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HNEPEJIMOBA

VYV paMkax TUCIHIUTIHHU docriddcenis onepayit (J1O) BUBUAETHCS
BEJIMKA KUTBbKICTh MPAKTUYHUX 337124, K1 3py9YHO iHTepIpeTyBaTH SIK 3a-
nadi onTuMizaiii Ha rpadax. [lpuknagamMu Takux 3a7ad € BiIIIyKaHHS
HaHKOPOTIIOTO MapIIpyTy MiX JBOMa HACEJICHWMH ITyHKTaMH, BU3HA-
YeHHS MAaKCHMaJbHOI MPOITYCKHOI 3aTHOCTI Ha(hTOMpPOBOIY, YKIa/leH-
HS KaJICHIAPHOTO TJIaHy BUKOHAHHS pOOIT MMPOEKTY TOIIIO.

3amadi, SIKI BUIUIMBAIOTH 13 MEpeNideHuX MPHUKIAIiB, MOXKHA
chopMyIIIOBaTH Ta PO3B’s3aTH SK 3a4adl JIHIKHOIO NPOrpaMyBaHHS.
OmnHak oco0aMBa CTPYKTYpa IUX 3a7a9 JIa€ 3MOTY PO3POOHUTH CIIeIiallb-
Hi aJITOPUTMH ONITUMI3alii Ha rpadax, siKi 3Ha4HO eeKTUBHIII 3a CTaH-
JAPTHUM aJIrOPUTM CUMIUIEKC-METOLY.

VY nepuiomy po30ini KOHCTIECKTHBHO BUKJIaACHO 0a30Bi MOHSITTS Ta
TepMiHK Teopii rpadis. Po3rnsHyTo HeopieHTOBaHi rpadu, opieHTOBaHI
rpadu (abo oprpadmu), HaBaHTaKeHI Tpadu. BaxkiauBe 3HAYCHHS IS
PO3YMIHHS HACTYNHHX DPO3JAUTIB MAa€ TOHATTS JepeBa, Teopema Ipo
YIOPSAKOBaHY HyMEpalil0 BEpLIMH alUKIIYHOro oprpada, CTpyKTypH
JaHUX JJs 30epekeHHs TpadiB y nam’sTi KOMIT 10Tepa.

Y Opyeomy po30ini neTanbHO PO3MIISHYTO NMUTAHHS BHOKPEMIICH-
HS MIHIMaQJIBHOTO KapKacy B HEOPIEHTOBAaHUX rpadax Ta CXeMaTHYHO —
MUTaHHSI BUOKPEMJICHHSI MAKCHMAIILHOTO OPI€HTOBAHOTO JIiCYy B Oprpa-
¢ax. MartemaTtnyHO OOrpyHTOBaHO anroput™ IIpiMa BHOKpeMIIeHHS
MiHIMQJIBHOTO KapKacy Ta HaBEICHO HOTO pealmi3allilo Ha IICEeBIOKOII
JUIsL BUMAJKY, KOJH rpad 3alaHO CIIMCKOM CYMDKHUX BEpIIHH.

Tpemiii po30in IPUCBSIYCHO PI3HUM BapiaHTaM 3ajadi Ipo Haii-
KOpOTIII HUIsAXu B oprpadi. MareMaTn4HO OOTPYHTOBaHI airopuTM
Hetiketpu Ta anroputMm benmnmmana-®opaa BigmmykaHHS HaWHKOPOTIIOTO
HUISIXY BiJl JIesikoi BepIIMHU oprpada /1o BCiX 1HIIUX BEPIIMH, 8 TAKOXK
anroput™ Poiina-Yopionna BigyKaHHS HAWKOPOTIIMX IUISIXIiB MiX
ycima mapamu BepmuH oprpada. s anukinivaoro oprpada HaBeIeHO
ITOPUTM BIJIIYKaHHS HAHKOPOTIIOTO NUIAXY B JESKOI BEPUIIMHU
oprpada a0 Bcix IHIIMX BEpIUUH, SKUH 0a3yeThbCs HA YHOPSIKOBaHIN
HyMepauii BepmMH Lbporo oprpada. Yci aaroputMu peanizoBaHi Ha
riceBmokoai (oprpad 3amaHO CIUCKOM CyMDbKHHX BepiinH). HaBemeHo
MOAUQIKAIIIO ASSIKAX alTOPUTMIB JUIS MTOITYKY HAWJOBIINAX IIIAXIB.



Y uemsepmomy po30ini pO3TIASTHYTO METOI OUCKPEMHO20 OUHA-
miunozo npoepamysanns (JAJI1) B oprpadi Ha nmpukiIagi po3B’s3yBaHHI
Takux kinacuyHux 3aaad J{O, sk 3ajgaua 3aMiHM YCTAaTKyBaHHS, 3aj1a4a
ONTUMAJIBHOTO PO3MOJALTY KOWITIB Ta 3a/a4a ONTUMAaJIbHOTO PO3MOALTY
obmexeHnoro pecypey. Meron JAJII1 € omqauM 3 HalleeKTUBHIMINX Me-
TOMIB peaiizallii 0araTOKpOKOBOI MPOIEIypPH NPHAHATTS PIMICHHS B
yMOBaxX TOBHOI Bm3Ha4eHOCTI. [IpoimocTpoBaHo, IO IsI MpoIEIypa
BiMOBiae 3amadi BHOOPY HAWKOPOTIIOTO MNUIIXYy B AalMKIIYHOMY
oprpadi.

I sasmuil po30in TIPUCBSYEHO PO3B’SI3yBaHHIO KJIACHYHOI 3aadi
PO MaKCUMAaIIbHHUH TOTIK, sIKa Ma€ BaXIIMBE NMPAKTUYHE 3HAYEHHS. Teo-
pernynuM ¢QyHIaMeHTOM wiel 3agaui cinyrye Teopema dopaa-dankep-
COHa, sfKa Ja€ 3MOry NoOyayBaTH e(peKTHMBHHUN aNTrOpUTM BiIITyKaHHS
MaKCUMAaJIbHOTO TIOTOKY Ta 3B’SA3aHOTO 3 HAM MIiHIMaJbHOTO Tepepisy.
VY po3aini HaBeACHO MEXaHI3M 3BEJCHHS JIESKUX BAXJIMBHUX 3ajad J0C-
JJDKEHHS onepallii 10 3a1a4i mpo MakCUMaIbHUN TOTIK.

