOTO TIPOCTOPY He
e 3Buvaitni dynkil. Bogroyac okpeMi pyHKIT MOKHa OTOTOXKHUTH,
y JeIKOMY CEHCl, 3 IIeBHUMU 00’€KTaMi Ha3BaHOTo mpoctopy. Tomy 3a-
nuc, HAUPUKJIaJ, T, (1) = " — 12" € Ly (0,1), € miJKoM JoIyCTUMUM
3 morsly MexaHizmy 1moOyosu Lo (0,1), ockinbku dymkiis " — ¢2"
€ HeIlepepBHOIO Ha IHTEPBaJIi, AKUN PO3IVIAIAeMO. Y IOMY pasi HOp-

1 2
My @, (t) B Ly (0,1) Busnauaiors 1ak: |21, = {f z? (t)dt} , Je
0

iHTerpas po3yMieMo, MiJIKOM TMPHUPOJIHO, v cenci Pimana.

2. /loBecTu, 1m0 B O3HAYEHHI JIHIITHOrO HOPMOBAHOTO IIPOCTOPY MEPIITY
aKcioMy MOXKHA 3aMIHUTH Ha Taky: 3 yMoBH ||z|| = 0 BuiumBae, 1m0

Tz = 6.

3. Hexait z,, z,y,,y € X (n € N), ne X — nopmosanuii npocrip. Tosecrn,
110
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a
6

) SKIINO Z,, — &, TO T, — OOMEKeHa TIOCJIiIOBHICTh;
)
B) SKINO T, — &, TO ||z, || = ||z||;
)
)

SIKITO Ty — T, Ay — A (Ap, A € C), 10 N\, — Az

') 9KIo T, — T 1 HCCn—ynH — 0, T0 ¥, = T;

1) SKINO T, — &, 10 ||z, — y|| = ||z — ¥

. Hosecrn, mo Bigkpura kyns S, (zg) — BiAKpUTa MHOXKHHA, 3aMKHEHA
KyJsst Sy (xg) — 3aMKHeHa MHOXKWHA, 1 3aMuKaHHs S, (z¢) 36iracTbes 3

Sr (l’o)
. Hosecru, mo diam.S, (xq) = 2r.
. Hexait S, (a) C Sg(b) C X. Hosectn, mo r < Rilla—b|| < R—r.

. HoBectn, mo i Oy/ib-IKUX eJIeMeHTIiB &,y € X BUKOHYETbCs HEPiB-
micts [|z]] < max {[|lz —yl|, [z + [}

. IlepekonaTucs, mo B HaBeJIEHNX HIKYe B KaX BUKOHYIOTHCS aKCio-
MU HOpMH, TOOTO HOpMa Bu3HadeHa KopekTHo. [Ilo o3navae 30iKHICTD
[IOCJIIJIOBHOCTI B KOXKHOMY 3 TIepepaxOBaHUX HUXKUE ITPOCTOPIB?

a) IIpocrip E™ crosunis = = (zi),., (zx € R(z), € C)) 3 nopmoro
1

m 9 2
nmmz{zuu}.
k=1

6) Ilpocrip ¢™ crosunis r = (zg),—, (xr, € R(z, € C)) 3 HOpMOO

] = ma |z,

B) Hpoctip 1™ (p > 1) crosmuis z = (k) (z € R(z € C)) 3

m v
HOPMOIO [|[0m) = [Z |xk\p} :
k=1

r) Ilpocrip ly mocaigoBaoCcTelt T = (X1, X9, . . . )T ,(z € Rz € C)),

o0
2
IO 3a/J0BOJIBHSIOTH YMOBY Y |xx|” < 00, 3 HOpMOIO

k=1
1
o0 2 2
Jell, = (£ bauf')
k=1
1) Tpocrip I, (p > 1) nocigosrocreii z = (1, T3, ... )",

o
(z1 € R (2 € C)), mo 3a,10BONIBHAIOTE YMOBY Y |xk|” <00, 3 HOp-
k=1

k=1

00 p%
mmmm:[zmu].
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9. Ilepekonarucs, 1Mo BUKOHYIOTbCSI aKCIOMU HOPMH, TOOTO HOPMa, BU3HA-
gena KopekTHo. I1lo o3Havae 30iKHICTH MOCTIIOBHOCTI Y KOKHOMY 3
epepaxoBaHuX HUXKYIe MIPOCTOPIB?

a) IIpocrip C' [a, b] HenepepBHuX Ha [a, b] dDyHKIIH 3 HOPMOIO

||33||C[a,b] = trél[(%] |z(t)].

6) IIpocrip C* [a, b] HenepepBHo mudepenniiioBannx Ha [a,b] byH-

K11t 3 HOPMOIO |||,y = Z max |5U )|

B) IIpoctip M [a,b] BCix 06Me)KeHI/IX Ha [a,b] dyHKINHE 3 HOPMOIO
12| priag) = SUPrefas) | (B)]-

r) Ilpocrip K HenepepBHuX Ha jiiicHiii mpsamiii dbiniTHux GyHKIR
(IOPIBHIOIOTH HYJIIO 11038 JIEAKUM IHTEPBAJIOM, CBOIM JIJIs KOYKHOI
dyukiil) 3 HopMoIO ||z = max |z (t)].

1) Ilpocrip f}p [a, b] HemepepBHEX Ha [a, b] yHKIIIH 3 HOpMOTO

b
1
P

uxuip[a,m:{ﬂx } d<p<oo

BakauBe 3ayBakeHHsI |0 OCTaHHBOI'O IYHKTY 3aBmaHHg 9. [laui,
Bigar0un HaJIesKHEe MaTEMATUIHIN CTPOroCTi, Malodn JINIIEe HellepePBHI
dyHKIIl, y nporieci 3a1poBa/PKeHHs IHTerpaJIbHUX HOPM JIJIst TIOOYI0BH
PI3HUX HOPMOBaHUX MPOCTOPIB (THUILY f}p [a,b]) BUKOpHCTOBYBATHMEMO
ITO/Ii0HI TT03HAYEHHSsI, Ha BiJIMiHY Bij| IO3HaYeHb Jjisd 1pocTopiB Jlebera

(Ly (a,0)).

10. 306pasuTi OJMHIYHY 3aMKHEHY KyJIo S (0) B giiicaux npocropax E?,

2
2, 1%
11. /IoBecTn Taxi HEPiBHOCTI JIJIsT HOPM:

a) o 2] g <l < B [|2]] g
6) v |zl ,om < N2l < O |2,
B) m |2l gm < Nllygn < im [[2]] gm-
Haspatu 3HaveHHsT KOHCTAHT €KBIBAIEHTHOCTI Oy By Yins Oms Ems im-

12. Yu 36iraernses B mpocropi C' [0, 1] mocsigoBHicTh:

a) a, (t) =" — "
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13.

14.

15.

16.

17.

18.

19.

20.

6) yn (t) =t" — "7

tn+1 tn+2

n+1 n+2

Hu 36ira€ThCst TMOCTIIOBHICTD T, (t) = y IIPOCTOPI:

a) C'0,1] ;
6) C1[0,1]?

Hexait z,, (t),z (t),y (t) € C*la,b],z, (t) = x (t) upu n — oco. ose-
cru, mo x, (t)y (t) — x (1) y (t) upu n — oco.

Hosecrn, 1o Oyib-siKa TOCTIIOBHICTD, siKa 36ikHa B poctopi C' [a, b],
Oy/e 30iKHOIO 1 B IpOCTOPI Lo [a, b]. TlobymyBaTH OPUKJIAT TOCTII0B-
HOCTi, 361KHOT B Ly [a, b], sika ne 36iraernes B C [a, b]. O3madenms mpo-
cropy Ly [a,b] mmB. y npukmazi 9.

Yu MoKHA B JIHITHOMY HPOCTOPI HEIEepepBHO TudepeHIiiioBaHnX Ha
[a, b] dynkuiit npuiinaru 3a HopMy esementa z (t):

|z (b) — x (a)| + max |2/ ()];

t€la,b]

|z ()] + max |2" (£)];
tela,]

b

t)|dt ") 7
%) J e (8)] dt + max [ (1)

a

Yu Oyme MHOKUHA Beix Gararousenis y npocropi C[a, b]

a) BIJIKPUTOIO;

6) 3aMKHEHOIO?

Yu Gyze zamknenoio B npoctopi C* [a, b] MHOzKMHA GaraTodseHis cre-
HIEHSI:

a) <k;
6) = k?

Hosecrn, 1o B ipocropi C [a, b] MHOKUHA DYHKIL 2 (t) TaKUX, M0 751
Oynp-sikoro t € [a, b] BuKonyeThcs HepisricTs |x ()| < 1, € BigkpuToIo.

4AKi 3 HaBeJIeHUX HUZKYE MIPOCTOPIB € CTPOTO HOPMOBAHUMU:
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21.

22.

23.

24.

a)
6) lo;
) C0,1];
r) Ly [0,1]?

Hosectu, mo Ky S, (zg) i S, (w9) — omyki muoxkunm. Yn Gyme omy-
KJ010 cepa o, (x9)?

Yu 6yayrh omykiaumu B ipocropi C'[a, b] Taki MHOXKUHU:

a) MHOXKWHa GaraTtodseHis crenens = k;

6) muOXKuHa GararouseHis crenens < k;

1
B) HenepepBHUX (DYHKIIIH, 110 3a/10BOJIBHIIOTH YMOBY f |z (t)|dt < 1;

') HelepepBHUX (DYHKII, 0 38[0BOIHHAIOTH YMOBY f |lz(t | dt <1,
0
J1) HerepepBHO ,ZLI/ICbepeHLLifIOBHI/IX dYHKITIH, 1110 38/I0BOJTBHAIOTH YMO-
By max |x + max |z <17
y max fo (1) + max |a’ (1) <
Hosectu, mo Oyab-gKuil JiHIfHII OaraToBH y CKIHYEHHOBUMIPHOMY
JIHITHOMY HOPMOBAHOMY IIPOCTOPI € IiIITPOCTOPOM.

Yu yreoproors y mpocropi C'[—1, 1] mignpoctip Taki MHOKUHYE byH-
KITiii:

a) MOHOTOHHI (PYHKIIT;

(@)

napHi QpyHKIIIT;

w

OaraTovJIeHH;

—

HerepepBHO JirdpepentiiiioBani yKILT;

H

(&

)

)

)

) Gararowrenu crenens < k;

)

) HellepepBHI KyCKOBO-JIHIAHI (DyHKIIII;
)

K) byskil z (t), gki 3a10B0abHAIOTE YMOBY 2 (0) = 0;

1
u) dynxuii z (t), sxi 3anoBosnbHsAOT, yMOBY [ @ (t)dt = 0;
~1
K) dyHKIl gKi 3a70BOIBHAIOTE yMOBY Jlimmmwis 3i crasioro, 3ae-
JKHOTO Bij DYHKIHT?
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Pozmia 3

IIpocTopm 31 cKaJsapHUM
TOOYTKOM

VY Xoi BUBUEHHS aHAJITHYIHOI TeOMeTpil Ta JIiHIHHOT ajaredpu 3acTOCOBY-
I0Th BaXKJIMBI MMOHATTS CKAJIIPHOTrO J00YTKY BEKTOPIB Ta €JIEMEHTIB JIIHIHHOTO
npoctopy. [ougarTsa ckaagpHoro J00yTKY Jla€ 3MOry copMyTroBaTH 0AaraTo
BaXKJIMBUX 33/1a9 €BKJIJIOBOI TPUBUMIPHOI Ta N-BUMIPHOI reOMeTpil 3aIrpoBa-
JIZKEHHSIM O3HaYeHHSI OPTOTOHAJIBHOCTI Ta OPTOI'OHAJIBHUX CUCTEM €JIEMEHTIB.
Toxx jajii HaBeeMo JIesiKi BaXKJIMBI O3HAYUEHHsI 1 TBEPI2KEHHS JIJIsl IIPOCTOPIB
31 CKaJIAPHUM JIOOYTKOM.

Ozunavenns 3.1. [lificawnii jiniitanit mpoctip F HA3uBaTUMEMO €BKJIIIOBUM,
SKITO KOYKHIIT TTapi oro eJeMeHTIiB T 1 y TTOCTaBJIEHO y BiIIOBIIHICTE JificHE
qucsio (x,y), sike HA3MBAIOTh CKAJSIPHUM JIOOYTKOM 1 sIKe MAa€ Taki BJIACTH-
BoCTi (akciomn):

(
1) (z,2) >0, (z,x) =0 romi it yiuie Toji, Ko & = O
(z,y) = (y, 2);
(Az,y) = A(z,y);

4) (x+y,2) = (z,2) + (y,2), 38 ymMOBH, 1O T, Y, 2 — JOBLIbHI €JIeMEHTH
E, a \ — noBlibHe jiiicHe 9HCIO.

2)
3)
)

Bynb-saxunit eBKIIIIB TPOCTIp MOYXKHA IEPETBOPUTH B HOPMOBAHUI, BU3HA-
YUBIM B HOMY HOpPMY 3a dopmyiomo ||z|| = /(z, ).

Oznauenns 3.2. Komiutekcnuii jginiitauii mpoctip U Ha3uBaTUMEMO YHITAp-
HUM, {KIIO KOYKHIf T1api #oro ejeMeHTIB T 1 Y MOCTaBJIEHO Y BiJIIIOBIIHICTH
KOMILJIEKCHE YUCJIO (T, YY) — CKAJISpHUil JOOYTOK & HA Y, SKIIO B I[HOMY pa3i
BUKOHYIOTHCsl TaKi YMOBH:
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1) (z,z) > 0,(z,z) = 0 Toxi it sume Toxi, Ko x = O;

2) (z,y) = (y,7);

3) (A\z,y) = A(z,y);

4) (x+y,2) = (x,2) + (y,2) st joBinbHUX 2,7y, z i3 U 1 H0BUIbHINA KOH-

crauTi A € C.

Jlerko mobavuuTu, 1Mo B yHITAPHOMY ITPOCTOPI BUKOHYBATUMYTHCH PIBHOCTI
(z,\y) = A(z,y) ta (z,y + 2) = (z,9) + (z,2). Takox, 7K i B eBKIIIOBOMY,
B yHITAPHOMY IIPOCTOPI MOXKHA 3ampoBauTu HopMy ||z|| = v/ (2, x).

Hexaii E — npoctip 3i ckangpauM 100yTkoM. Akio (z,y) = 0, To erlemen-
T T 1 Y HA3UBATUMEMO OPMO20HaAAbHUMY 1 3anucyBaTtumemo r L y. Hymb
npoctopy F BBaxKaTmMeMO OPTOINOHAJILHUM JI0 Oy/Ib-9KOro ejieMeHTa. Po3-

rIstHeMO B E eleMeHTHu Iy, Ts, . .., T,,, Cepel FKUX HeMa HyJbOBHX. SIKIo
(g, ;) = 0 mpu gosinbuux k1 =1,2,...,m (k #1), T0 cucremy ejilemMeHTiB
T1, X9, ..., Ty HABUBATUMEMO OPMO20HANLHON.

JL1s1 o3HaY€EHOl BUIE OPTOTOHAJILHOI CUCTEMU CIIPAB/KYEThCd Take (hyH-
JTaMeHTaJIbHE TBEP/IZKEHHS.

Teopema 3.1. Hexaii x1, 2o, ..., 2, — OpTOrOHAJIbHA CHCTEMA; TOJIi eJIeMeH-
TU L1, T3, . .., Ty JIHIHHO HE3AJIEXKHI.
fAximo 3aj1ana cucTeMa eJIeMeHTIB Ty, Ta, . . . , LTy, TaKa, 110

(‘rkaxl) :6kl7 k7l - 1727"‘Jm7
op=1lupu k=1,0, =0 npu k # [

(TyT O — cumBost Kporekepa), To cucteMy eJIeMeHTIB Iy, T, . . . , Ly, HA3UBa-
TUMEMO OPMOHOPMOEBAHON.

st Gynb-gKol JHiHIHO He3aJiexKHOT cucreMu {xy} MOXKHA MOOY/LyBaTH
oproronasbhy cucremy {ey} Ta opronopmoBany cuctemy { fx} 3a momomoroo
nporiecy oproronaJizarii [HImimra.

e [Ipuiimaemo e; = x1 (Bimomo, mo e; # 0, OCKIIbKE cHCTeMa 3 OJJHOTO
eJIeMeHTa 1 € JIHIHO He3a/IesKHOI0, AK JacTHHa {X)}).

o Jlaji e; IMIyKAEMO y BUTJISAIL €3 = X — Ag1€1, J€ CKAJIAD Agp MiAOMPAEMO
TaK, mob BUKOHYBaJAch yMOBa es L e1. 3Bijcu 0 = (x3 — Ag1e1,€1), a

b 2 O, £y 0 sz

e Hexaii eq, eq,. .., e,_1 yKke mo0ymoBaHi. EjieMeHT e, 1IyKaeMo y BUIJISII
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k—1
€ = T — Z )\k,ez
i=1

CkaJisiput \p; Ha KO2KHOMY KPOIIi 3HAXO/IMMO 3 YMOBH €5, | ¢; (l =1,k— 1).
(@ee) -y ppomy pasi eg, # 0.

(el’el)

3Bincu Ay =

OTke, OTpIMAEMO OPTOrOHAJIBHY cucTeMy €. [puitmaemo nami fr = ex/ ||ex||,
OTpEMaEMo oproHopmoBany cucremy { fx}.

Ha mpakTurii TakoK 4acTO BUKOPHCTOBYIOTH TaKi BayKJIMBI BJIACTUBOCTI
CKAJISTPHOTO JIOOYTKY.

e Henepepsnicmov ckanraprozo dobymry. Hexait x, — x,y, — y upu n —
00; Tl (T, Yn) — (,y) 1pn n — oo.

o Pisnicms napanesoepama. Y OyJIb-gKOMY IIPOCTOPI 31 CKaJSIPHUM JI0-
OYTKOM JIJIsT KOZKHOI TIapH €JIEMEHTIB T Ta Y

2 2 2 2
Iz +yl" + Nl = ylI” =2 (llz[I” + lyI)-

OCKUIBKM KOXKHUI MPOCTIP 31 CKAJAPHUM JOOYTKOM € HOPMOBAHUM, TO
PO3IVISTHEMO IMTAHHS, [TOB’si3aHi 3 floro moBHoTOM0. [le nmoHsATTS € BaxK/IMBUM
y pasi JocaiizKeH s 3012KHOCTI MocIiIoBHOCTeN Ta paiiB. Tomy posrisgHemo
JiesIKi HeoOXi/IHI It pO3B’I3yBaHHA KOHKPETHUX 3a/1a9 O3HAYECHHS Ta TBEP-
JIPKEHHS.

Osnadvenns 3.3. Hexait X — nopmosanuii npoctip. Ilocrimosuicts {z,} C
X nasuBaemMo PyHIAMEHTAJILHOIO, SKIO JIJId Oy/Ib-sKoro € > () icHye HOMep
N (€) Takwuii, mo i JOBILHUX HOMEDIB 1 > N 1 6y/ib-9KUX HATYPAJbLHUX P
BUKOHYETbCA HEPIBHICTD ||2p1) — 25| < €.

Teopema 3.2. Byib-sika 30i2kHa B X OC/IIOBHICTD € (DyHIaAMEHTAIbHOIO.

Oznavenns 3.4. Hopmosauwmit mpocTip Ha3UBATUMEMO TIOBHIUM, SIKITIO B HBO-
My Oysib-gKa (pyHIaMeHTaIbHa OC/IiIOBHICTD 30iraeTbes. [loBamit HopMoBa-
HUI TPOCTIp HA3UBAIOTH OAHAXOBUM.

Oznauenns 3.5. IIpoctip 3i cka/isspHEM JIOOYTKOM HA3UBATUMEMO I'JILOEP-
TOBHM, SIKIIIO BiH € TIOBHUM BiJTHOCHO HOPMH, ITOPOJIZKEHO1 CKAJISAPHUM J100Y-
TKOM. T'pajurniitne nosnavenus — H

Terep MoxkeMO cHOPMYITIOBATH JTy2Ke BazKJIUBY JIJI OOUHUCIIOBAJILHOI Ma-
TeMaTUKN 3aJ[ady MOOY/I0BU eJleMeHTa HaIinmoro Hab/mKeHHs B Iindep-
TOBUX Ta OAHAXOBUX ITPOCTOPAX.
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Osznavenns 3.6. Hexait X — jinifiauit HopMoBaHwuii mpoctip, L — miampo-
crip y X, ax € X. dkmo icaye rakuii enementr u* € L, mo o (z,L) =
inf ||z — u|| = ||z —u*||, To u* HaZMBaTMMEMO HANIINIIMM €JIEMEHTOM Ha-
uel

OTMKEHHS © eJleMeHTaMu TiarpocTopy L.

OKpiM TOro, CIpaBIKYIOTHCS TaKi TBEP/IZKEHHS.

Teopema 3.3. VY rinbbepToBOMY IIPOCTOPI iCHY€E €IUHUIT eJieMeHT Yy € L, 1110
peaJtizye BijICTaHb BiJl TOYKU X JI0 TiammpocTopy L:

oz, L) = llz =yl
Teopema 3.4. Hexaii o(z,L) = || — y|| roni z —y L L.

Orxe, y rimebepToBoMy mipoctopi H, 3a yMOBU CKiHYeHHOBUMIpHOCTI L i3
6asucom {hy},—,, 100y10Ba ejleMeHTa HAIIIIOro HAG/IUKEHHS 3BOJUTHCS

70 poB’si3yBaHHsT (BIAHOCHO A1, Ag, ..., \,) CHCTeMH JHHIfHUX aareOpUIHIX
PIBHAHD
n
=Y M hy | =0 (j=12,....n). (3.1)
k=1

B abcTpakTHOMY GaHAXOBOMY ITPOCTOPI BarXKKO MO0y IyBaTu eheKTuBHU
YUCJIOBUI aJITOPUTM BiJIIIIYKAHHSI €JIeMEeHTa HANTIIIIOro Hab/mKeHHs. Tomy
3aMicThb 3a/1ati HabJ/IMKEHHsT B OAHAXOBOMY IIPOCTOPI 3a3BUYail PO3B A3yIOTh
TY 2K 3aJla9y B TiILO0EPTOBOMY IIPOCTOPI, IO BKJIAJIAETHCA B Ieil ODaHaXIB.
Hanpukia, Bigomo, mo npoctip Cobonesa H' (a,b) srinanaerses & C [a, b,
a ToMy ichye Take 3 € R (8 > 0), mo 3a 6yap-skoro & € H' (a,b) cupanixy-
eTbest HepIBHICTD |2 oy, < B 1|2 oo -

Hexait L C C'la,b] - ILJIIPOCTIp 13 6a3ucoM, 110 MiCTUTh HEIlepEPBHO JIH-
dbepenniiiopani dyuxuii, z € H' [a, b], u*— eeMenT Hailminmoro HabIMKeHHst
x esleMenTaMu L, 3Haii/IeHIMH 3a JI0HOMOroo cucreMu Trmy (3.1), 3 orrsy
Ha O3HAYCHHs CKaJApHOro n00yTKy B H' [a,b]. Tounime, sxmo x (t),y () —
HeIllepepBHO IudepeHIiiioBaHi, TO

b

/ /
@i = [ 050 +2'0) - O] .
a
Tomi
* *
[z = Wl cpy < Blle —ull gy
1 3a TOCTATHBO MaJIol HOPMHU
*
|z —u HHl[a,b]

estleMeHT u* 706pe HabOMKae x y mpocropi C [a, b).
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IMpukiman 3.1. Jloectu, mo B npocropi C'[0,1] He MoXKHa 3ampoBajuTH
CKaJIApHUIL JI0OYTOK, IO Y3rOJKYEThCS 13 HOPMOIO IIHOI'O IIPOCTOPY.
KaxyTb, 1m0 ckajgsapuuii 100yTok B X y3rojKyeThcs 3 HOPMOIO B X,
o (2,2) = |2
[Tpunycrumo, 1o ckaaspauii 106yToK y mpoctopi C' [0, 1] y3romKyeThest

i3 quc[o,l]:

(#.2) = el =  u o >|)2.

0<t<1

OpHak TOJi 3 aKCIOM CKaJIIPHOTO JIOOYTKY BUILINBAE, IO

2
(x,x) = (&1&){1 |z (t )|) = 0 Togxi i yiume Toxi x (t) = 0.

Hexait z (t) = —t* # 0 na [0, 1]. Bunaitnemo maxkcumywm miei gynkmii. Pop-
masbHO o' (t) = —2t,—2t = 0. OTxke, Mu orpumasn, mo z (0) = 0 — ma-
kenmym bynknii x (t) = —t? na [0,1]. To6ro (z,2) = 0, xoua z (t) # 0,

a oTKe, cKalagpHuii 1o6yTok mpocropy C'[0, 1] He y3romKyeThest 3 HOPMOIO
IIHOT'O ITPOCTOPY.

IMpukian 3.2. Hexait nocainosuocti {z,} , {y,} Hanexkars oquauynii Ky
S1 (0) y miiicromy rinmsbeprosomy mpoctopi H i (2,,y,) — 1 mpu n — oo.
Hosenemo, 1o HopMa pisauti ||z, — y,| — 0 upu n — oco.

OCKIJIBKE PO3TJISIIAEMO TTPOCTIP 31 CKAISIPHUM JO00YTKOM, TO

0 S ||wn yn” = (Tn yn>$n yn) =
(lzall® = (2, yn ) (lyall® = (2, yn))-

Bpaxyemo, mo {z,},{y.} < Si(0), ||xn||2 <1, a ||yn||2 < 1. Tomy npu
n— 00 ||Zall” = (n, Yn) <0 [|yall® — (#n, yn) < 0. BBiacu 0 < |2, — ynl® <
0.

Otrxe, ||y, — ynl| = 0 mpu n — oo.

IMpuxaaz 3.3. 3uaiizemo KyT ¢ Mix enementamu z (t) = sint iy (f) =ty
upoctopi Ly [0, 7).
Ockimicn (z,y) = |12l 1yl cos (a3), 70 cos (z3y) =

(zy)

O6uucanmo
T=IMyll -

cKasspHmit 106yToK (x,y) y mpoctopi Ly [0, 7]:

(z,y) =

O—y

z(t)y (t)dt = [tsintdt = (sint — tcost) [ = .
0
Hauti,
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1 1

2 ) 1
1% 7500, = (flfc )| dt) = ( sin? tdt) = (& — dnteesty |r)z — /7
™ 1 1
Wi = (Jlvora) = (Jea) = (26)" = 5

Toxi cos (xyy) = \/76, 3BIJKM © = arccos ‘/76.

pi=C =

IMpuksazn 3.4. Ilposenemo oproronasizarito eementis zg (t) = 1,21 () =
t,zo (t) = t* y npocropi Ly [—1,1].
[Ipuiivemo eg = xo (t) = 1 # 0. Tomi e; = 1 — Ajp€p. 3 yMOBU OPTOTO-

_ (z1,e0)

HAJIBHOCTI €JIEMEHTIB €y Ta €1 MaeMo (1 — Ajp€g, €g) = 0, 3BiaKT A\jg = (c0.c0) "

Buaiijiemo ckasgphi 100yTKU (21, €q) Ta (eg, €p):
1 1
(xl,eg) = f tdt = O, (60,60) = f 1dt = 2.
1 1

TO,Z[‘i )\10 = O, a €] — t.
BHaiiieMo Termep e; = Ty — Aggeg — Agre1. Ockinbku (ez,¢9) = 0 Ta

(eg,e1) = 0, TO Agg = E‘Zi:g; 1A = % O6uncimMo cKaagpHi J00yTKH

(fEQ, 60)7 (x27 61) Ta (617 61)

1 1 1
(952760) = f1t2dt = §§ (952761) = f t? - tdt = 0; (61761) = f1t2dt = %

-1

BBiILCI/I )\20 = %, a )\21 =0. OT)Ke, €y = t2 — %

Mu mobyyBam opToroHaabHy CUCTEMY €JIeMEHTIB eg=1, e; =t, ey :tZ—%.

IIpukmaan 3.5. /losesemo, 1o B IpocTopi L, 0, 1] MHOXKUHA

M={a(0) € L0 [o (i =0

e mignpocropom. Omummemo migmpoctip M.
Muozxkuna M € mianpoctopoM y Lo 0, 1], SIKIII0 BOHA yTBOPIOE 3aMKHEHH
nmiHiftamit Gararosus y Ly [0,1].
Cnouarky nosegemo, mo M e miniitaum 6aratosugom. Hexaii x (t) ,y (t)
— JIBa JIOBLJIbHI ejleMeHTH 3 MHOXKUHU M, a A, 4 — JABi JOBLIBHI JlificHI cTaJi.
Tomi
1

fl()\x(t)+uy(t))dt:)\fa:(t)dt+uf1y(t)dt:)\-0+u-0:0.
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Orxe, Az (t) + py (t) € M, To6Tro M — niniiiuii 6araToBu.
Hosenemo Tenep, mo M samxnena. Posranemo nocinosuicts {, (1)}
C M raky, mo z, (t) — xo(t) upu n — ooy L [0,1], upuuomy zo (t) —
1

nerepepsra. [ToTpiGHO nepekonaTucs B oMy, mo [ o (t)dt = 0. Cupasa,
0

1
0= [z, (t)dt = [, (t)- 1dt—>fx0 )dt ipu n — oo
0

o .