BaxxnuBuM ycKJIaJHEHHM BUIAJAKOM 3ajadi PO MaKCHMaJIbHHM
TIOTIK € 3a/1ada Mpo IMOTIK MIiHIMaJTLHOI BapTOCTI, SKiil MPUCBIIEHO Ui0-
cmutl po30in MApyYIHHUKA. [HTEepIpeTalis miei 3a1a4i y TepMiHaxX MOTOKY
B oprpadi Jae 3MOTry 3aCTOCYBaTH CIICI[IAJIbHUN aJITOPUTM BiJIIyKaHHS
ONTUMAIBHOTO PO3B’S3KY (ITOPUTM BHKPECITIOBAHHS IMKIIB), TIPOCTI-
Ui 32 CUMIUIEKCHUNA METOJ. Y PO3/UT HABEJACHO MEXaHI3M 3BEICHHS
y3arajibHeHOI TPaHCHOPTHOI 3ajaui JI0 3ajayi Mpo MOTIK MiHIMaIbHOL
BapTOCTI.

Coomuti po30in BUCBITIIIOE MHUTAaHHS KaJIEHAAPHOTO IUIAHYBAaHHS
poOIT 3 BUKOHAHHS JEAKOTO MPOEKTy 3a JOMOMOTOI0 MEPEXKEBOTO Tpa-
(hixa (cremiaTbHOTO AIMKIITHOTO oprpada).

Koxxnuit po3ain miapy4HuKa CynpOBOKY€EThCS PO3IIISIOM MpPH-
KJaJiB, a TaKo)XK HAaBOJUTHCS CIHMCOK 3alHMTaHb JUIS CaMOIEPEBipKH i
HHU3Ka 33J1a4 JUIs CaMOCTiHHOT poOOTH CTY/ICHTIB.

3MiCT migpydYHHUKa BiANoOBizae mporpami 00O0B’S3KOBOrO Kypcy
”JlochimKeHHs orteparlliii” gy 6a3zoBoro Hanpsmy “llpukimamgna MaTeMa-
TuKa”. Po3paxoBaHuii Ha OakanaBpiB, cremiaiicTiB i maricTpiB. Hum
MOXYTh CKOPHCTATHUCS aCIipaHTH Ta BUKJIAJadi BUIIMX 3aKJIa/IiB OCBITH,
B SKHX BHKJIANaloTh mpeaMmetw ~JlochmimkeHHs omeparliii”, “Marema-
TUYHE TIpoTrpaMyBaHHs’, "MaTeMaTHdHiI METOJH B €KOHOMIIII” TOIIIO.
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1. IEAKI O3HAYEHHS I TEOPEMMU TEOPII TPA®IB

Ilnan BUKJIaxy MaTepiany:
1. HeopienroBani rpadu.
2. OpiearoBani rpadu.
3. HasanTaxeni rpadu.

== Ki1r04oBi Tepminu posainy

Y Ipagh: éepuunu, pebpa Y HeopienmosaHi epaghu

¥ Opienmosanuti epagp (opepag) X Bysnu i dyeu opepaga

Y 3o6pasicenns epaga N lnsx i yukn y epaghi

Y lnax i yuxn 6 opepaghi Y Ayuxniunuii opepag

Y Jlema npo eyznu ayukniunozo op- Y Teopema npo wymepayito eepuium
epaga ayukniyHo2o opepaga

Y 36’ si3anuii epagh; oepego, ic Y Kapxkac (noxpughne depego)

Y Hasaumascenuil (36adcenuit) epagp N 36epicanns nasanmadiceno2o paga

YV Oarathox 3amagax MaTEeMaTHKH, iHGOPMATHKH Ta TEXHITHHX
JTUCITUIUTIH BUHUKAE HEOOXIMHICTh BiIOOPaKEHHS BiTHOIIEHL MIXK JEs-
kMU 00’ektamu. ['padu — e npupoaHa MOAEb AJs TAKUX BiAHOLICHb.
Hatikpamoro inmoctpaiii€ro Moke CIIyryBaTH KapTa aBTONUIAXiB. Micta —
1Ie BepIIMHU rpada, a Joporu — ioro pedpa. IHoxi rpadu € opieHTOBa-
HUMH (I0AI0HO O BYJIUIB 3 OAHOCTOPOHHIM PyXOM) a00 HaBaHTaKEHH-
MU (KO>KEH LIUIX Ma€ BiJICTaHb 1 BIMOBIAHY BapTiCTh MPOI3/Y).

[1ixg yac BuKagy Marepiaity boro naparpada onupaTuMeMocs Ha
miapyyHuk [ 14].

1.1. HeopienToBani rpadpu

3aaHO HEMOPOKHIO CKIHYEHHY MHOKUHY V' 1 MHOXKUHY FE HEBIIO-
PSAIKOBAHUX TIAp pi3HUX €IIEMEHTIB 3 MHOXWHH V. [Ipocmum epagpom G
Ha3WBaIOTh Mapy MHOXHH Vi E, T00T0 G = (V, E).

Enementn MHOXUHH V' Ha3uBaroTh sepuunamu rpada G, a HeBIo-
PSAKOBaHI Mapu pi3HUX BEPIIUH — pebpamu. KiNbKicTh BepIINH MO3HA-

YaroTh SIK |V , @ KUIBKIiCTh pedep — K |G| Sxmo mapa BepmuH a i b €
pebpoM, To ii mo3HAYarOTh [a, b]. Bepmmnu a i b € kinysamu pedpa. 3a-

YBaXXUMO, 0 [a, b] 1 [b , a] MO3HAYAIOTH OAHE 1 TE XK pedpo.
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Ha pucynkax pe0Gpa 300pakaroTh MpsIMOIO YM KPHUBOIO JTiHI€I0 0€3
CTPIJIOK, a BEPITHHU MMO3HAYAIOTH JIiTepamMu abo unuciamu. OCKiabku E —
MHOJHCUHA, TO Y TIPOCTOMY Tpadi JOBUTEHY Mapy BEPIIUH MOXKE 3’ €JHY-
BaTH He OUIBIIE OJTHOTO pedpa.

VY nesKux BHUIAAKAaX pO3MISAAaoTh rpadu, y SKUX JBi BEpPIIMHH
MOJKe 3’€THYyBaTH JeKinbka pebep. BuHukae moHATTS Mmyasmuepagpa —
mapu (V, E), ne V —HenmopokHs CKiHUYEHHAa MHOXWHa, a E —cim’s
HEBIOPSIKOBAHUX TIap PI3HUX €JIEMEHTIB 3 MHOXHHU V.

Tepmin “ciM’a” 03Hauae, 10 eneMeHTH £ (pedpa) MOXKYThb MOBTO-
proBatucs. PeOpa, siki 3’€AHYIOTh OJTHY i Ty * Mapy BEpILIMH, HA3UBAIOTh
kpamuumu (200 napanenvrumu) pedOpamu.

HacrynHe y3aralbHEHHS MOJIATAE y TOMY, [0 OKPIM KPaTHUX pe-
Oep AOmMyCKarOTh HAsABHICTH nemenb — pedep, AKi 3’€JHYIOTh BEPIINHY
camy 3 cobor. [lcesdoepagom vazuBaroth napy (V, E), ne V — Hemno-
POXHS CKiHYCHHAa MHOXWHA, a E — civ’s HEBINOPSIKOBAHUX Map elie-
MEHTIB 3 MHOXHHHU V' (He 000B’I3KOBO Pi3HMX).

Tpu Turm rpadis, sSKi BBEACHI BUIIE, HA3UBAIOTh HEOPIEHMOBAHU-
Mu epaghamu, TIPUYOMY:
® ncesdozpagh — MOXKe MaTH NeT 1 KpaTHi pedpa;
® uynvmuepagh — MOKe MaTu KpaTHi peOpa (0e3 merenb);
® npocmuii 2pag — 6€3 MeTelNb 1 KpaTHUX pedep.

Bepmunan @ 1 b B HEopieHTOBaHOMY Tpadi Ha3MBAIOTH CYMINCHU-
Mmu, Ko [a, b] € pedpom. JIBa pedpa HA3UBAIOTH CYMINHCHUMU, STKIIO BO-
HU MaloTh CIIUIbHUH KiHelb. BepimHa v i peOpo e Ha3uBarOTh iHyUoeH-
muuMU, KO BEPIINHA v € KiHIeM pedpa e. OTKe, CYMIXKHICTh BimoOpa-
JKa€e 3B’S30K MK OJHOPIIHUMU elieMeHTaMu rpada, a IHIMJISHTHICTh —
MIX HEOJHOPITHUMH €JICMEHTAMHU.

Cmeninv 6epuwuny v (I03HA4alOTh deg(v)) Y HEOPIEHTOBAHOMY
rpadi — e KUTbKICTh pedep, IHIMMISHTHUX BEPITHHI v, IPUIOMY TETITIO
BpaxoBYIOTh ABidi. SIkiio deg(v) =0, To BepIMHYy vV Ha3UBAIOTh i30.160-
eanoro; Ko deg(v) = 1, To BEpUINHY V HA3UBAIOTh BUCAUOIO.

HocnigoBHicTh pedep [vo, vil, [Vi, Val, [V2, V3l «-v5 [Vao1, Va] HEOPI-
€HTOBAHOTO rpad)a HA3UBAKOTh ULIAXOM JOBXKHUHHU A, O 3 €HYE BEPIIIH-
HU V Ta v, (peOpO BpaxoBYIOTh CTUIBKH pa3iB, CKUIBKHA BOHO BXOIUTH y
1UIsIX). SIKIO TPU BOMY Vo = V,, TO IIUISIX HA3UBAIOTh YUKIOM.
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Sxmo yci pebpa NUsIXy/unKiy pi3ui, To 10ro Ha3UBaKOTh HPOCMUM
nurgxoM/nukioM. Lnsgx 3 kpaifHiMA BepmiMHAMU V, Ta V, TIO3Ha-
YarTh <Vy, V,> 1 HA3UBAKOTH <V, V,>-IUITXOM.

I'pap G” =(V’, E”)nasuBatote miarpagom rpada G = (V, E),
sk V> c ViE? cE.

Ilinrpad HeopieHTOBaHOTO Tpada HA3HBAIOTH 36 A3HUM, SKIIO Y
HbOMY JUIsl KOXKHOI IMapu BEPIIMH 3HAWAETHCSA Xo4ya O OJUH IILIAX, 0
ix 3’enHye. BinHOIICHHS “3’€IHaHI NUIAXOM™ € GI0HOULEHHAM eK8i6d-
JleHmHocmi Ha MHOXHHI BepmuH. Kilacu eKBiBaJICHTHOCTI Ha3WBaIOTh
Komnonenmamu 36’ sa3nocmi rpada (CIoBo “36’s3n0cmi” y TEPMiHI 1HOAI
omyckatoTb). Ha puc. 1.1 300pakeHo rpad, mo CKIagaeTbes 3 JBOX
KOMITOHEHT 3B’s13HOCTI: {a, b, f} 1 {d, c, e, g}.

Puc. 1.1. IIpuknan 1BOKOMIIOHEHTHOTO rpada

HeopienToBanuii rpad 36’s130utl, IKIIO BiH CKIAJAETHCA 3 €AUHOT
KOMITOHCHTH 3B’ SI3HOCTI.

I'pad Ha3MBaOTH Depegom, KO BiH 3B’SI3HUH 1 HE MICTUTB MPOC-
THX OHUKIIB. ['pad, sIKnif He MICTHTH TPOCTHX ITUKIIIB i CKIATAETHCS 3 k
KOMITOHEHT, Ha3UBAIOTh 1icom 3 k Jiepes.

¥YBara! 3 o3HaueHb BUILUIMBAE, IO ACPEBa 1 JIICH € TPOCTUMH TpadaMH.

Ha puc. 1.1 300paxkeHo Jiic, 110 CKJIaIa€Thes 3 IBOX jaepeB. [epe-
Ba JIicy MOXHa 300pa3nuTy Hao4HimIe, sIK Ha puc. 1.2.

® () ©
OO O ©

Puc. 1.2. Jlic 3 1BOX OepeB
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Teopema 1.1. JInsa rpada G, mo mMae n BepumH i m pedep (ToOTO
Pl=n;
1. G- mepeso.

G| =m ), TaKi TBEPKCHHSI eKGI6AICHMHI

2. G-3B’sHud rpapi m=n—1.

3. G — He MiCTUTb NPOCTUX UUKIiB1 m =n — 1.

4. G-—3B’s3HMH rpad, MpoTe BUIYYEHHS IOBUIBHOTO peOpa poOHUTH
HOr0 HE3B SI3HUM.
Bynp-siki n1Bi Bepuvnau G 3’€JHaHI €JMHUM TPOCTHM HUISIXOM.

6. G —He MICTUTb POCTUX LUKIIB 1 NpU 3’€JHaHHI peOpOM IBOX He-
CYMDKHHX BEPIIMH Y HOBOMY Tpadi Oyie € TMHHIA TPOCTHHA ITHKIL.

» JloBenenns aus. [14] <

Hacaigox 1.1 (3 Teopemu 1.1, 2). V mici 3 k nepes: m = n — k.

Kapracom (3’ eonysanvhum oepeeom) MpoCcTOro 3B’ SI3HOTO Tpada
G Ha3WBaroTh Horo miarpad, KA € TepeBOM i MICTUTH yci BepmuHH G.

1.2. OpienToBani rpapu

Opienmosanum epaghom (a0 opepaghom) Ha3UBAOTh Mapy MHO-
*uH V 1 E, ne V — HemopokHs CKiHUEHHa MHOXHHA, a F — MHOXXHHA
VNOPsAOKOBaHUX TIap SIIEMEHTIB 3 MHOKUHU V.