3 OIVIsijly HA HENEepPEepBHICTb CKAJIAPHOIO J00YTKY.

To6ro MuOkmHa M € 3aMKHeHEM imiitnuM Garatosumom B Ly [0, 1], a
oTKe, BOHA € mimpocTopon Ly [0, 1.

Posriisnemo crpykrypy M=*. Odesusno, mo

ML:{y()ELQ[Ol] Va (t) er )dt—O}
Hexaii icuye menepepsua dyukiis y(t) # C raka, mo y(t) > 0 ta
1
Ja( t)dt = 0. Ockinbku x (t) — HemepepBHA, TO 3a TEOPEMOIO IIPO Ce-
0
- 1 1
pesne 3Hadenus € ¢ € [0, 1] Take, 1m0 fx (t)y(t fy t)dt. 3 mporo
0 0

1
BUILIUBAE, 110 f y (t)dt = 0, Trobro y (t) € M, 1mo cynepednTb 03HAYEHHIO
M*. Omsxe, s {y(t) € L,]0,1]:y(t) = c}.

Ipukaaz 3.6. Y mpocropi Lo [0, 1] 3raiimemo npoekmio enementa x (t) = 3
Ha inpocTip L 6araTo4ieHiB cTerens He BUIIE JPYTroro.

3rigao 3 Teopemoro 3.4., eeMeHT u € L € OPTOrOHAJBHOK MTPOEKITIE0
x Ha migmpocrip L, gkmo 3a Oyap-skoro v € L (x —u) L. [Migmpocrip L
nopojizKenuii ogHouenamu hg (t) = 1, hy (t) = t, hy(t) = t2, a BekTOp
u € L Mae BUIIs

u = Ahg + AMh1 + Aho, 1€ Ao, A1, A3 — HEBiJIOMi KOHCTAHTH.

s Toro, mob BeKTOp T — « OYB OPTOrOHAJILHUIA JIO JOBIJIHLHOIO BEKTOPA
v € L, HeoOXiHO 1 JIOCTATHBO, 10O BEKTOP & — % OyB OPTOrOHAJLHUI JI0
Oa3ucHUX BEKTOPIB hg, hi, he. OTxKe, JJs1 3HAXO/IKEHHsT BEKTOPa U MOTPIOHO
PO3B’si3aTH CUCTEMY JIHIHHUX aJreOPUIHUX PIBHSHD (BIIHOCHO Ag, A1, Ao)

(I‘ - ()\Qho + )\1h1 + )\th) R hk) == 0, k= 07 1, 2. (32)

O6unC/IMMO CKaJIAPHI T00YTKH, IO TPAIIAIOTHCA B IIiif CHCTEMI:
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Toni cucrema (3.2) nabysae BUDISTY
Ao + %)\1 + %)\2 = %17
A0+ 3A1+ fAe = 1,

Fho+ 1A+ A = ¢

Pos’skemo 11 1 smaiimemo Ag = 0,05; Ay = —0,6; Ay = 1,5. Orxke,
npoexiieio ejgemMenta  (t) = 3 ma migupocrip Garatounenis crenens < 2 €
Gararousen u (t) = 1,5t* — 0, 6t + 0, 05.

IMpuknaz 3.7. Hexait X — nopmosanuii npoctip, a {z,} C X — dynmzamen-
TaJibHa MOCJII0BHICTE. [Ipunycrumo, mo {z,, } C X — neska i1 nijmocios-
HICTB, 110 36iraeThes 110 ro € X. JoBememo, 1mo Toi Bes nocinosuicts {x, }
30IraeThes.

st movaTKy pO3TJIAHEMO HOPMY

[ = 2ol = [l = @n, + @0y = @oll < [l2n = @ny ]| + 20, = w0l (3.3)

Jpyruit monanok y npasiit wactuni wepisuocti (3.3) ||z, — xo|| — 0 upn
k — oo.

Ba o3HaueHHAM (DYHJIAMEHTAJIBHOCTI, 3a Oy/ib-saKoro € > 0 icuye N (&) ra-
ke, mo g n,m > N (e) ||z, — x| < €. lpuitmemo z,,, = x,, (ng — 00, ax i
m). Toni nast mocrarapo Besukoro k ||z, — xy, || < . I otxke, ||z, — zo|| — €.

3agadi

1. 3HaliT; TPOEKINo ejeMeHTa T riboepToBOro ImpocTopy H Ha miampo-
cTip L, IOpOKeHuit BEKTOpaMu a1, s, d3.

a) H=1lp, v =(2,3,2,3,0,...)", a = (4,0,..)",

as = (1,2,0,...)", as=(3,1,4,0,...)";
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6) H=1y, = =(54,3,2,0,...)", :
as = (0,1,7,0,...)", a3:(1,0,2, S

Sh

(

B) —lz,x—(10230
(1,2,3,0,...)T,a3:

e) H=1,[0,1], z(t) =€, a1 (t) = 1, ay (t) = t, a3 (t) = t?;

k) H=15[0,1], x(t) =sint, a; (t) =1, ay (t) = ¢, a3 (t) =t
n) H=1Ly[0,1], z(t) =t* a1 (t) =1, ay (t) = t, as (t) = t*;

K) H=1L,[0,1], z(t)=In(1+1), a1 (t)=1, ay (t)=t, as (t)=1t>;
1) H=1,[0,1], z(t) = cos2nt, ay (t) =1, as (t) =t, as (t) = t*;
M) H=Ly[0,1], = (t) =sinwt, a (t) =1, ay (t) =t, as(t) =
H) H=1,[0,1], 2(t) =e' =2, a; (t) =1, ay (t) =t, as(t) = t?

. oBecTn, 1110 B IpocTOpi 31 CKAJAPHUM JIOOYTKOM JIJIs JIOBIIBHUX €Jie-
MEHTIB I, 1, 2 BUKOHYEThCS TOTOKHICTH ATIOJIOHIST:

Iz =2l + ]z = yl* = L llz — yII? + 2|z — =22,

. [oBecTu, 1m0 B pOCTOpi 31 CKAJIAPHUM JIOOYTKOM I JIOBIILHUX €Jie-
MEHTIB ¥, ¥, Z,{ BUKOHYEThCA HepiBHICTH ITO/IOMES:

e =zl lly =t < fle =yl - ]z =t + ly — 2] - lz —¢]].

Ko B Hiit peastizyerhes piBHICTE?

. HoBecTu, 1110 B €BKJIJIOBOMY IIPOCTOPI 31 CKAJISPHUM JT00YTKOM €JIeMEH-
TH 2 1 y oproronabHi Toxi i mume toi, ko ||z||” + ||ly|I° = ||z + y||*-

. JloBecTH, 110 B yHITAPHOMY IIPOCTOPI 31 CKAIAPHUM JI00Y TKOM €JIEMEHTH

) C . 2 2 2
x 1y oproronasbi Tosi it jume toi, Koau || Az ||"+|| py||” = [|A\x + wyl|
qutst noBibHUX A, 1 € C.
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6.

10.

11.

12.
13.

Hexait X — nilicauit jriHifinnii HOpMOBaHUN TPOCTIP 1 71 Oy ib-IKUX
x,y € X BUKOHYETHCH PIBHICTH MapaJjesaorpama:

2 2 2 2
2+ ylI* + llz = yll* =2 (=1 + flyl°) -
Hosectu, 1o ¢dpopmyia
1 2 2
(z.y) =5 (le+yll” = llz = yI)

BusHavyae B X cKajspHUil J100yTOK, SIKUil y3rOJKYEThCsI 3 HOPMOIO B
) 2
X, Tobro Takuii, mo (x,x) = ||z|”.

. Hosecrn, mo B npocropi C[0, 1] He MOXKHA BU3HAYMTU CKAJSIPHUH J10-

OYTOK, 1110 Y3TO/KYETHCA 3 HOPMOIO IILOTO IIPOCTOPY.

Hexait z1,x,...,2, — OpTOroHaJIbHA CHUCTEMa B TiJILOEPTOBOMY IIPO-

n n
cropi H, z = . a,. Josecru, mo ||z]|> = 3 || .
k=1 k=1

Hexait x1,z9,... — opTOroHa/ibHa CUCTEMa B I'JIbOEPTOBOMY MPOCTOPI
o0

H. Josecru, mo psaj »  xy 36iraerbest B ipocropi H Tosi it juie Toi,
k=1

o)
Kot 36iraeTbes wncaoBmit pax Y. ||z .

k=1
Hexait x1,29,... 1 y1,Y2,... — Taxi ABi cucreMu eJeMEHTIB y rijibbep-
TOBOMY TipocTopi H, mo
(1,y;) = 615 — 1 npui =y,
I K 0 upwui#J.
(Cucremu w1, xo,... 1 y1,Y2,... HA3UBATUMEMO GIOPTOrOHATHLHUMM).

JloBecTu, 1O KOXKHA 13 IIUX CUCTEM JIHIAHO He3asexKHa.

JoBectu, 110 cucreMa eJeMeHTIB TiIb0epTOBOrO MPOCTOPY JIHIHHO He-
3aJIe’KHa TOJIl ff TIJIBKYU TOJIi, KOJIM 11 BUSHAYHUK | 'pama BiJMiHHUI BijT
HYJIS.

Hosectn, 110 riabbepTiB TPOCTIP € CTPOrO0 HOPMOBAHUM.

Hexait y mpocropi H 3i ckagsgpHuM 100yTKOM JJIst X1, o € H BUKOHY-
€TbCd PiBHICTH
Re (x1,m2) = |laa]|* = [las]|*.

Hosectu, 1o r; = xs.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Hexait x,,, y, HaeskaTh 3aMKHeHift omuamaniit Ky S (0) B rimsbepTo-
Bomy ripocropi H i (2, y,) — 1 npun — oo. Josectu, mo ||z, — y,| —
0 mpu n — oo.

loBecTu Take: Jjist TOTO, MOO €JIeMEHT T TiabbepToBoro npocropy H
OyB oproroHaJibHuii J0 mijgmnpocropy L C H, HeoOXiHO i JIOCTATHBO,
o6 J11st 6y1b-gIKOTO esleMeHTa iy € L BUKOHyBasach HepiBHICTS ||z]| <

l =yl

osecTu, 110 i1t Oy/ib-sikol MHOKUHU M y TibdepToBoMy ripoctopi H
MHOKIHA M € miampocTopoM.

Josectu, 1o g Oyab-sikol MHOKUHK M y rijibOepTOBOMY IPOCTOPI
1

H Bukonyerbcs Brjoudenua M C (M L) . Yu MoxK/MBE TyT cTpOre

BKJIFOUEHHSA !

Josectu, mo jyig muoxkuau My riasbeproBoMy 1poctopi H piBHiCTH
L L . . .
M = (M ) BUKOHYETbCA TOJI i Jimiie Toji, Koau M — mianpoctip y

H.

Hexait M, N — taki MHOKWHU B riyibbeproBomy mpoctopi H, mo M C
N. Iosectn, mo M+ D N+,

Y niniitromy mpocTopi zenepepsrux Ha [0, 00) dyHKIii x (t) Takux, 1Mo

[z () e~tdt icuye, npuitasro
0

(z,y) = [z (t)y(t)e"dL.

a) IlepeBipuTu BUKOHAHHSI AKCIOM CKAJISIPHOTO JOOYTKY.

6) Posriamemo Jiniitno Hesasexuy cucremy 1,t, 2, ... YV nacminok ii
OPTOTOHAJIIZAIT OTPUMYIOTH OPTOTOHAIBHY CHCTEMY HGaraTo4/IeHiB
Yeoumensa—/lareppa. 3uaiitu Tpu i1 nepiri eJeMeHTH.

Hexait M, N — mignpocropu rinbbeproBoro npoctopy H i M 1 N.
Hosectu, mo M + N — nignpoctip H.

JosecTu, 10 MOCTIIOBHICTD T, (1) = n’te™™ (n € N) 36iraerTbes moTo-
YKOBO J10 PyHKIIT 7 (t) = 0 g nosimbHOTO t > 0, aje He 36iracThCs B
npoctopi Ly [0, 1].

V mpocropi Ly [0, 1] 3maiiTu npoekiio exementa z (t) = t* ma migmpo-
crip baraTodseHis creners m < n, gaxmo n = 0, 1, 2.
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24.

25.

26.

27.

28.

29.

30.

Y mpoctopi Iy 3HaiiTu Bincrans p(x, L) Big enementa x=(1,0,0,...,0,.. .)T
JIO T TITPOCTOPY

L= {xelg,x:(xl,xg,...)T:ka:()}.
k=1

V mpoctopi Ly [0, 1] smaiitn sigcrans p(z, L) Bix eremenra x () = t2
JIO TITITPOCTOPY

L= m(t)ef;Q[O,l]:/x(t)dtzo

Hexait L — ogaoBuMipHUil mianpocTtip y riibbeproBomy mpoctopi H,
a € L, a+#0. Hosecru, 1o 3a 6y;1b-sgskoro r € H

p(:}:,LL) _ ‘(377@‘.

Hexait L — n-BuMipuuii mignpoctip 3 6a3010 hy, he, ..., h, B riabbepro-
Bomy 1ipoctopi H,x € H — nosinbuuii enement. JloBecTu, 1mo Bendn-
ny p? (x, L) MOXKHa 3aIlMCaTH Y BUMVISAI BiIHOIICHHST JIBOX BUSHAYHUKIB
I'pama:

F({L‘,hl,hg, Ce ,hn)

2
L) = .
P (2, L) T (hi, b, h)

Y mpocropi C [0, 1] 3naiiTu Bijgcranb

a) Bij eseMenta g (1) = 2 J10 miIpocTOpPy MGAraTOUIeHIB HYIHOBO-
IO CTeleHs;

6) Big esemenrta xq (t) = ¢ g0 mignpocropy GararodsieHiB cTeneHs
<1

Hexait X — iniitanit HopMoBanuil mpoctip, L — mianpoctip X, x € X,
y € L. Hosectu, mo p(x,L) =p(z+y,L).

JoBecTn, 1110 MHOXKHHA,

M= :c(t)efll[a,b]:/:c(t)dtzo

a

€ TaIpocTopoM y pocropi H [a, b]. Omucaru nignpocrip M.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

JoBecTn, 1110 MHOXKHHA,
M= {:c(t) € H'[a,b]: z (a) :x(b)}

e mignpocropom y mpocropi H' [a, b]. Ommcarn mignpocrip M+

HoBecTn, 1110 MHOXKHHA,
1
M=da@) el01: /x(t)dt:O
0

€ TLJIIIPOCTOPOM y IIPOCTOP1 L, [0, 1]. Onucaru mignpocrip M+,

[IpoBectn oproronamizario eneMeHTiB o(t) = 1, x (t) =1, x5 (t) =
t?, w3 (t) = t3 y npocropax

a) Ly[—1,1];
6) L, [0, 1].