Enementn MHOXWHU V Ha3uBaroTh eepuiunamu (a0o sysiamu), a
MHOXUHU E — dyeamu (abo opicumosanumu pedpamu). Skio napa Bep-
IIMH a 1 b € qyroro, To 1i mo3HavatoTh (a, b). BepuHy a Ha3uBarOTh no-
uamKo60io, a Bepmuny b — kinyesorw. JIyry (a, a) Ha3UBAIOTL nemiero.
3ayBakuMo, 1110 oprpad Moxke MaTH MMeTi (MpoaHali3ylTe O3HauYCHHS).

Ha pucynkax ayry mo3Ha4yaroTh NPSMOIO YW KPHBOIO JIHIEIO 3i
CTPINIKOIO, SIKa BKa3y€e Ha KiHUEBY BepluuHy. Jlyra — e BHOpAIKOBaHA
napa BEepILUH, NpuioMy ayru (a, b) i (b, a) € piznumu gyramu.

Opienmosanum myavmuepagom Ha3UBAIOTh Napy MHOXKUH V1 E,
Iie V' — HeMOpOXKHS CKiHYeHHA MHOXWHA, a E — civ’si yIOpSIKOBaHHUX
map eJIeMEHTIB 3 MHOXKHUHU V.

Enementu E (1yru) B OpieHTOBaHOMY MYJIbTUTpadi MOXKYTb MOB-
TOPIOBATHUCS, TOMI X HA3WBAIOTh KpamHumu ayramu. KpartHi nyru 3’en-
HYIOTh OJIHY W Ty X Iapy BEPIINH Ta 0OHAKOBO HANPSAMILEHI.
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I'pad, B sxoro € i pebpa, i Ayru, HA3UBAIOTH 3Mituanum. Yloro 38o-

IISITH 70 oprpada 3aMiHOI0 KOXHOTO pedpa [a, b] myramu (a, b) i (b, a).
Hpuxnan 1.1. I'pad, 300pakenunit Ha
puc. 1.3, onmcaru sik oprpad. e
» I'pad G = (V, E), 300paskeHuii Ha °
puc. 1.3, € smiwanum: V={1, 2, 3, 4};
E={[1,2],[1,4], 2, 4), (3, 4)}. k- 0 e
110 onucaTty Horo oprpadom, To
E={(1,2),(2, 1), (1,4), (4, 1),(2,4), Puc.13.Tpad npuxnany 1.1
(3,4)}. <

B oprpadi raniscmenenem 6xody BEpIIMHUA V HAa3UBAIOTh KiJb-
KICTh AYT 3 KiHlYegol0 BEPHIMHOIO v (MMO3HAYAIOTh deg (v)). Haniecme-
nemem uxo0y BEPUIMHHU V HA3UBAIOTh KUIBKICTh AYT, IJIS IKUX BEPIIMHA
Vv € nouamxoeoro (103HavaroTh deg (v)). CTeniHb BEPIIMHU V BU3HAYA-
I0Th TaK: deg(v) = deg (v) + deg (v).

ITocnimoBHiCTE myT (Vo, V1), (V1, V2), (V2, V3), ..., (Vu1, V) OpI€HTO-
BaHOTO rpada HA3UBAIOTh OpieHmosanum uiisixom (abo TPOCTO wuins-
XoMm), O 3’€THY€E BY3JU Vo Ta V, (KiHEIb JOBUTEHOI IyTH IUIAXY, OKPIM
OCTaHHBOI, € TOYATKOM HACTYIHOI AyTH). [JOBXKHHOIO IUIAXY HA3WBAIOTh
KUIBKICTb AYT, 3 SIKMX BiH CKJIaJIa€ThCA.

B oprpadi nnisix oJJHO3HaYHO BU3HAYAETHCS YHOPSIAKOBAHOKO I10-
CIIZIOBHICTIO BEPIIUH p = <Vy, Vi, ..., Vu.|, V;>. Y I[bOMY BHIAJAKYy Ka-
XKYTh, IO JJIS BEPIIUH Vg 1 v, ICHY€E TIIAX p BiJ Vo 10 Vv, (a00 BepmrHa
V,, € 00CAICHOIO 3 BEPLIMHU Vo) 1 IO3HAYAIOTH V) L)vn.

SIKII0 B OpIEHTOBAHOMY IUISIXY Vo = V,;, TO MW IIISX HA3WBAIOThH
opienmoganum yuxiom (ad0 MPOCTO YukIoM). 3ayBAKUMO, IO METII €
CHeIiaIbHUM TUNOM [HKIy. Oprpad, 1110 He Mae IUKIIB, HA3UBaKOTh
ayukaiyHuM oprpadom.

SIKIO yci Iyrd OpIEHTOBAHOTO ILIAXY/IMKIY B oprpadi — pisui,
TO HOTO Ha3MBAIOTh HPOCHUM OPIEHTOBAHUM HUISTXOM/IIUKIIOM.

Puc. 1.4. Ilpuknax opieETOBaHOTO Tpada
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Ha puc. 1.4 mMoxHa BKa3aTH NPOCTHH NMUIAX <a, b, c¢>. IHmm
MOXJIUBI TIpOCTI NUIAXU: <e, d, ¢, a, b>, <e,c,a, b> 1 1. n. llnax
<a, b, ¢, a> € nuKIIOM. 3HANUIITE 1HIII UK (CAMOCTIHHO).

Jlema 1.1. B anmxiivHOMY oprpadi € Xxo4da O o[fHa BepIlHMHA, B Ky HE

BXOJIUTh KOJTHA JTyTa.

» JloBeleHHS Bil cynpomueHozo: y OyIb-Ky BEpIIUHY BXOJUTH JyTa.
PosrnsiHeMo noBinbHY BepiuHy 7. OCKUIBKH Y IO BEPUIMHY BXOIUTh
JyTa, TO TepeIeMo o Hii JT0 MOYaTKy JYTH — BEPIIUHU ;. Y BEpIIH-
HY i TE&X BXOIHTH Ayra, OTOX IMepeiieMo 1o Hiil 0 MoYaTKy JAyTH —
BEpUIMHU I3 1 T.1. OfHaK oprpad Mae CKiHUEHHY KUIbKICTh BEpIIUH, i
B JICSIKUA MOMEHT MH 3HOBY MOTPamMMO y BEpIIWHY, B SKid OyiH
paHiiie, TOOTO OTpUMAEMO UK (npomupiuys). <

Teopema 1.2. BepmnHN anukiigyHOTO Ooprpada MOXHA 3aHyMepyBaTH

TakK, IO KiHelb KOKHOI AYyTH MaTUMe OUTHIINN HOMEp, Hi’XK HOMEP TIO-

YaTKy JIyTH.

» 3a nemoto 1.1 B anmkimiyHOMY oprpadi € xoua 6 oJlHa BEpIINHA, B SIKY
HE BXOIUTH )ojHa ayra. [IpucBoimo iif Homep 1. Slkmio € mekinbka
TaKWX BEPIINH, TO BUOMPAEMO JOBITHHY 3 HUX.

Bunansemo 3 oprpacda mio BepmnHy pa3oM 3 Jyramu, mo 3 Hei
BUXOISITh. B oTpuManoMy oprpadi TakoxX BIiICYTHI IMKIH, a TOMY €
xo4a O OfHa BEpIIMHA, B SIKy HE BXOAWUTH XOAHA Iyra. [IpucBoimo i
HOMep 2. SIKIo € AeKibKa TaKUX BEPIIHH, TO BUOMPAEMO JTOBIIBHY 3
Hux. Lle#t mporiec BUKOHYBaTUMETHCS TOJH, TOKH HE 3aHYMEPY€EMO BCi
BepiuHu oprpada. Teopemy nmosemeno. <

st oprpada moHATTS 3B’ I3HOCTI BBOJSITH MO-Pi3HOMY, 3aJI€KHO
BiJl TOTO, UM BPaxoBYIOTh HampsM ayr. OpienToBaHui miarpad Hazu-
BalOTh CUIbHO38 A3HUM, SKIO B HHOMY JISI KOKHOT Mapy BEPIIUH U 1 v
3HANIETHCA MUIX Big ¥ OO V Ta HMUIAX BIX Vv OO U.

Bynp-sxuit oprpad MokHa pO3OUTH HA KOMNOHEHMU CUNbHOL
36’ A310cmi, SIKl BU3HAYAIOTh SIK KIACH €KBIBAJIEHTHOCTI BIAHOIIEHHS v
€ OCSDKHOIO 3 U 1 u € mocshxHoMo 3 V7. Hanpuknan, oprpad Ha puc. 1.4
Ma€ JIBi KOMITOHEHTH CHUJIBHOI 3B’ sI3HOCTI: {a, b, c} i {e, d}.

OpienToBanmii Tpad curbrHo36’A3HUY, SKIIO BIiH CKIATAETHCS 3
€IMHOT KOMIIOHEHTH CHJIBHOI 3B’ I3HOCTI.
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OpientoBanuii rpad HA3UBAIOTh C1AOKO36’A3HUM, SIKIIO ICHYE
IUISIX MiX OyIb-IKUMHU TBOMAa Pi3HUMH BEPIIMHAMH B HOTO HEOPIEHTO-
BaHOMY BapiaHTi (TOOTO Oe3 ypaxysanns HanpsaMy ayr). OUeBUIHO, 10
CUJIBHO3B SI3HUI oprpad € BoAHOYAC 1 CJ1a0K03B’ I3HUM.

OpientoBannii rpad Ha3MBaKOTh opichmoganum (abo KopeHegum)
depesom, SIKe POCTE 3 BEPIIUHU Vg (KopeHs nepeBa), SKIIo:

e oprpad yTBOPIOE IepeBO B HOTO HEOPIEHTOBAaHOMY BapiaHTi;

® Vo — €IuMHA BepiIrHa oprpada, B Ky HE 3aXOAUTh KOHA Iyra, a y BCi
1HIIT BEpIIMHYU 3aX0IUTh TUTHKH OJTHA JIyTa.
Ha puc. 1.5 HaBeeHO NPUKIIa]] OPIEHTOBAHOTO JICPERa.

1.5. OpienToBaHe nepeBo

SIxmo (a, b) € Ayroro OpieHTOBAHOTO JIepeBa, TO BEPIIUHY ¢ Ha3HUBa-
0Tb npedkom (abo bamwvrom), a BepumHy b — nawaoxom (abo cunom).
BepumHu opieHTOBaHOTO JIEpeBa, sIKi HE MAlOTh CHHIB, HA3UBAIOTh JIUCHI-
xamu. BepmmHA (OKpiM KOpEH:), sIKi MAlOTh CHHIB, HA3UBAIOTh GHYMPIUL-
HIMU.

Opienmosanutl ic — 1 JIiC, MO CKJIAJIA€ThCS 3 OPIEHTOBAHMX JIe-
peB. 3’ eonysanvrum opienmosanum depegom (abo opieHmosanum Kapra-
com) oprpacda Ha3MBaKTh OPIEHTOBAHE JIEPEBO, M0 MiCTUTH yCi BEPIIIH-
HH 1I50TO oprpada. 3’eonysanvrum opicnmosanum nicom oprpada Ha-
3UBAIOTh OPIEHTOBAHUM JIiC, IO MICTHTH YCi BEPITUHU IIHOTO Tpada.

1.3. HaBanTa:xeni rpagu

YacTo y peanbHUX 3agadax pebpo [u, v] HeopieHTOBaHOTO Tpada
qu ayry (u, v) oprpada rasanmasicyioms NIACHAM YHCIOM — 8d20l0
w(u, v), sika BimoOpaxkae KUIbKICHY XapaKTepHCTHKY pedpa/myru (Hanpu-
KJaJ: BiJcTaHb, MIBUAKICTH, LiHA, MIPOIYCKHA 3JaTHICTh, AOXiA, MPUOY-
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TOK Tomo). Baru, 3a3Buuaii, € HEBiJl'EMHUMU YUCIAMHU. Y JESIKUX BU-
MaJiKax Baru MaloTh BiJ’€MHI 3HaUYEHHS (BUTPATH, IITPadH TOIIO).
I'pad, y sskomMy KoXxHe peOpo/myra Mae Bary, Ha3MBAaKOTh HABAH-
maogicenum (y JCSIKUX JpKepenax — zeadxcenum) rpadom. [pukiaax opi-
€HTOBAaHOTO HABAaHTAXEHOTO rpada HaBeaeHO Ha puc. 1.6 (mopyd 3
KOXHOIO JIyTOI0 MTPOCTABIEHO ii Bary).
20

b T

Puc. 1.6. [Ipukmnam opieHTOBaHOTO HABAaHTAXKEHOTO Tpada

Haituacrime pyis 30epiranns HaBanTaxkeHoro rpada G =(V, E) y
maM’ATi KOMIT I0Tepa BUKOPUCTOBYIOTh Mampuyio 8ae. JJisi IbOTO Hy-

, 1 po3rs-

MepyIOTh BepmuHU Tpada G uuciamu 1,2, ..., n, Ae n :|V

JAIOTh MATPHUITIO (W;j)uxy, Y AKOI Wy = W(i, j), K0 pedpo [i, j] um gyra
(i,j) € G. SIxmo x pedpo [i,j] un nyra (i,j) ¢ G, To w; =0 9u w;; = oo
(3as1e3KHO Bij 3MICTY 3ajad4i).