BHaiiTi KyTH TPHKYTHHKA, yTBOPEHOrO B IpocTopi Lo [—1,1] ememen-
Tamu To (1) =0, 21 (1) =1, 25 () =t.

Buaiitn KyT ¢ Mixk erementamu z (t) = sint, y(t) = ¢t B mpocropi

iQ [O,Tf] .

JloBecTu, 1o KoxKHa pyHIaMEHTAJIbHA ITOCIIOBHICTD y JIHITHOMY HOP-
MOBaHOMY ITPOCTOPI 0OOMezKeHa.

Hexaii {x,} C X — dyHnmamenragbHa M0CIiIOBHICTS 1 Mi/IIOC/TIOBHICTE
{2, } 3biraersca g0 xy € X. osecrn, mo Bea mocinosHicTs {z,}
30ira€ThCst TAaKOXK JI0 Xg.

[e.e]
Hexait {z,} C X i pax > |1 — x| 36iraerses. Hosecru, mo {x,} —
n=1

dyHIaMEeHTAIbHA TOCTI0BHICTh. U IpaBUIbHE 3BOPOTHE TBEPJI?KEH-
Ha?!

Hexait {z,},{y.} C X — dynmamenranpui mocmigosrocti. Josectn,
II[0 IMCJIOBA MOC/IIOBHICTD A\, = |2, — Yy || 36iraerncs.

Y siHifiHOMY TPOCTOPi GaraTouieHiB, siki po3IJIsiIaoTh Ha [a, b] , mpuiime-

MO.
1

2

t€la,b]

b
[, = max [z (1)], |[z]l, = /\w(t)\th
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41.

42.

43.

44.

45.

46.

47.

a) IlepeBipuTu akcioMu HOPMH.
6) Yu Oyme sKuiich i3 OTpUMAHUX POCTOPIB HAHAXOBUM !

JloBecTu, 10 KOXKHUI CKIHYEHHOBUMIPUil JIHIHHUNI HOPMOBAHUN TTPO-
cTip € OaHAXOBHM.

Hoectu, 1110 Oy 1b-AKMil iATPOCTIP OAHAXOBOTO IIPOCTOPY € OAHAXOBUM
IIPOCTOPOM.

Hexait y miniftnomy mopmoBanomy tpoctopi X 3ajano Jjiniitnuit 6a-
raroBuj; L, akuii y Hopmi X € moBauM mpocropom. losectn, mo L
3aMKHeHU B X, TOOTO € TiIIIPOCTOPOM.

Y giniftnomy tpoctopi X 3ajaHi /1Bl €KBiBaJIEHTHI HOPMU 1 B O/IHI i3
nux X — 6anaxiB mpoctip. [losectn, mo X € 6anaxoBuM mpocTopoMm i B
JPYTiit HOpMI.

Yu 36iraruMeTbcss B HOPMOBAHOMY IIPOCTOPI [y MOC/TIIOBHICTD
T

,0,...,0,1,0,0,... | ?
—_——

n

Tpn =

S|

Yu 36iraTumeTbesi B HOpMOBaHOMY TIpocTopi Ls [0, 1] mocstinosHicTh

{ VI — ny/nt, tego,ﬂ;

0, te(2,1]?

[Tosuaunmo epes C* [a, b] MHOKHUHY BCiX DYHKIIII, 110 38/ J0BOJILHAIOTH
na [a, b] ymosy I'osziepa i3 nokasmuuxom o € (0,1]. Hexaii

Ha (l’) _ sup |‘/L‘ (t) -z (T)l

o < 400.
a<t,7<b (t#T1) |t - 7—|

Hosecru, mo C* [a, b] € 6aHAXOBUM IIPOCTOPOM BiTHOCHO HOPMHU

el = max lo (6] + Ha (2), @ € C*[a, 1],
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Pozmina 4

JIiH1iiH] HelmepepBHI ollepaTopu

OtHuM 13 HafBaXK/IMBIIIUX 1 HANJIIIIIIIE BUBYEHUX KJIACIB Bi/I0OparKeHb JTi-
HITHUX HOPMOBaHUX IIPOCTOPIB € KJIacC JIHINHIX HeIepePBHUX OIepaTopiB. Y
IIbOMY PO3/ILI PO3IJIAHEMO €JIEMEHTH Teopil TaKUX OIEepPaATOPiB Ta PO3B’A3KH
JIETKUX THIIOBUX 3a]1a4.

Hexait X,Y — zazmani Jiiniitni HopmoBaHi ipoctopu, D — migMHOKIHA X .

O3znauenns 4.1. Binobpaxkenus A muoxuau D B Y HazuBaTUMEMO OIlle€pa-
TopoMm. Y 1poMy BUNJIKY npuitasato mucatu A : D — Y, D C X. Muoxuny
D masBeMo 00/1aCTIO BUSHAYEHHsSI orrepaTropa A.

Axmo D = X =Y, 1o KaxKyTh, 10 ONEepaTop Jii€ B mpocTopi X.

auti obsiacts BuzHadeHus oneparopa A nmosunadarumemo D 4. O1ke, 1100
BusHaunTu oreparop A, morpidbno 3amatu muoxkuny Dy C X i npasmiio,
dKe KOKHOMY & € Dy ctaButh y Bimnosigaicts nesue y € Y. CuMmBoJIivHO
neit pakT MokHa 3anucaru y Burisami Ar = y. Iopsnx i3 obmactio Bu3HA-
YeHHd orepatopa A pos3risialoTh TAKOXK MHOXKHUHY HOro 3HadeHb: Ry =

{yeY:y=Ax,x € Do}.

Osnauenns 4.2. Hexait D, — miniitauii GararoBu y JificHomy (KOMILIe-
KCHOMY ) HOpMOBAHOMY IIPOcTOpi X, TOOTO SIKIIO 1, Lo € D 4, TO 3aBXK M JJIst
Oyb-SKUX JIHCHIX (KOMILUIEKCHUX) v,y BUKOHYETHCSI BKJIIOUEHHS (L1 +
sy € D 4. Onepatop A HasmBaeMo JIHITHUM, AKINO I OYIb-IKUX T'1, Lo 3
D4 i aq, p BUKOHYETHCA PIBHICTH

A (ozlxl + ()423[’2) = O[lAl’l + OZQAJ]Q. (41)

Omr:ke, gjs1 TOro, MO0 JOBECTH, IO 3aJaHUil oleparop He € JHHIAHIM,
JIOCUTHh BU3HAYMTH HEeBUKOHAHH: (4.1) 3a jeskux x1, s 3 Dy Ta oy, as.
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Ozunavenns 4.3. Jliniitawuit oneparop A : Dy — Y, Dy C X, HasuBaTume-
MO OOMeXKeHHUM, SIKITO iCHYy€E JofaTHa KoHcTanTa C' Taka, Mo i Beix © € Dy
CITPAB/ZKYETHCS HEPIBHICTH

[Az]ly < Cllz]lx - (4.2)

Tobro HeobMexkeHicTb A o3HaUaE, M0 7151 OYIb-sIKOT J0JaTHOI KOHCTAHTHU
C icnye . Take, mo ||Az.|| > C'||z.||. Ile piBHOCHWIBEHO TOMY, 110 I OY/IH-
SIKOTO HATYPAJIBHOIO N 3HANIEThCS Take T, € Dy, mo ||Ax, [y > n ||z, ||y -

[Ipocrip miHifiHEX OOME:KEHUX OIepaToOpiB, YCIOJU BU3HaYeHUX y X
(Da=X) 3i snadenuamu B Y nosuadaiors L (X,Y). dkmo x X =Y, 1o
iy e L (X).

Oszuavenns 4.4. Oneparop A : Dy — Y, D4 C X, Ha3zuBaTUMEMO Helle-
PEePBHUM, SIKIIO Jyist Oy b-sKol nocsigosrocti {x,} -, C D4, mo 36iraeTbes

JI0 eeMeHTa To € D4, clpaBIRKy€eThes piBHicTh lim Az, = Axq.
n—oo

[TousaTTs HEmepepBHOCTI Ta OOMEXKEHOCTI JIHIHHIX OIlepaTOPiB TiCHO ITOB SI3aHi.

Teopema 4.1. JIixa toro, mo6 miniitauit oneparop A : X — Y 0OyB Here-
pepBHUM, HEOOXiTHO i JIOCTATHBO, 100 BiH OyB OOMEXKEHUM.

3arpoBaInMO TAKOXK TOHSTTS HOPME OIIepaTopa.

O3znauenns 4.5. Hexait A — niniitauit oomexkenuit oneparop. Haiimerrry
3 koHcTtanT C, JijIg SKOI CHPaBIZKYEThCsI HEPiBHICTH (4.2), HAa3MBATUMEMO
HOpMoOIO omepaTopa A i nosmadarumemo ||Al.

BasBudaii HOpMy orepaTopa IyKaiTh Y Takiil moc/igosrocTi. Crodarky
OTPUMYIOTH HEPiBHICTB (4.2) 3 /1esikoro KoHCTaHTOI (') a MoTiM HaMaraloThCst
JIOBECTH, 110 3HalijieHa KOHCTAHTAa € HailMeHInoo. /s mporo m0cTaTHbO 3a
noBlipHOrO € > 0 BusHaumTH Takuil z., mo Az, > (C —¢)|z.]|. Okpim
TOro, SIKIO MOXKHA Ha3BaTh Take o # 0, mo ||Azg|| = C' ||zo||, To oueBunHO,
o 1 Koncranta C' € HaflMeHINo0. ¥ 1IbOMY BUIIQJIKY JIHIAHNIE 0OMexKeHmit
OIIepaTOP HA3BUBAIOTH JOCANCHUM.

Takoxk yIsi 3HAXO/ZKEHHSI HOPMH OIlepaTopa MOYXKHA BUKOPUCTOBYBaTU
Taki popmysn:

4]l = sup Azl = sup [z = sup 122 (43)
Jell=1 Jall<1 w20 ]l x
ITpuknan 4.1. llepeBipuMo JiHINHICTD, HENEPEPBHICTH 1 3HAIIEMO HOPMY
(3a ymOBH, IO OllepaTop HerepepsHuil) oneparopa A : I — [y, 9KIO x =
oo

(1,29, .. )1: npuaomy Y |z;| <400, a Az = (0,0, 321 — 224, x5, T2+ 25,0, . . )T
i=1
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JliniitHicTh onepaTopa odeBuHa. JloBegeMo 0OMeKeHiCTh:

||f15f||z1 = |3x1 — 24| + |w5| + |22 + 25| <

Blar| + [wal + 2 |wa] + 25| <3 ail = 3 |l -
i=1
Omxe, ||A| < 3. Hexaii & = (1,0,0,...)" . Toxi 2], = LillAz|,, = 3-[IZ]],,
Tobto ||Al| = 3.

ITpuknan 4.2. IlepeBipuMo JiHINHICTD, HEIEPEPBHICTH 1 3HAWIEMO HOPMY
(32 ymoBwm, 110 orepaTop Herepepsrmit) oneparopa A 1 X — Y, akmo X =
Y = Ly [0,1], a Az (t) = tz (t).
JliniitaicTs oneparopa A odeBujHa. [lepeBipumo 0O6MeKeHICTD.
1

1 2 1

||Azx|| = /|Ax (t)|2dt = /t2 | (t )| dt] < max|t| /| | dt|=1-|=|.
0 0

t€(0,1]

Beigcu || Al < 1. Hosenewmo, mmo ||Al| = 1. Hexaii z,, (t) = t"v/2n + 1. Toxi
1
1 3
|zl = /(2n + D)t | =1,
0

1
1 2 1

2n + 1 2 \2
| Az, || = /(Qn Fyeg | = /28 (- —1
2n+3

0
pu 1 — 00.
Otrxe, ||Al = 1.

IIpukaan 4.3. Ilepesipumo, uu omeparop A : X — Y e jiniiitaum i Here-
pepBHUM, 1 3HailjleMo ioro HOpMY, SKIIO

X=Y=C[-1,1], Ax(t):/(t—i-s)x(s)ds.

[TepesBipumo JtiHifiHICTD:
1

Aoz + By) (t) = / (t+5) oz (5) + By (5)) ds =

-1
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1

a/(t—}—s)x(s)ds—l—ﬁ/(t—l—s)y(s)ds:ozAx(t)—i—ﬂAy(t).

Hami, axmo z € C'[—1,1], To ||z|| = n[lax] |z (t)]. Hexait z,y € C[—1,1]
te[-1,1

taki, mo ||z — y|| < e. Toxi

1

s — Ayl = 1A G = o)l = max | [ (¢49) (@ (5) ~ y(s)) ds| <

1

max |z (s) —y(s)] max [ |t+ s|ds < e - const.
se[—1,1] te[—1,1]
—1
3 ocTaHHBOI HEPIBHOCTI BUILINBAE TaKe: SIKIMO T,, — T IPU N — 0O y IIPOCTOPI
C'[-1,1], ro Az,, — Az upu n — oo, To6T0 oneparop A uenepepsuuii. Herre-
PEPBHICTH JIHIITHOrO onepaTopa €KBiBaJeHTHA HOro OOMEXKEHOCTI, ITPUIOMY

3 IIoIepeJHbOoro BUMIIJIMBa€E, 110

1

|All < max /|t+s|d3:
te[—1,1]

-1

—t 1

max —/(t+s)ds—|—/(t—|—s)ds = max (1+¢%) =2.

te[—1,1] te[—1,1]
“1 Zt
Josegemo Bukonanns pisaocti ||A|| = 2. Jyia mporo morpibHo abo 3HaiiTH
eqement & € C'[—1, 1], na akoro |Az|| = 2|2, abo moBectu, 1110 3a JOBLIB-

Horo € > 0 icuye z. € C'[—1, 1] Takuii, mo
[Azell > (2 = &) [lz]l

Ocranne piBHOCHJIbHE ICHYBaHHIO TOCTII0BHOCTI {2, }, sIKa Mae Taky BJIACTH-
BicTh: 3a OyIb-saKor0 N ||7,| = 11 ||Az,|| = 2,n — oco. lpuiimemo z(t) = 1.
Toxi [|z]| =11

1
||Az|| = max /(t+s)ds = max |2t| =2.

te[—1,1] te[—1,1]
-1

Orxe, ||Al = 2.
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ITpuknan 4.4. Hexait X — jiniitauil npoctip HernepepBHO JudepeHIiiioBa-
Hux yHKIii 3 Hopmoro ||x|| = max |z (t)|. Josememo, mo oneparop A: X —

te(0,1]
dx (t)

C'[0,1], ne Az (t) =

A menepepgno gie 3 npocropy C' [0, 1] B mpocrip C [0, 1] . Buaiigemo nopmy
ortepatopa A.
Harasiaemo, mo nopma B nipocropi C* [0, 1] mMae Buris

, HE € HeTllepEPBHUM, ITPOTE B IIHOMY pa3i orepaTop

— /
s = mas o (1) + mas Ja (1)

OcKiIbKE HEMepepBHICTH JIHIHOTO ollepaTopa eKBiBaJIeHTHa foro obMe-
JKEHOCTI, TO B MEPIIIOMY BHIIQJIKY JOCTATHBO JOBECTH, MO A HeoOMerKeHU.
Jist mboro MOKHa PO3TJIAHYTH Taky Hoc/iioBHicTs {x,} C X, 1o

|znll =11 ||Azy|| = 00 mpu n — oo,
abo
|lznl] =0 1 ||Azy,|| > C > 0 upu n — oo.