Skmo BeplIMHAM HaBaHTaXXEHOTO oprpada (0 0 012 00

Ha puc. 1.6 mpumnmcati HOMEpH JIiTep B andasiT- 10000 00

Homy mopsanky (a—1,b—-2,¢—-3, d—4,e-5,

f—6), To OTpMaEMO TaKy MaTpPHIIIO Bar (Crpasa): 02008000
Jlns mpocToro HaBanTaxeHnoro rpada matpu- |0 0 0000

15l Bar € CHMETPUYHOIO BiJHOCHO TOJIOBHOI 1iaro- | 0 0 400 0

Hast. 0045000

Marpuui Bar HeeEeKTUBHO BHKOPHCTOBYIOTH IaM’ATh MiJ 4ac

. . 2 .
30epekeHHs PO3piHKEHUX rpadiB, y KX |E| << |V| . Jlns1 30epiranns
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po3pimkeHoro HaBaHTaxkeHoro Trpada G = (V, E) BHUKOPHCTOBYIOTH
cnucku cymixcnux eepuun (adjacencylist representation), 6a3010 SIKUX €
BEKTOp BKa3iBHUKIB Adj[n] Ha n CHUCKIB — M0 OTHOMY Ha KOXKHY Bep-
My rpaga. Criucok Oyap-sKoi BepIIMHM Ipada MiCTUTD y TOBIIBHOMY
HOPSIIKY HOMEPH CYMIKHUX 3 HEFO BEPIIUH Ta BiJIIOBIHI BarH.

O O
(2) O
7

OSOM OO

Puc. 1.7. Ilpocrtnii 3Baxenuii rpad  Puc. 1.8. OpienroBanuii 3BaxkeHuii rpag

300paskeHHsS TPOCTOr0 HaBaHTaxeHoro rpada (puc. 1.7) crmcka-
MH CYMiKHHX BEpIIMH HaBeleHO y Tabi. 1.1, a 300pakeHHs] opieHTOBa-
HOTO HaBaHTaxeHoro rpada (puc. 1.8) —y tabn. 1.2. Koca pucka 306pa-
XKae OpokHil BkaziBHHK (ni l).

Tabnuys 1.1. 300paskeHHsI MPOCTOr0 HaBaHTaXKeHOTO rpada (puc. 1.7)

Adj
1 2 4 > 5 |6
2 1|4 33| 4[4 ]2 ] F5]3 |/
3 2 |3 » 4 |5
4 2 |2 » 3 [5 | >[5 ]8
5 16 23 [ "4 |3

Tabnuya 1.2. 300pakeHHS OpPiEHTOBAHOTO HaBaHTa)keHOTO Tpada (puc. 1.8)

Adj
1 2 [4] 5|6 ]
2 412
3 3|7
4 315 4[58 ] ]
5 2 |3

Jns rpadiB 3 BETMKOIO KiJBKICTIO BEpIIMH, MEPEIyCiM, ITOCTAE
3a/1ada TpoO ICHYBaHHS 3B’S3KIB MIX ycima WOro BepmmHaMu (3amada
BCTAaHOBJICHHS (GakTy 36’ s3n0cmi epagha). 1110 3amady po3B’sI3yIOTh MU~
XOM 8uUOKpemaeHHs 13 Tpada ASSIKoro KapKacy.
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[nma 3amaua nossirae y BUOKpEMIIEHHI TakuX pedep/ayr, sKi MiHi-
Mi3yIOmb/MaKcumizyloms TIEBHY aIUTHBHY KUIBKICHY XapaKTEpPHCTHKY
rpada. Lo 3agadqy po3B’sI3yI0Th 6UOKpeMIeHHAM 13 HAaBaHTAXKEHOTO Ipa-
(a nesikoro Kapkacy MiHIMaJbHOI/MakCUMaJbHOI cymaproi éazu (cymu
Bar ycix pebep/myr nmepesa). Takuii Kapkac MpOCTO HA3WBAIOTh MiHi-
MATbHUM/MAKCUMATTLHUM KAPKACOM.

ANTOPUTMH BHOKPEMJICHHS KapKaciB iCTOTHO 3ajekaTh BIf
opieHToBaHOCTI rpada. [Ipukiaz MiHIMAIBHOTO KapKacy MPOCTOro rpada
HaBe/IeHO Ha puc. 1.9 (KHpHOIO JIiHIEI0 HaBeAECHO pedpa Kapkacy CyMapHOi
Barn 37). Jlnsa rpada Ha puc. 1.9 MoKHA BHOKPEMHTH W IHIINH Kapkac
cymapHoi Bard 37, 3aMIHUBIIH y TIONIEPEIHROMY Kapkaci pedpo [2, 3] Ha
pedpo [1, 8].

Puc. 1.9. IIpuxiiag MiHIMaIIEHOTO KapKacy Mepexi

? 3anuTaHHA 115 caMonepeBipKu

CdopmyitroiiTe 03HaUCHHS TPOCTOro Tpada.

CoopmyittoiiTe 03HaueHHsT MyJIbTUTpada.

CdopmymroiiTe 03HaUCHHS JiepeBa.

Ckinpku pebep Mae 1epeBo, ke Mae 9 BepmuH?

CKiTbKH BEpIIMH Ma€ AepeBo, sike Mae 6 pedep?

CdopmymroiiTe 03HaAUCHHS Opi€HTOBAHOTO Tpada.

CdopmymroiiTe 03HAUESHHS IPOCTOTO NUTIXY B oprpadi.

CdopmyroiiTe i ZOBEAITH JIEMy IOAO BEPIINHHU aUKIIYHOTO oprpada.
9. CdopmymoiiTe 1 10BeAiTH TEOPEMY IIIOJI0 BEPIIMHH alUMKIIYHOTO oprpada.
10. CdopmyroiiTe 03HaAYCHHS OPIEHTOBAHOTO JICPCBa.

11. Chopmymroiite 03HaYCHHS HABAHTaXKEHOTO Tpada.

12. CcdopmytoiiTe 03HaUEHHS KapKacy.

PN R W=
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2. AITOPUTMHU BUOKPEMJIEHHSA KAPKACIB

Ilnan BUKJAaxy MaTepiany:
1. Tumosi 3aa4i BUOKpEMIJICHHS KapKaciB y IpOCTUX rpadax.
2. BuokpemieHHS MiHIMAaJIBHOTO KapKacy B IPOCTUX rpadax.
3. Augropurm llpima.
4. Kapxkacu B oprpagax.