Posrisgnemo nocsiioBuicTs o, (t) = %sin nt. Yci GyHKIT x,, € HelmepepBHO
mudepenniiioadi i ||z, || < —, Tobro ||z,|| — 0 mpu n — oco. Boxnouac, 3a
n

Oyap-sikoro n ||Az,|| = max |cosnt| = 1. Orxe, onepatop A HeoOMeKeHUIH.

)

Hexaii Tenep oneparop A aie 3 C*[0,1] B C'[0,1] Toxi

Az = ()] < t ()] = .
| Az trg[%b:()ngﬁ@()HggﬁﬁM()l 2l o1 o

Orke, oneparop A oomexennii i ||Al| < 1. Posrisinemo mociiioBHicTb

Ty (1) = "
(t) n+1
g Takux QyHKIT
n+1
. _ tn n—1 = - 1
[zl cao,1y trél[glff] n4+1 ‘—1—52[0&7)1(] n+1 n+1

[ Azn|| = —— = 1,n — co.
n+1

Lle o3nauae, mo ||A|| = 1.
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ITpukisan 4.5. Posrisivemo oneparop interpysanus (Ax) ( fo
sIK orieparop, skuil Jie B mpocropi C'[0,1],A: C'[0,1] — C [0 1] ,HOBG,HGMO
BUKOPHUCTOBYIOUN 0OE3110CepeIHbO O3HAUEHH:, M0 A — JiiHiitHMiT oOMekeHmit
onepaTop, 1 3HafijieMo oro HopMmy.

JliniitaicTs oneparopa A BummBae i3 JriniitHOCTI iHTerpasia Pimana. [lo-
BeJIeMO oro oOMerKeHiCTh:

t t

||Az|| = max / (s)ds| < max/|m )| ds < max |z (s)]- max/dt < ||z -

te[0,1] t€(0,1] t€(0,1] t€0,1]
0 0
3Bizcu, oneparop A obmexkennit i ||A|| < 1. ToBegemo mpoTmieRkHy Hepis-
Hicte. Hexait 2 (t) = 1. 3a dopmynoo (4.3)
t
IA] = sup [[Az] > [|A#]| = max /1dS: 3

|l z||=1 t€[0,1]
0

Otxke, ||Al| > 1, a 3 BpaxyBaHHsaM JoBejeHOro panimte [|A| = 1.

ITpukman 4.6. Y npocropi Ly (0,1) posrmstaemo omeparop (Ax)(t) = ¢ -
x (t) , SKuil HA3MBAIOTHL OMEPATOPOM MHOYKEHHS Ha He3aJlexkHy 3MiHHy. /loBe-
JIEMO, BUKOPHUCTOBYIOUH O3HAYeHHs, 0 A — JIiHiiiHUIT 0OMezKeHuit onepaTop,
1 3HalIEMO OTO HOPMY.

Jliniiftnicrs oneparopa A oueBmaHa. JloBegemo ioro oOMerKeHiCTh:

cl = [tz ®lde < [ [o(0)]de = o] ro60, 4] < 1.

B’sacyemo, 1o || Al| = 1. Posrustremo moctiioBHiCTb dyHKIIT

1 (1) = 0,0<t<1-4,
T 1-2 <t <L
1
Toni [|z,|| = 1, a [|A]| > |Az,|| = [ t-a,(t)dt =1 — 5-. 3sinku [|A]| > 1,
1—1
OCKLIBKH 1 MOKHA BHOpaTH CKIIbKH 3aBrojgHo BeauknM. Otxke, ||All = 1.

Hosesiemo, mo A — nemocsizkuuii oneparop. [pumnycrumo, mo ||Azg|| =
1

|lzol| , To6TO [t - |20 (t)| dt. Oppa siximo xg (¢) # 01t # 1, 1o t|xg ()] <

0
|zo (t)]. Orke, xq (t) = 0 maiizke ckpisp (L (0,1) — mpoctip Jlebera, Bimmo-
BijiHi iHTerpau B 03HaUYeHHI HOpMEU po3yMmiemo B cenci JleGera) i A He mMoxke
OyTH JOCSKHUM. Y [LOMY BUIIQJIKY SKIIO 3aJaHUil OllepaTop pO3TIAHYTH B
upoctopi C' [0, 1], To sterko mobaunTu, 1m0 BiH Oy/ie JOCSKHAM 1IpH Xo (1) = 1.
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3amaui

1. TepesipuTu JiHifinicTb, HeNEpepBHICTH 1 3HANTH HOPMY (AKIINO OmEpa-
Top JiiHiiiHWit 1 HenepepBHuit) oneparopa A : X — Y :

a) X =Y =C|0,1], Az (t) = [ (2t — s) z (s) ds;

o%,_

6) X:Y:C[Ovl]vAx(t):j‘x(T)dT;

B)X:Y:C’[O,g],Ax(t):zsin(t—s)x(s)ds;
r) X =C[=11,Y =C[0,1], Az (t) = = (1)

o) X=Y= C’[O 1], Az (t) = t*z (0) ;

) X=Y=1IL,[-1,1], f12t+35 (s)ds;
>K)X:Y:il[O,l],A:E(t):fl(Qt—s)a:(s)ds;

) X =Y =C[0,1], Az (t) = z (£2);
K) X =Y =1,[0,1], Az (t) = (> +t) = (t);

)
)
) L@,
)

M X:Cl[a,b],Y:C[a bl, Az (t) =z (t);

) X =Y =Ly |, Az (t) _fl(Qt—Ss) (s)ds
) X =Y =C] |, Az (t) j;(2t+3s) (s)ds
) X =C[0,1],Y = L, [0,1], A f12t—5 s)ds;

y) X:Y:EQ[O,I],Ax(t)zoftx(T)dT;



d) X =Y =0C[0,2], Az (t) = (t* + t) z (1) ;
x) X =C'0,1],Y =C[0,1], Az (t) = (> —t) z (1) ;

Im) X:Y:i2[0,1],Aw(t)zofl(t—s)x(s)ds;

m) X =Y = Ly (0,00), Az (t) =

1
m) X =Y =1L, [0,2], Az (t) zojsin(t—i—s)x(s)ds;

10) X:C'[O,l],Y:Cl[O,I],Ax(t):ftx(T)dT;

a) X =Y =1,(0,2], Az (t) = (¢

—~
[\
|
~
~—
&
—~
~
~—

) X =Y =C|0,7], Az (t) :;frcos(t+s)x(s)ds;
) X =Y =C[-1,1], Az (t) =t - x (1).

. Hexait X,Y — nminmiiini npocropu, A : X — Y — miniiiunii oneparop i
cucTeMa eJIEMEHTIB X1, X, . .., T, € D 4 JiHiiiHO 3aexxHa. /loBecTn, 110
cucreMma ejeMeHTiB Axq, Axo, ..., Ax, JiHIIHO 3a/1eKHA.

. Hexait XY — nminiitai npoctopu, A : X — Y — jiniiinuit omepatop i
cucTeMa eJIeMeHTIB X1, s, ..., T, € [ JiHIlIHO He3ajexkHa. u mpa-
BUJILHO, IO CUCTeMa ejieMeHTiB Axy, Axs, ..., Ax, jiHilino Hezamexxua?’

. Hexait X, Y — niniitai npocropu, A : X — Y — niniitanit oneparop. lo-
BeCTH, 10 orneparop A 1mepeBoguTh OMyK/Iy MHOXKUHY i3 D4 B OyKITy
MHOXKHUHY B TIPOCTOPi Y.

. Hexait H — rinmsbepriB npoctip, A : H — H — obmexxkenuil jriniitamit
oneparop 3 D4 = H. JloBectn, 1o

eyer [[2] - [yl

x#0, y#0.

. Hexait XY — niniitui nopmosauni npocropu, A : X — Y — yiniitanit
orIepaTop.

BazHaumMo, 110 OIEepaTOPH, PO3MJIHYTI B 3ajadax 11 i 12, Ha3WBaOTh
oriepaTopaMu 3CYBY.
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Pozmin 5

JIin1itH1 (pyHKIloHAJIN

QyHKIIOHAIN € YaCTKOBUM BUITAJIKOM OIIEPATOPiB, MO HAOyBalOTh 3HA-
YeHHd B HPOCTOPI JIMCHUX UM KOMILIEKCHHX d4mcesi. Bimamosimno, Bci
O3HAYEHHsI, IO CTOCYIOThCS OIEPATOPIB, BUKOHYIOTHCS 1 JIIsg (DYHKITIO-
naJtis. Hapenemo mesxi 3 Hux.

Osznavenns 5.1. KaxxyTsb, mo Ha MHOXKHuHI D 3a71aH0 hyHKIIOHAT [,
SIKIIO KOXKHOMY ejieMeHTy x € [) 1mocTaBJ/IeHO y BiJIIOBIIHICTD JiesKe
qucsio f (x) (aificHe i KOMILIEKCHE).

Osznavenns 5.2. Jliniitnuit dyukmionan f, 3ajganuii #a jiniinomy 6a-
rarosuii Dy nopmoBanoro mnpocropy X, Ha3UBaTHMEMO OOMEKEHHM,
gaKkimo icoye crajga C' > 0 Taka, mo mid Bcix ¢ € Dj BUKOHyeTbCA
uepisuicts | f ()| < C'lz||.

g gminiitnoro yHKIIOHAA, BUBHAYEHOT'O HA BCHOMY IIPOCTOPI, TIOHS-
T 0OMEXKEHOCTI 1 HemepepBHOCTI 36iraloThest (sIK 1 Jist OmepaTopis).
Hopwmy sinifinoro HerepepBHOTO (DyHKITIOHAIA MOYXKHA OOYUC/IATH 38
dopmystamu

|f ()]
Ifll= sup |f(x)l= sup |f(z)]=  sup =
2Dy |lo|=1 zeDy lef<1 veD Jlel=t,a20 7]

(5.1)
Oznavenns 5.3. MHoXWHY BCiX JIHIHUX HemepepBHUX (PyHKIIOHA-
JIiB, BUBHAYEHNX Ha BCHOMY JIHITHOMY HOpMOBaHOMY TIpocTopi X, Ha-

SUBAaTUMEMO CIIPDAKEHHUM IITPOCTOPOM 1 mosnagarumemo X *.

Cupsizkenuit mpocrip X* € HOpMOBaHUM TIPOCTOPOM i3 HOpMOtO (5.1).
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CdopmymroeMo TBEp/ZKEHHS, siKe € OJHUM 13 HallBayKauBimux y (yH-
KITIOHAJTbHOMY aHaJIi3i.

Teopema 5.1. (Fana—Banaxa nipo nmpogoBkeHHs JiHiHUX YyH-
KIioHaJtiB). By/b-skuii jiniitauii Henepepsuuii dbyukiionasn fo, 3a1a-
HUil Ha JriHifiHOMY GaraToBui [) HOPMOBAHOI'O IPOCTOPY X, MOXKHA
MPOJIOBXKUTH Ha Bechb NpocTip X 31 30epekeHHdaM HOPMHU, TOOTO 3Ha-
finersea dyukmionan f € X* rakwuit, mo f (x) = fo (z) ana Beix © € D

A= 11 oll-

JI1s1 3HAXOMKEHHSI HOPMU TOrO 49H iHIIoro (yHkiioHasa f 3a ¢op-

mysofo (5.1) mocrarHbo 3HajiTn uncao ¢ = sup | f (x)]. Jos iioro
z€Dy ||lz||=1

3HAXOJIZKEHHsI MOYKHA, CIIOYATKY OTpuMaTh OrinKy surasay | f (x)] < ¢,
IO CIIPaBeUIMBIKYEThCs 171t BCix @ € Dy, ||z|| = 1. IToriM namarato-
ThCs JIOBECTH, 10 ¢; = c. Lle MOXKHa 3poOKUTH JBOMa CIIOCOOAMU.

a) CrpobysaTu 3HailTH KOHKpeTHHil exeMent xo € Dy, |lzol = 1,
Jist ikoro | f (zo)| = ¢ (Takuil eleMeHT He 3aBXKM ICHYE).

6) Cupobysaru nobysysaru nocaigosuicts {z,} -, C Dy, ||z, | = 1,
raxy, wo lim [f (2,)| = c1.
n—oo

Ilpukaan 5.1. Hexait X = C[0,1] i z(t) € C|0,1]. Ilepesipumo
JiHifiHiCTH, HemepepBHICTH 1 3Haiiemo HOpMmy dyHKIoHATA f () =

z(0).

[Tepesipumo iniitaicts. st gosinbaux x,y € C'[0,1], a,f € C
flax+ By) = (ax + By) (0) = ax (0) + By (0) = of (2) + Bf (y) .-

3 oueBnnol HepiBrocti |z (0)] < max |z (t)| 3a poBlbHUX = (1) i 21 (1)3

C'[0, 1] orpumaemo

[f(x) = fla)|=f (& = 21)] = |(z = 21) (0)] < max|(z —21) ()] = [z — 2] -

3’sicoBano, 110 GYHKITIOHAJ HEIIEPEPBHMIT, OCKLIBKY 3 Oy 1b-AKOT0 € > ()
icaye d =0 (&) Take, mo 3 ymoBu ||x—x1|| <0 Bummsae |f (x)—f (x1)] <
e = 9. Hani, srigno 3 o3HaveHHIM HOpMHU (hyHKITIOHATA f,

I} = inf{C:Vx|f ()] < Cll},

Ha migcrasi oueBuaHOl HepiHOCTi |f ()| = |z (0)] < mfmx|x )] =1-

||z|| orpumyemo || f|| < 1. 3 immoro 60Ky, SKIIO
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z(t)=1,10 f(z)=2(0)=11|z| = mtax|a:(t)\ =1,

T06TO BUKOHYEThCs piBHICTD |f (2)| = ||z||. OTxe, || f|| = 1.

. T . o
Ipukman 5.2. Hexait © = (x1,x9,...) € l;. llepeBipumo JiniiiHiCTS,
. : . . X Tk
HellepepBHICTH 1 3HaiieMo HopMy dyHKIoHATA [ (2) = -
k=1
JliniftnicTs 1mporo gyHkKIionaaa odeBuHa. g J10Be/leHHA Henlepeps-
HOCTI JIOCTATHBO MIOKa3aTN 00OMeKeHiCcTh pyHKITIoHaTa. Maemo 3a Oyab-

AKOro x € ly:

=S 2 S < S =
k=1 k=1 k=1

To6TO byHKIIOHAT 0OMexkenuit, ipuaomy || f|| < 1.
9IK i B monepeaHbOMY MPUKJIAJ, JOBEAEMO, IO /IS JeAKOIO eJIeMeHTa,

z izl |f(z)| = ||lz||,, . Cupasni, nexait x = (1,0,0,... )", Toxi

(e 9]

Ty
= Z?

k=1

=1=1-[z[,.

Orxe, || f]| = 1.

Ipuknaz 5.3. Hexait z (t) € Ly [0,1]. HepeBipI/IMO JiHiftHiCTH, Hele-

pepBHICTS 1 3HaeMO HOpMY dyHKIoHANA [ (X f t~

Ilepesipumo Jiniitaicrs: 3a Gyub-axux = (t),y (1) i3 Ly [0,1] i o, f i3 C

1

ﬂm+@h/fﬂw@+@@wﬁ

0

1

a/téx(t)dt+ﬁ/téy(t)dtzaf<x)+ﬁf(y).

Jlauti, BuKopucToByIoun HepiBHICTH Kormi-ByHIKOBCHKOTr0, 0TpuMaeMo

wmzﬂ%wﬁgqtm)UM:szﬁw,
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To6T0 || f|| < V/3.

dkmo #(t) = t73, 10
1 % 1

]| = /t-idt _ V3, |f(3)] = /t—idt — 3= V3v3 =33
0 0

Orxe, || f]| = V3.

ITpukaazn 5.4. Hexait z (t) € C[0,1]. Ilepesipumo miniiinicTs, Heme-

noo1
PepBHICTH 1 3HaiiiemMo HOpMy dyHKIOHATA f () = 7}1_{120 > o x(Zik)
k=0

[Iepesipumo J1iHIfIHICTD:

n

floz+By)=lm 3 (oz:v+5y)(2—1k) _

o)
k=0

"1 1 1 1
anlii& Z §x<?)+57}g€l® Z ﬁw(ﬁ) =af(x)+8f(y).
k=0

()| <

Josegemo obmerxenictn: 3a Oyp-saxoro x € C' [0, 1]

R | 1
i 3 o)

k=0

n

. 1
|f(z)| = < lim % oL

o
gmgm\x(t)uggo; o =2zl

Orke, dyuxmionan oomeskennii 1 || f|| < 2. 3 inmoro 6oky, gko & (t) =
1, wo | f (£)] = 2. Tomy | f]| = 2.

IIpuknan 5.5. Posriigaemo X — JiHifiHMIT mpocTip HEllepepBHUX Ha
1

[0, 1] dyrkuiit z (¢) 3 Hopmoto ||z = [ |z (¢)| dt. Uu Gyae nenepepsHUM
0
dbyukmionan f(x) =z (0) y TakoMy HOPMOBAHOMY MPOCTOPI?

[eit dynkiionaa He OyJje HeENEpepBHUI, IO MOXKHa JOBECTU JIBOMA
CIIOCODAMH.

a) osesemo, mo QyHKIOHA HEOOMeXKeHuit, TOOTO 3a Oy ib-IKOro
HATYPAJbHOTO M iCHYE eJIEMEHT I, TaKuii, 110

| (@n)| > [l -
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[Ipuitmemo
[ n(l—nt), Oﬁtﬁi;
x”(t)_{o, L<y<l,
OueBuiHo, 10 QyHKIIT X, (t) HermepepsHi i
1
1
|xnl| = n(l—nt)dt:a
0
Boxnouac,
6) 3amepeveHHst HellepepBHOCTI QYHKITIOHAIA O3HAYAE, IO ICHYE Ta-

Ka nocyinosuicts {z, } |, mo ||z,|| — 0 (robro z,, — 0) 1 f (z,,) /4
0. Taxoro Oyse, HAITPUKJIA/L, TOCTITOBHICTD (DYHKIIIi

Cupasni, ||z, = [ (1 —nt)dt = 3= — 0 npu n — oo. Omuak y

[| ©~—==1~

mpomy pasi f (z,) = x, (0) = 1 ga Beix n, robro f (2,) # 0.

IIpukaazn 5.6. Tosememo, mo dyukmionan f (x) =z (—1) — 2z (0) +
x (1) y mpocropi C'[—1, 1] € niniitauM HemlepepBHUM, i 3HAIEMO HOTrO
HOPMY.

JliniftaicTs yHKIIOHA A BUILIUBAE 3 JIHIKHOCTI 3HAYEHHS (DYHKINT y

rouri. s niniftHoro ¢gpyHKIioHAIA HEIEPEPBHICTH 1 00MEKEHICTh eKBi-
BaJIEHTHI. Y I[bOMY BUIAJKY JIETTIe ePEBIPUTH 0OMEXKEHICTh

|f (@) = |z (=1) =22 (0) + = ()] < [z (=D)| + 2|z (0)] + [ (1)] <

4. =1
max [z ()] = 4]

BBinku BummBae ominka || f|| < 4. s goBeeHHSA TPOTUIEKHOI He-

PIBHOCTI pO3IVIsTHEMO KyCKOBO-JiHiitHY dyHKIio T (f) = 2 |t| — 1; Toxi
2]l = 1, f (£) = 4; 3a dopmynomo (5.1) [[f[| = 4, romy [ f]| = 4

Sagaqgi
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[lepeBipuTu JIiHIiHICTH, HElEepPEPBHICTb 1 3HANTH HOPMHU TaKuUX (QyH-
KILIOHAJIIB.

a) X =C0,1], f(x):jtx(t)dt.

—_
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m) X =C0,1], f(z)=[(1—2t)x(t)dt
M)lezvf(x):]; A

IO) X = ll,f(.f) :ZL’1+I2+12ZE3.
1

a) X =C[=1,1],f(z) = [ (t)dt—x(1).

) X=C[-11],f(2) =3[z (-1) + = (1)].
)X:lg,f(ﬂf):l‘1+$2.
)X:l27f($):l’5—1'3.
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Pozmin 6

OOGOpPOTHICTD JIHITHNX
orepaTopiB

Cucremu JiHiflHUX aareOpUYHUX PIBHSAHB, IHTErpaJIbHI PIBHIHHS, Pi-
3HOMAaHITHI 3a/1a4i JIJ1s1 3BUYaitHuX JudepeHIliajbHIX PIBHIHD, & TAKOXK
PIBHAHD 13 YACTUHHUMHA TOXITHUMH YACTO MOYKHA 3aITUCATHA Y BUTJIS/II
niHiftnoro piBagaaa Ax = y. Takuil miaxia gae 3Mory 30cepeuTi yBa-
Iy Ha 3araJilbHUX 3aKOHOMIPDHOCTSX, & He Ha crenudivHux i 4JacTKOBUX
npobyieMax KOXKHOI KOHKpeTHOI 3aJiadi. fKIo icHye obepHeHwmil orre-
paTop A~!, To Po3B’A30K 33744l MOKHA 3aIHMCATH Y SBHOMY BUIJISAI
r = A™'y. BaxmBoro sHadenHs HabyBae Telep 3'dCyBaHHS yMOB, y
pa3i BUKOHAHHS AKUX OOEPHEHUIT OIepaTop iCHye i Ma€ Ti UM iHII BJIa-
CTHBOCTI. ¥ IIbOMY PO3/ILI PO3IVIAHYTO HailBarKJIUBIII O3HAYEHHS Ta
TeopeMu, MOB’sI3aHi 3 0OOPOTHICTIO ONEPATOPIB, 1 HABEJICHO PO3B A3KH
JIEIKUX TUIIOBUX 3a/1ad.

Hexait A — nosinbauii (He 060B’s13K0BO JiHIiTHNIIT) omtepaTop i3 0b1acTio
Bu3HavueHus [, 3 mpoctopy X i obsjactio 3Havenb R4 3 mpoctopy Y.

Oznavenns 6.1. fxmo oneparop A BuUKOHye B3a€MHO OJIHO3HATHE
Bimobpazkennst D4 Ha R4, T0 3BOpOoTHE Bimobpaxkenuss Ry wa Dy Ha3u-
BaIOTh OOEPHEHHM OIepaTopoM i nosHauaioTb A~1. Inmmmu ciosamy,
g y € Ry npuitmators A~y = x, e @ — enement i3 Dy, JJIa 9KOTO
Ax =y.

BanpoBa/izKeHe MOHATTS MOYKHA 3aIllCATU ¥ IHAKIIe — MOBOIO Olepa-
TopHUX piBHAHB. [[71g 3a/1aH0T0 3 € R4 PO3IJISHEMO PIBHAHHS

Az =y, (6.1)
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e x — HeBimoMmii egeMenT i3 D 4.

Osnauenns 6.2. ko s jgosisbHOrO §y € R4 piBHgHHg (6.1) Mae
€IMHII pO3B’sa30K = € Dy, TO KaxKyTh, 10 B orneparopa A icHye obep-
nennit oneparop A~! i B mpomy pasi A7y = .

[le TpakTyBaHHS CBIIUUTH IIPO BaXKJIMBICTD IIOHATTS 0OEPHEHOTO Olle-
paTopa, OCKiIbKu gKmo A~! Bimomuii, To 1e o3Haua€, IO MM BMi€MO
posB’syBaTu pisHanusg (6.1). I nanaku, snaxomkenna A~! dpakruuno
3BOJIUTHCS JI0 PO3B’si3yBanHs piBHsHHs (6.1) BigHOCHO .

s Bunasiky JiiHiifiHOrO omeparopa A MOXKHa HABECTH MPOCTHUil 1 3py-
YHU 771 BAKOPUCTaHHS KPUTEPiil iCHYBaHHS 0OEPHEHOTO OIEPATOPA.

Teopema 6.1. Sxmo A — miniitnuit onepaTop, To as icHyBamaa A~
HeoOXiaHO 1 JocTaTHRO, MO0 piBHAHHA Ar = @ MaJjo Jule TpuBiajb-
HII PO3B’SI30K.

3a3HauNMO TaKOXK, 110 00JIaCTh BUSHAYEHHS OOEPHEHOIO OIIepaTopa 3a-
3Bu4ail He 36iraeTheg 3 Y. Jo Toro x obepuennii omeparop A~! mo-
JKe BUSIBUTHCST HEOOME:KEeHNM, HaBITh SIKIIO ITOYATKOBHil orrepaTop A €
OOMEIKEHIIM.

Hexait X i Y — mopmosani npocropu. PosrissHemo Kpurepiii oOMexke-

HoCTi oneparopa A1

Teopema 6.2. Oneparop A~! ichye i ooMerkennit Ha R4 Tomi it TinbKH
TOJIi, KOJIU JIJTsd JIedKOol cTajol m > 0 1 6yab-sgakoro x € D 4 BUKOHYETHCS
HepiBHicTH (yMOBa CTifiKOCTI)

[Az]ly = m - [l x - (6.2)
PosriisinemMo Take BazK/MBe MOHATTS.
Oznavenns 6.3. Jliniitawit oneparop A : X — Y HazuBaTtumemo He-
epepBHO 060POTHUM, aKmo Ry = Y, obeprenmit onepaTop A~! ichye

1A e L(V, X).

3 ypaxysauusim Teopemu (6.2.) MOKeMO cHOPMYJTIOBATH TaKe TBEPIIKe-
HHS.

Teopema 6.3. Oneparop A : X — Y HenepepBHO 060pOTHHI TOJI i
TUILKHY TOMl, Koot Ry = Y, njia gesikol ctajgol m > 01 g Beix ¢ € Dy
BUKOHY€THCsI HepiBHICTH (6.2).
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Cdopmymoemo Takoxk Teopemy banaxa.

Teopema 6.4. Hexait X,Y — 6anaxosi npocropu, A : X — Y — obme-
JKeHMH JIHIMHINE omlepaTop, IM0 3ifiCHIOE B3a€EMO OJHO3HATHE BimoOpa-
skeang X Ha Y, Tosi obepnenuii oneparop A~ obMerkenuii.

Tammvu cooBamu, gkio A € L(X,Y), ne X 1Y — 6anaxosi, Ry =Y
i A — obopornuii, To A — HenepepBHO 0OOPOTHHI.

Posrisinemo 11i TBep/IzKeHHSI B KOHTEKCTI JOCIIIzKEHHS PO3B’ A3HOCTI JTi-
HiffHOrO PiBHAHHA

Az =y. (6.3)

Axmo A — mHemepepsHO 06OpoTHHil, T0 piBHsHHS (6.3) Mae enuHMIL
posB’a30K © = A~y s Gynb-saxoi npasoi yactunu y. Hexait & = A™1y)
— PO3B’SI30K I[LOTO YK PIBHSIHHS 3 MIPABOIO YaCTHHOIO ¢, Tofl ||z — Z|| <
|A7Y| |y — 9||. TobTo B pasi maoi 3MiHE TIpaBOi YACTHHM PiBHSAHHS
(6.3) y po3B’sI30K & 3MIHUTBHCS MaJio, & OTKe, 3a7a9a (6.3) KOPEeKTHO
pPO3B’sI3HA.

[Tpumycrumo, mo A € L (X,Y).

Osnauenns 6.4. Oneparop U € L (Y, X) nazuBarumemo npasum obep-
nennM 110 A onieparopom, sakio AU = Iy, ne Iy — TOTOXKHUI y TpOCTOPi
Y omneparop.

Osnadenns 6.5. Oneparop V € L (Y, X) HasuBaTumemo JiBuM 0bep-
nenuM 710 A oneparopom, axmo VA = Ix, ne [ x — TOTOXKHWMIT y IpocTOpi
X omeparop.

Onepatop U upuiinaro nosuadatu A 1 a V — Afl.

Posrnisinemo 11i o3navennd 3 MOy iCHyBaHHS 1 €IMHOCTI PO3B’A3KY
piBustHHSA (6.3).

Jlema 6.1. ko icnye npasuii obepuenuit A1 10 A, To piBusHHA
(6.3) mae posp’ssok x = A, ly. dkmo x icuye misuit obeprennit A; !
1m0 A, to pisasiaHst (6.3) MoxKe MaTu He GljIbIe OJJHOIO PO3B’I3KY.