== Ki1r04oBi Tepminu po3ainy

Y Kapxkac y npocmomy epagi Y Besneune pebpo
Y Ilepepiz y npocmomy epaghi Y Jleeke pebpo
Y [pagh komnonenm Y Kapxkac 6 opepagi

2.1. Tunogi 3a1a4i BHOKpeMJIeHHSI KapKaciB y mpocTux rpadgax

PosrnsaeMo THIOBI 3amadi, SKi po3B’S3YIOTh Yy pamMKax Teopii
BMOKpEMJIEHHS KapkaciB y mpoctux rpadax’. Ilepmoro chopmyoemMo
3aj1a4y, 3 SIKOi ICTOPUYHO PO3IOYABCS PO3BHUTOK L€l TEOPIi.

Hpukaan 2.1. Howupenns yymox. Po3rnaaaoTe HaCEICHUH MYHKT, Yy
SIKOMY KOXX€H MEIIIKaHellh 3yCTpiYae 1HIIUX MEIIKAHI[IB i CIIUTKYEThCS 3
HUMH. U1 MOXe y IIbOMY HaceIeHOMY ITyHKTI TOIIMPUTHCS dyTKa?

> Hexail KO)KHOMY MEIIKaHIIO BiANOBiAae BepimrHa rpada. 3’ €THy0Th
IBl BEpIIMHHA PEeOpOM y TOMY BHIIAJKy, SKIIO BIAMOBITHI MEIIKaHII
CIUIKYIOTBCSL MK c00010. 3a YMOBH 3B’SI3HOCTI OTPHUMaHOTO rpada Ha
[IOCTaBJICHEe 3allUTaHHA MOXHA BiAMOBiCTH mNo3uTHBHO. ['pad Oyne
3B’SI3HUM, SIKIIO JIJIS1 HHOTO iCHY€ Kapkac. OTxe, He0OXiTHO TIepeBipUTH,
4n y rpada MOKHa BUOKPEMHTH Kaprac. <

Hpukaan 2.2. Ananiz mepeoici komyHixayitl. Mepexa Iopir 3B°s3y€ KO-
JKCH HACeJICHWH MyHKT 13 AeSIKUMH iHIIMMU. BU3HAuUTH, Y1 MOXKHA, KO-
PHUCTYIOUUCH LIMMH JOPOT'aMH, MIOTPANUTH 3 KOKHOTO HACEIEHOTO ITyHK-
Ty B OyIb-SIKU 1HIITHIA.

> Hexail KO’)KHOMY HaceJICHOMY IMYHKTY 1 TOYIli IEpEeTUHAHHS HAsBHUX
JIOpir BimmoBimae BeprmuHa rpada. JBi BepmmuHN 3’€IHAEMO peOpPOM Y
TOMY BUIAJKy, SIKIIO M HUMH iCHye cronydeHHs. Skmo rpad wmic-

! 3aaui 06pano 3 mocibHuKa [12].
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TUTb KAPKAC, TO MK OyIb-KUMH ITyHKTaMH MOKHa MpPOiXaTH MO ic-
HyIO9ill Mepexi topir. <

3agaua npukiany 2.2 mae 0araTo NpakTHYHMX y3aranbHeHb. [lo-
TiOHI 3a71a49i MOKHA CTaBUTH IS OyAb-IKUX KOMYHIKaIii (BOIOIIPOBO-
IiB, Ta30- 1 HATONPOBOAIB, EIEKTPOMEPEX, TPAHCIIOPTHUX MEPEX, iH-
(dopmaLitHUX Mepex, TeNe(OHHUX CUCTEM TOLIO).
Hpukaan 2.3. Ilpoexm pexoncmpykyii (6y0igHuymea) mepesici KomyHi-
Kayiti MinimanvHoi eéapmocmi. 3alUIAaHOBAaHO PEKOHCTPYKLIIO Mepexi
JIOPIT, SKi CTIOMYyYaTUMYTh 3aJaHy KITbKICTh HAcEJIEHWX IyHKTIB. Bap-
TiCTh OyJIBHHIITBA 200 PEKOHCTPYKIII JOPIT MiX OyIb-IKHMHU JIBOMa
MyHKTaMH Bigoma. HeoOXigHO pekoHCTpyIoBaTH (4M MOOyAyBaTH) Me-
PeXy JOpir Tak, mo0 BapTiCTh OyMiBHUITBA Oylia MIHIMAILHOMW 1 TIEK
Mepexkero MOXHa OyJI0 O MPoixaTh Mik OyIb-IKHMH JIBOMa ITyYHKTaMHU.

» Po3B’s13aHHs 3a7a4i PO3MOYHEMO 3 MOOYIOBH IPOCTOro rpada, Bep-
[IWHYU SKOTO BIJIOBITAIOTH HACEICHUM ITyHKTAM 1 TOYKaM MEepETHHAHHS
Jopir, a pedpa — noporam. Koxxnomy peOpy HEoOXiJHO MpHUMUCATH Ba-
Ty, siKa JOPIBHIOE BapTOCTi OyMiBHHUITBA (YM PEKOHCTPYKIii) miei mi-
JISTHKH TOpoTH. [IpoeKT 3BOAUTHCS 0 BHOKPEMIICHHS B OTPUMaHOMY
rpadi minimivanrvHoeo kapkacy. <

3amaua npukinany 2.3 Ha TOOYAOBY MIHIMIMATLHO2O KAPKACY MAE
0arato MpakTUYHUX y3aralbHeHb, HAPUKIIAL:

® K IOKJIACTH TEJICBI3iiHMI KaOenb MK MiKpOpaOHaMu MicTa s
oprasizarlii KabeJIbHOro TeJcOaYCHHS;

e K NOOYJyBaTH MEpExXy JOPIr 3 TBEPAMM IOKPHUTTSIM Y CUIBCHKIii
MICIIEBOCTI, SIKa CIIOJTy4aTHME YCi cena;

® K IOKJIACTU TPYOM Jyisi 3a0e3MedeHHs] ra3oM HAceJICHHX ITyHKTIB
paiioHy i T.I.