SayBarkenHst 6.1. VY 1epIioMy BHUIIAJIKY TOBOPUTUMEMO, IO JIJIsd PiB-
HsaHHs (6.3) CIpaB/RKYETHCST TeOpeMa ICHYBaHHs, a B JIPyrOMY — Teope-
Ma, € IMHOCTI.

Hexait Ny = {x € D, : Az = O} — muo)uHa HyJiB oneparopa A. Muo-
xkuna N He € TOPOXKHBOIO, OCKIIbKEI O € Ny.
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Baysaxkennst 6.2. ko icuye A1 10 Ry =Y. dkmio icuye A;l, TO
Ny ={6O}.

Y 3araJibHOMYy BHUIQJIKy HE MOYKHA T'OBOPUTH IIPO E€JUHICTH ITPABOTO
1 siBoro obepuennx omneparopis. He3parkaiounm Ha Iie, CIIpaB/IZKyE€THCS
TaKa JIeMa.

Jlema 6.2. Hexaii a1a onepartopa A € £ (X,Y) ienyrors A7 i Al
Toxi icuye oneparop A~!, obepuenuit 10 A, i

1) A=At =AY

2) .DA—I = Y, RA—I = X;

3) mpaswuii obepHenuii 10 A i jiBuit obepuenuit 10 A €1uHi.
Jlema 6.3. Hexait A € L (X,Y) i nexait icuye oneparop U € L (Y, X)

taxuit, mo UA = Ix, AU = Iy, Toni A nenepepsno oboporauii i A=t =

U.

Hapenemo npukianym po3B’si3yBaHHS JIEAKHX 3aJad, IO ITOB d3aHHI 3
IOHATTSAM OOEPHEHOI'0 OllepaTopa.

ITpukmaam 6.1. YV npocropi l; po3rsgHeMo orepaTop
Az = (221 — 229,14 +x2,x3,x4,...)T, e r = (xl,mg,...)T € l.

Yu icaye obepuenuii jo omeparopa A omeparop? fKmo Taxk, TO 3Ha-
oemMo ioro.

Cxopucraemoch Teopemoio 6.1. i mepeBipuMo, 41 Bi/IIIOBI/IHE OJIHOPIHE
piBagaHg Axr = 0 Mae JuIre TpUBIAJIBHUN PO3B’I30K:

T
(21‘1 — 21’2,1‘1 + T2, T3,Ty4,.. ) = O,

abo
21’1 — 21‘2 = O, r1 = —XT9, T, = O,
T+ To = 0, —4562 = O, To = O,
I’3:O, x3:07 133:0,
134:0, 1’420, 1'4:0,

.y ey

Tobro Ax = 0 mae e TpUBIAJIBHUI PO3B’SI30K, a TOMY OOepHEHMI
110 onieparopa A ichye.

Posrignemo pisusuus Az = y, abo
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(221 — 2wg, X1 + X9, T3, Xy, . . . )T =y, ney € ly.

3BijicH, BiIHOCHO X1, Tg, . .., OTPUMAEMO TaKy CHUCTEMY PiBHSHbD:
2wy — 229 = Y14
Ty + T = Yo,
T3 = Ys,
Ty = 3/4;
cey
abo

1 1
T1 = 7Y+ 3Y2,

1 1
Ty = —3Y1 + 3Y2,
T3 = Y3,
T4 = Y4,

Orxke, 3HANIEHO €TUHUI PO3B’ 30K

e Lol Lol 4
T = = | - — Yy, —— — )
Y 491 2y2, 491 23/2;1/3,947

IIpuknan 6.2. Posrasmemo oneparop A, mo aie y npocropi C' [0, 1]:
1
(Az) () = 2 (1) — / » (r)dr.
0
Yu icaye obepuennit 10 A oneparop? ko Tak, 3HalIEMO #oro.

[eit omeparop A — siHiliHIIA, TOMY MOXKHa BUKopucTaTtn Teopemy 6.1.
1 POBIJISTHYTH OJHOPi/IHE PIBHSIHHSI

(1) / © (r)dr = 0. (6.4)

Hexait  (t) — po3s’si30k piBusung (6.4), To6TO

1

2o (t) — / 2o (1)dr = 0.

0

3Bijcu BummBae, mo o (t) = C' — jedka KOHCTaHTa, OJHAK TOJ, Ii/I-
craBuBIIN X (t) y piBasguHsA (6.4), oTpuMaeMo
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1
C — [Cdr =0, a60 C — C = 0.
0

Tob6to piusinas (6.4) MaTuMe Ge371id PO3B’A3KiB, a OTXKe, olepaTopa
obepreHoro 10 A He ichye.

IIpuknaz 6.3. Y upocropi C [0, 1] 3agan0 onepaTtop

(Az) (1) = 2 (1) — / 2 (7)dr.

Yu icaye obepuennit 10 A oneparop? ko Tak, 3HaiIeMo #oro.

[eit omeparop A — jiHiliHKIA, TOMY MOXKHa BUKOpucTaTu Teopemy 6.1.
1 PO3IVIAHYTHU OJIHOPiHE PIBHAHHS

(Az) (1) = 2 (1) — t / 2 (r)dr = 0. (6.5)

Hexait g (t) — po3s’si30k piBusnHg (6.5), To6TO

1

2o (t) — t/Tmo (r)dr = 0.

0

BBijcu BummBae, mo o (t) mae Bursg xg (t) = Ct, ne C' — nesika
koncranta. llijicraBumo 1eit Bupas y nodarkose piBusHHs (6.5):

1
Ct — t/TCTdT =0. (6.6)
0

Pipnricts (6.6) moBuHHA BUKOHYBaTHCH 17 Beix t € [0, 1]. Tomy
!
c=C / r2dr.
0
Beigcu C =01z (t) = 0. Bianosinno, A~ icuye.
Jlns 3Haxopkenns A1 posriisiHeMo piBHsHHS

1

v (t)—t / o (r)dr = f (1), 6.7)

0
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ne f (t) — nosinbua dikcosana dbynkunisa 3 C' [0, 1]. Hexait x¢ () — po3s’sa30k
3aa4i (6.7), TobTo

1
zo (1) — t/mco (r)dr = f(t).
0
BBincu zg (t) = Ct + f (t) . Suaiigemo C' mijcranoBkoio xg (t) B (6.7):

1

Ct+f(t)—t/T(Cr+f(r))dr—f(t).
Tobto 0
- %Oflff(T)dTixo(t) :f(t)+gt0flrf(7)d7
Orxce,

(A7) (@ = F @)+ 5t [ 7 ()

Ipukaan 6.4. Hexait X = {z (t) € C'[0,1]} 3 nopmoro ||z|| = max |z (t)|+
tel0,

m[(a)wﬁ |z’ (t)|. Oneparop A : X — C'[0, 1] Busnauenuii opmysowo Az (t) =
tel0,

x' (t)—2tx (t),t € [0,1]. Hdosememo, 1o omeparop A — HeriepepBHO 060-
POTHUIA.

Ba/1aua 3HAXOKEHHS orlepaTopa A~ 3BoUThCA /10 3HAXOZKEHHA PO3B A3KY
zatadi Kol jiig srinifinoro audepeHIiaj bsHoro piBHIHHS.

Az =2 (t) — 2tz (t) = v,
{ 2(0) = 0. ’ (6.8)

BHaiiieMo po3B’sI30K BiIIOBIIHOTO OTHOPITHOTO piBHsHHS &' — 2t (1) =
0. Ile piBHSAHHA 3 PO3JLJIGHUMHU 3MIHHUMH, & OTKe, HOr0 PO3B 30K
z(t) = et

Posp’s30k 3aadi (6.8) x (1) = C () " mykaTumemo MerozoM Bapianii
cragoi 3 piBusinas C7 (t) e’ = y (). BpaxoByoun IOYaTKOBY yMOBY,
3Haii/IeMo po3B’sa30K 3ajadi (6.8):



t
Omxe, Ay (1) = [~y (s)ds.
0

. 2_ .2 .
Ockinbku a1po et ~* 1poro iHTerpajabHOro olepaTopa € HellepepBHUM

ua [0,1] x [0, 1], To oneparop A~! obmexkenuii, a orxke, oneparop A —
HelrepepBHO 0OOPOTHUIA.

IIpuknag 6.5. Jloseaemo, 1o oneparop A : C'[0,1] — C'[0,1], Az (t) =

1
z (t) + [ etz (s)ds nenepepsro oboporuuit, 1 3naitgenmo A~
0

Hexait y € C'|0,1]. Posrusgremo piBasaug Ar = y. 3aznadqmMmo, o
1

z(t) =y (t)—Ce', ne C = [ e*x (s) ds. [Ipoinrerpyemo pisuicts €'z (t) =
0

1

2 [ ety (t)dt. Tomy st jio-
0

e241

ely (t) — Ce? ma [0, 1], snaiinemo C' =

BisbHOT yHKIil y € C' [0, 1] po3B’s130K piBHIHHS Ma€ BUTJIST

3Bijcu BUNIMBaE HerepepBHicTL oneparopa AL
3amaui

Yn icrye obeprenuit 10 oneparopa A : X — Y, un 6yne A~ obmexe-
num? OninuTu HOpMy onepatopis A, A™! (axio Bin obMexkeHuit).

a) X=Y=C|0,1, Az(t)=(t*+1t)x(¢).
6) X =Y =1, Az(t)= (xl,%xg,...,%xn,...).

B) X =Y =1y, Ax:(x1+x2,x2,2x3—xQ,x4,...)T
~ 1
r) X =Y =10,[0,1, Az(t)=x(t)+t[x(s)ds.
0

n) X =C10,1],Y =CI0,1], Az(t)=(1—t)xz(t).
e) X =Y =1, Aa::(2x1,%x2,...,(1+%)xn,...)T
K) X =Y = Ly(0,00), Am(t)—lft2x(t).

u) X =Y =, AZE:(—,Il,%.fg,...,(l—l)l'n,...)T.

n

98



K) X =C[0,1],Y =C[1,2], Azx(t)=tx(t—1).
a) X =Y =1, Al‘:(1'1,%132,...,(1—%)ZL‘n,...)T.

M) X =Y =1,[0,1], Ax(t):Zx(t)+(t—1)jm(s)ds.

n) X =C'0,1,Y=C[0,1, z@)=(*—t)z(l).

) X =Y =1y, Ax:(x1,2x1+x2,x1+x4,x4+x5,x5,...)T
p) X=Y=C[0,1], Az(t)==t*x(0)+z(#?).

) X=Y=10,[0,1, Az(t)=1+1t)"z (V).

)

1 T
Lo )T

'n

X:Y:lg, sz(xl,%l‘g,...

y) X =Y =C|0,1], Am(t):x(t)—i-%tflx s)ds

b) X =Y =1, = 2z, 71 — X9, T3 + T4, 2x4, T5, . . . )T
X) X=C'0,1],Y =C0,1], Az(t)=(1+t) "z (V).
) X =Y = Ly(—o0,00), Ax(t)=(1+12)"z(t2).

m) X =Y =1l,, Az= (201,329, ...(1+ 1) z,,..)".

m) X =Y = L,[0,1], Ax(t)zQx(t)—i-tflx(s)ds.

) X =Y =C|0,1], Ax(t):x(t)—l—(l—t)flx()ds.
a) X =Y =1,[0,1], Az(t)=tx(l1—1).
) X =Y =1y, Ax:(xl,%mg,.. (1——)xn,...)T.

1+t2w(t)'

) X =Y =1y, Ax:(x2—xl,x2+x3,2x2—23:1,:U4,x5,...)T

) X =Y =1L,(0,00), Az(t)=

) X =Y =C|0,1], Ax(t):x(t)—Qtflx s)ds

) X =Y =1, Az=(-z1,322,..,(-1)" lmn,...)T.
t
Vi x (t2).

1+t

) Hexait XY — miniiini npocropu; A : X — Y — miniiinumii onepa-
TOp, Y SKOro icHye obepuennii. /loBecTu, 1Mo cucremMu ejieMeHTIiB
T1, %9, .., Ty 1 Axy, Ao, ..., Ax,, 1€ T1, 2o, ..., T, € Dy, 0HOYACHO
a0o JIHIHO 3a/1eKHi, ad0 JHHIAHO He3aIeKHi.

) X =Y =C[0,1], Az (t) =
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Hexait X — miniitauit npocrip; A : X — X — jiHifianit omeparop,
sKuii 3a Jeskux Ay € R(k=1,2,...,n) 3a10B0JIbHsE CHIBBiIHO-
IIEeHHS

T+ MA+MAZ+ -+ XA =0.
Hosectn, mo oneparop A~! icaye.
Hexait X — niwmiitauit npocrip; A, B : X — X — miniitai onepato-
pu3 Dy = Dy = X i icuyors omeparopu (AB)™',(BA)™". Un
BUIIJIMBAE 3Bijcw, mo icryoTs Takox A~1, B~1?
Hexait X — miniitanit mpocrip; A, B : X — X — jiHiitHi oneparopu
3 Dy = Dp = X iicuye oneparop (I — AB)_l. Hosectn, 1o icuye
takox oneparop (I — BA)™".
Hexait X — minitauit npoctip; A, B : X — X — jiniitai onepatopu
3 Dy = Dp =X, 1m0 3310BOJILHAIOTE CIIBBIIHOIICHHSI

AB+A+1=0 BA+A+T=0.

JHosectn, mo icnye omepatop AL
Hexait X — miniitanit HopMmoBanuit npoctip; A, B : X — X —
JiniitHI oneparopu 3 Dy = D = X taki, mo AB = BA.

i. Hexait icnye AL, Jlosectn, mo A~'B = BA™!.

ii. Hexait A,B € L£L(X) i B nenepepsHo oboporuuii. Josecrn,

110
Al
|AB|| < 70—
1B~
Hexait X — osiniitnnit mopmosanmii npocrip; A, A~ € L£(X) i
k = ||A]| ||[A7Y| - umcao symosmenocti onepatopa A. Posrisme-

Mo piBHsgHHA Ax =y, e y € X, y # O. Hexait ¥ € X — iioro
HabJmKeHuit po3s’a30K. JloBecTH, 110 #OTo BiJTHOCHY TOXUOKY MO-
JKHa, OIIHUTHU 3a (POPMYJIOI0

LAz —y| _ Jm =] _ A7~y
I P

Hexait X — miniitanit npoctip; A : X — X — jiniitanii oneparop i
B X icuye Taka nocainosaicts {x,} C D4 (n € N), mo ||z,|| =1,
Az, — 6 upu n — oo. losectn, mo g oneparopa A He icHye
00MeKeHOI0 0OEPHEHOTO.

Y mpoctopi [y posriisineMo omeparopu A, B, 110 TIepeBoIsTh eJre-
T T
MeHT T = (x1,%2,...) B enementu Az = (0,21,29,...) , Bx =
T . . _ _ _ _ _ J
(z9,73,...)" . dxisoneparopis A~Y, B~1 A7 BY A By icmy-
0Th !
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) Hosecrn, mo oneparop A : C1[0,1] — C'[0,1], Az (t) = le_f Mae

npaBuii 00epHeHNit, ajie He Ma€ JIIBOro 00epHEHOTO.
t
) Posrisemo oneparop A : C'[0,1] — C[0,1], Az (¢) = [z (1) dr.
0

i. Ilo Take #ioro MHOKMHA 3HaUYEeHb K47

ii. Yu icnye ma R4 obeprenmit omeparop A~! i um Bim obMesxe-
HIit?

t
) Posrusaemo oneparop A : C' [0,1] — C[0,1], Az (¢t) = [« (1) dr+
0
x(t).
i. Toectu, mo N (A) = 0, tax 1o B pasi gosiisHoro y € C'[0, 1]

piBHsIHHSA Ax = y He MOXKe MaTh OLIbIIEe OJIHOTO PO3B’I3KY.

ii. JTosectn, mo A — HemepepsHO 060pOTHUIA, i 3HaiTH A~L.
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Pozmin 7

Cups2keHi onepaTopu

VY niniiinii aarebpi BUBYAIOTH CIIPszKEHi il caMOCIIPsI2KeH] JIiHIHI oniepa-
TOPH B €BKJIJIOBUX 1 YHITApHUX MPOCTOpax. ¥y HECKIHYEeHHOBUMIPHOMY
BUIIQJIKY IIi IMOHATTS HaOyBalOTh HOBOTO 3MicTy. TOXK HaBeeMO O3Ha-
YeHHS Ta BarKJNBI TBEPJIZKEHHS T€OPil CaMOCIIPS?KEHUX OIePaTOPiB.

Hexait X,Y — jiniiini HopmoBani npocropu, oneparop A : X — Y —
JIHITHWN, MOXKJIMBO HEOOMEKeHUil, 13 obsiacTio BusHadeHus D 4 TITb-
mow B X. Posrmauemo muoxkuny D* C Y* takux f € Y™, ana skux
npu ¢ € X* cupaBpkyerhes piBaicts (Ax, f) = (x,¢). Oneparop A*
takuii, mo A*f = ¢ 3 obsacrio Busnavenus Dy« = D* C Y™ i 3i 3na-
qeHHAMA B X ¥, Ha3uBaTUMEMO cnpaxcenum 1o omeparopa A. Orxe,
(Az, f)y = (z, A* ) ansa 6yap-sikoro © 3 Dy 1 6yap-sikoro f i3 D a-.

Teopema 7.1. A* — 3amkHeHuil JiHiiHWI omrepaTop.

Teopema 7.2. PiBnicth Dy« = Y™ cupaB/Ky€eTbCs TOI 1 TIIBKH TOJI,
kosin A obmezkennit Ha D 4. Y mpomy Bunagry A* € L (Y™, X*), ||A*|| =
IA]-

I3 Teopemn (7.2.) Buttusae, mo g A€ L (X, Y), A*e L(Y*, X"), ||A*]| =
1Al

Y Bunayiky, ko X =Y = H, ne H — risibbeptiB poctip, Ha mijcTaBi
teopemu Picca mpo 3arajibHUIT BUTIIST JIHIHHUX 00MexKeHnX (DyHKITIO-
HaJIiB, IO JIif0Th y H, O3HAUYEeHHSI CIPSAKEHOI0 OllepaTopa OB SI3yEMO
3 piBnuictio (Az,y) = (z, A*y) ays 6yap-axkux x iy 3 H.

IMpuknang 7.1. Hexait A : Iy — Iy, Az = (0,221 + iz, 21 — 3,0, . .. )T
e v = (x1, 2, ..., )T. Buaiigzemo A*.
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Hexait x,y € [5. Toxi
(Az,y) = Z (Az), ¥, = (271 + i72) Yy + (21 — 73) .
n=1

3riIHO 3 O3HAYEHHSAM CIIPSKEHOr'O OllepaTopa, OCTaHHiil BHPa3

(x, A%y) an )

[IeperpyiryeMo JIOTaHKH, OTPUMAEMO

(w, A"y) = 21 (202 + T5) + 2 (iy2) + 73 (~73) -

OCKIIbKY 111 PIBHICTH CIIPABJKYETHCS I BCIX T € [y, TO
Aty = (2 + Y3, —iy2, —¥3,0,...)".

Ipuknazn 7.2. BHaﬁ;LeMo crpsizKennii 10 omeparopa A 1 Ly [0,1] —

Lo 0,1], axmo Ax (t ftx

Posriisinemo ckasnsipamit ,ZLO6yTOK

1

(Ax,y):/(Aa:)() (7)dr / /m Hdt dr.  (7.1)

0 0

1

Ockinbku [tz (t)dt ve 3amexkurs Big 7, To Bupas (7.1) MoxHa 1epe-
0
[IICATHU 1HAKIIIE:

1 1 1

bfm Oflta: (t)dt dr = Ofl te (t)dt [y (t)dr = [z (t)t b[y (1)drdt =
Oflaz (t) mdt = (z,2),

ne z (t) = tofly (T)dr. Orxe, (A*y) (t) =t [y (7)dT.

agaqgi

Buaiitn crupsizkennii g0 oneparopa A : ly — Iy, oninuru ||A]|, ||A*.
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a) Ar = (0,21,0,3x9 + 1,0, 24 — z'a:Q,O,...)T.
6) Az = (29,25 — 9,24 — x3,0,...)" .

B) Az = (0,0, 5171,7/33'5,0 31y — $1,0,...)T.
r) Az = (2z — 3,122, 0, :vg,O,...)T.

n) Ax = (r4 — x9, 23 — wcl,O,...)T.

e) Az = (0,0, x5,2@x1,0,...)T.

K) Ar = (3x1, 229 — z.rg,,O,xl—xg,O,...)T.
u) Ar = (x5 + x6, 11 — mg,O,Bix4,0,...)T
K) Az = (2:1:1,1'5,353,0,...)T.

1) Az = (xg, 21 — x3,0,...)".

M) Az = (0,0, x1,2x8,3x2 xl,O,...)T.

) Az :(:134—2m1,:v2,x1—|—m2,0,...)T.
n) Az :(0,3372—x3,2371—|—m3,0,...)T.
p) Ax = (x9 + 21,29 — x4,0,...)T.

¢) Az = (0,425,0, 221 +i25,0,...)" .

1) Ar = (2x4—x2,2m1,x1 xg,O,...)T.

Suaiitu A*, (A*) (AT

y) A:Ly[—1,1] = Ly [—1,1], Az (t) = = (t) + fl 2tsx () ds.

b) A:Ly[0,1] = Ly [0,1], Az (t) = 2z (t) + f1t23x (s)ds.

X) A:Ly[~1,1] = Ly [1,1], Az (t) = iz (t) — [ ts?x (s)ds.

n) A:Ly[0,2] = Ly[0,2], Az (t) =z (t) + f2t252x (s) ds.

m) A:Ly[0,1] — Lo [0,1], Az (t) = 32 (t) — [ tsx (s)ds.
m) A:Ly[0,1] = Ly [0,1], Az (t) :ft:c(r)dT.

0) A:Ly[—1,1] = Ly [—1,1], Az (t) = = (t) + 2i fl t?sx (s) ds.
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a) A: Ly [0,7] = Ly [0, 7], Az (t) = 22 (t) — fﬂsintx (s)ds.

) A:Ly[0,2] = L]0,2], Az (t) = iz (t) + f23t32x (s)ds.
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3pa3Kn ek3aMeHaIlliTHNX
O1/1eTIB

JIbBiBchbKMii HallioHAJIbHUI yHiBepcuTeT iMeHi IBana ®panka

OcsiTHBO-KBaTidiKaIiiHI piBeHb ODaKaIaBp
lany3n 3nanb 0403 — cucremui Haykn Ta KibepHeTnka
Hanpawm migrorosku 6.040303 cucreMuwmit anaJris

CrenjajabHicTh cucTeMHNN anaJIis
Jucrururina @yHKIIOHATBHAN aHAJTI3

Cemectp 4

EK3AMEHAIIIVTHUNM BIJIET Nel

Hexait z,,z,y,,y € X (n€N). Hosecru Take: KO T, — T 1
e —ynl| = 0, 1O 3, — 2. (4 Gaym)

BarmucaTi HepiBHICTh TPHKYTHHKA JUTs HODMI B IPOCTOpi Ly, [a, b]
HerepepsHux Ha [a, b] dyukiit x (t) iy (t). (3 6amn)

Ha mizgcraBi gKo0l KJIaCUYHOI HEPIBHOCTI MOYXKHA OTPUMATH HEPIB-
HicTh MiHKOBCBKOTO Ji1s1 iHTerpasis? (3 6asn)

Yu MOoXKHA CTBEPKYBaTH, IO KOKHA 30i’KHa MTOCIIIOBHICTD €Jie-
MEHTIB HOPMOBAHOI'O IIPOCTOPY € (byHIaMeHTaIbHOI ! (3 Gasm)

Un crpaBpKyeThes PIBHICTH HapasenorpaMa B Ipoctopi Ly [a, bl
HerepepBHUX Ha [a, b] dynkiiin? (3 6amm)

fxi ymoBu icHyBaHHST 06epHEHOro oreparopa 3Haere? (3 6asm)

Bammcary CIiBBIIHOIIEHHS, siKe Biirpae poJib Teopemu Ilicharopa
B abCTPaKTHOMY TibOepTOBOMY HpOCTOPi. (4 Gasm)
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u) Yu morpiGHO TepeBipsaTH HelepepBHICTH JHIHOrO omepaTopa B
KOKHIit Touni fforo obiacti BusHadenns? (3 6aJn)

K) 3ammcaru yMOBY OPTOrOHAJIBHOCTI JIBOX €JIEMEHTIB y IPOCTOPI lgm).

(3 Gasm)

1) Hexait AL — 1y 2 = (21, 29,73, ... )T € ly; Ax = (bxy + 625,0, 321 —
2wy, x5, T9 — 1325,0, . .. )T. [lepeBipuTu JiHiHICTH, 0OMEXKEHICTH
i 3HaiiTu HOpMY oneparopa. (4 6asn)

M) Hexait A : ly — lo; x = (21, 29, X3, . .. )T € ly; Ax = (x4 — x9, 23 — i1,
b5xy — 2410x9,0, . .. )T . Buaiitu omneparop A*, cupsizkenwuii 1o A. (4
6aun)

H) ¢k OopTOroHaJIbHY CHCTEMY €JIEMEHTIB y MPOCTOPI 31 CKAJSPHUM
JIOOYTKOM TIepeTBOPUTH B OpTOHOpMOBaHy! Hu Oysie opTOHOPMO-
BaHa crucTeMa JiHIHO He3amexkHow? (3 GaJin)

1) Yu € npoctip Ly [a, b] 6anaxosmm? (3 Gasm)

p) Hexait A : lg — lg, T = (.Tl,ZL’Q,SL’g, c. )T € lg, Ax = (1’1 + .T2,$2,2.T3—
Ty, xq,...)" . Un iciye oneparop A~'? (4 6ammn)

¢) Yu MoxkHa B JiHITHOMY IPOCTOPI HermepepBHO JAudepeHIiioBaHIX
Ha [a, b] dyHKuiil npuiiHaTu 3a HOpMY enementa x(t): max |z’ (¢)|?

t€la,b]
(3 6asm)

BaTBepKeHo Ha 3aciianni Kadeapn 009InCII0BaILHOI MATEMATHKH
[Iporokos Ne 9 Bix 7 Tpasus 2013 p.

3aBigyBau Kadeapu Exzamenarop

67



JIbBiBchbKMiT HallioHAJBHUI yHiBepcuTeT iMeHi IBana ®Ppanka

OcBiTHBRO-KBaTIiKaIiitHIIT piBeHbL OaKaIaBp

lamy3w 3ranb 0403 — cucremui Haykn Ta KibepHeTHKA
Hampsm migrorosku 6.040301 mpukiajHa MaTeMaTUKa
CreniajabHiCTh MPUKJIAIHA MaTEMATHKA

Hucrnururina QyHKIIOHATLHAN aHAJTI3

Cemectp 4

EK3AMEHAIIIVTHUNM BIJIET Nel

3arnmcaT HEPIBHICTh TPUKYTHUKA JIJIT HOPMH B ITPOCTOPI

L, (G). (3 6am)

HapecTn npukiia 3aMKHEHOI MHOYKMHI B aOCTPAKTHOMY
HOpMOBaHOMY 1ipocTopi X. (3 6asn)

YoMy 1pocCTip 31 CKAJIAPHUM J00YTKOM MOXKHA BBarKaTh
HOPMOBaHUM 1pocTopom? (3 6ain)

Yomy kokna 30iKHa MOC/IiIOBHICTD €JIEMEHTIB HOPMOBAHOT'O
npoctopy € dyHmamenTaabHo0? (3 6asn)

AKy cucremy ejieMeHTIB y TibOepToBOMYy mpocTopi H
HA3UBAIOTH TIOBHOI! (3 6asn)

Y gKOMYy MPOCTOPi KOYKHUI abCOTIOTHO 3012KHUIT psijT 30iraeThest?

(3 6asm)

AKy BIacTUBICTb Ma€ MHOXKMHA 3HAYEHD OY/Ib-AKOI'O JIHIHHOTO
oneparopa? (3 Gasn)

Axy posb Biflirpae yMoBa CTIfIKOCTI B O3HAYEHHI HEIlepepPBHO
oboporHoro oneparopa? (4 6asm)

Akuit mpocTip HazUBAIOTHL cupsizkeHuM? u ICHYIOTE
camocmpsizkeri pocropu? (4 6aJin)

YoMy omepaTop OpTOrOHAJIBHOIO IPOEKTYBaHHs € JiHiiHUM? (3
Hasin)

Hexait A € L (H). Hosectu, mo N (AA*) = N (A*). (3 6amn)
Yn e npoctip Ly [—1,1] Ganaxosmm? (3 Gasm)

Hexait A € L(X,Y), ne X,Y — 6anaxosi npocropu. losecrn,
mo N (A) e nignpocropom y mpoctopi X. (4 6asmn)
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p) Hexait A € L (H). Idosecru, mo (R (A))" = N (A*). (4 Gam)

¢) Yomy nopmosanuii ipoctip C [0, 1] He € crporo Hopmosanum? (4
Gan)

BarBep/rKeHo Ha 3aciganHi Kadeapu 00IrCIIOBAJILHOT MaTEeMATUKI
[Iporokost Ne 9 Bix 7 Tpasus 2013 p.

3aBimyBau Kadeapu Exzamenarop
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