VY nmx mpoekTax HEoOXimHO OOMpaTH LUISX HAKMKOPOTIIOi JOB-
JKHHU 3 TUM, 1100 MiHIMi3yBaTH BUTPATH Kabelo, achaibTy 4u TpyO.
HNpukaan 2.4. Ilpoexm pexoncmpykyii mepesici KOMYHIKayiil MiHIMATb-
Hol sapmocmi 3 ¢hikcosanumu 36’ s3kamu. 3a YMOBOIO TIOTIEPEIHBOI 3a-
Jiadi MOTPiOHO PEKOHCTPYIOBATH MEPEKY JAOPIT TaK, MO0 ACSIKI TIISTHKH
JOPIr YBIMIIIN 10 CTBOPIOBAHOT MEpEKi HE3aJIeKHO BiJl BAPTOCTI IXHBOT
PEKOHCTPYKIIi.
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» IIpoeKT 3BOAUTHCA 0 BHOKPEMJICHHS B OTpUMaHOMY rpadi MiHi-
MaJIBHOTO Kapkacy i3 3a3maeriasb 3adiKCOBAaHUMH 3B’ sI3KaMH, K1 (ik-
CYIOTh 0€310CepeIHBO Tepel PO3B’ A3aHHAM 3amaul. <

TunoBi 3amadui HAa MOOYNOBY MAaKCUMATbHO20 KapKacy Hanlda-
cTille HamexaTb 10 chepHu MPOEKTYBaHHS MEPEX 3a YMOBH MaKCHMi-
3anii mpuOyTKy BiJ eKCILTyaTalii Mepexi.

3a3HaumMo, 110 32 YMOBH 3/ilicHeHHs (opmaizanii 3aia4i y BH-
msiai mpoctoro rpada i chopMyThROBaHMX BHMOT HOTO OITHMI3allii
3MICT TIOYATKOBOI 3a1a4yi He Mae 3HAYCHHS ISl CAMOTO TIPOLIECY PO3B’si-
3yBaHHA. 3MICT MOYATKOBOI 3aJaui 3HOBY OyJe HEOOXimHWHU IUIg iHTep-
mpeTarlii OTPUMAaHOTO PO3B’S3KY.

2.2. BuokpeMJleHHsI MiHIMAJILHOI0 KapKacy B pocTUX rpadgax

Hexaii 3amano 3B’s13uuit npoctuii rpad G = (V, E) 1 BaroBy QpyHk-
mirow: £ — R . OnumeMo 3aradbHUN METONI BHOKPEMJICHHS MiHIMAalTb-
HOTO KapKacy s IIb0T0 Tpada, OmMparodruch Ha MiAPYIHHK [8].

Hexaii miamMuoxxuHa A € E € 0gHOYACHO 1 NIOMHONCUHOIO NEIKO-
ro MinimanbHoz2o kapracy. lllykanuii kapkac OyIyrOTh MOCTYIIOBO:

JI0 TIOYATKOBO HOPOJICHLOI MHOXKUHU A Ha KOXKHOMY KpOIll METOMIY
JOJTAEThCs Aesike pedpo [u, v] Tak, 1100 MHOXKHA AU {[u, v]} TEX
Oyia nioMHoMCUHOW MiHiMaabHO20 Kapkacy (pedpo [u, v] Ha3uBa-
I0Th Oesneunum peopoM ais A).

3anuiieMo 1eit MeTo 1 Ha ICEBIOKO/II:

A = J;
Joxkm (A He Kapkac)
{ BranTu OGeszneuHe pedbpo [u, v] nusa A;
A :=A U {[u, v1}; // {[u, v]} - MHOXMHAa
}

[loeepryTN A.

Besneuni pebpa Ha Oyab-sKild iTepauii HuKiIy 3a0e3neuyroTh BU-
KOHAHHS 6umozu, 1mo0 A 3amumanacs HiIMHOKHHOIO IEIKOr0 MiHi-
MaJILHOTO KapKacy (7151 MOPOXKHBOT MHOKHHU BUMOT'A CIIPAB/IKYETHCH ).

Jlam omumeMo IpaBMIIO 3HAXOHKEHHS Oe3reuHux pedep (Teope-
Mma 2.1). TTounemo 3 Bu3HaueHb. Hexait S V' — miaMHOXHHA BepIIUH
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rpada G, sxi yxe 3’eqHani pebpamu miaMHOKHEE AC E, a V' \S —
MICTHTB PEIITY BEPUIHH V (OY4EBHUIHO, IO (V \S )ﬂ S=0).

Iepepizom (S, V'\ S) neopienrosanoro rpada G = (V, E) na3usa-
IOTh MMHOXHHY TaKuX pedep 3 E, 10 0JIWH 3 HOTO KiHIIIB JSKUTH Y S,
a iammii — y V'\ S (qus. puc. 2.1).

Puc. 2.1. Tlepepis (S, '\ S) neopienroBanoro rpada G

Ilepepis y3e00icenuii 3 MHOKUHOIO pedep A, SKIIO KomHe pedpo
3 A He TIepeTHHAE TIeH Tepepi3. Y MHOXHHI pedep, o HaIeKaTh mepe-
pi3y, BUOKPEMITIOIOTh pebpa Hatimenwioi Baru (Ha3BeMo X geekumu peod-
pamu). Ha puc. 2.1 mepepiz y3romkeHuit 3 4, a pedpo [3, 4] — reeke
pebpo.
Teopema 2.1. Hexait G = (V, E) —38’s13H1i npocTHil rpad 3 BaroBoio
¢yskuiero w: E — R, A — nigMHOXXMHA pedep IEsIKOro MiHIMaJbHOTO
kapkacy T < G, (S, V'\S)—nepepiz G, y3romkenunii 3 4. ko [u, v] —
Jierke pedpo 1bOro nepepisy, To [u, v] € be3neynum ajst 4.
» Hexaii T e MicTuth pedpa [u, v], OCKUIBKH Yy I[bOMY BHIIaJIKy TBEp-
JOKeHHSI TeopeMH € oueBHAHMM. [lokakeMo, IO iCHY€ IHIIHMHA MiHi-
MaJIbHUH Kapkac 7%, mo MictuTh 4L {[u, v]} (tomi [u, v] € 6e3meUHUM).

Kapkac 7T 3B’s3HHI, OTOX MICTUTh €IMHHII
uuisax p 3 u 1o v (puc.2.2); pedpo [u, v] 3amu-
Kae p y k. OCKIJIBKH ¥ 1 v HaleXaThb pi3-
HAM MIMHOXHHaAM Tiepepizy (S, V'\S), y3-
TO/DKEHOTO 3 A, TO NUISIX p Mae MpUHANMHI
onHe pebpo [x, y], Mo mepeTHHae niepepis i He
JICKUTH B A.

Puc. 2.2. 3amukanHs p
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Jonasmm no nepesa T pebpo [u, v] 1 BUAAIHMBIIK 3 HEOTO pedpo
[x, y], onepxxumo HOBuU Kapkac T* = (T U {[u, v]} )—A{[lx, y]}. 3anmummu-
JIOCS TOBECTH, 110 7™ — MiHIMaITbHUH KapKac.

Ockinbku [u, v] — nerke pedpo nepepisy (S, V'\S), To BunyueHe 3
T pebpo [x, y] Mmae He MeHIIly Bary, HixK Bara peopa [u, v]. Otxe, Bara
Kapkacy T* morma Tinbku s3merwumucs. llpore kapkac T — minimans-
nuti. BimmoBimHO, Bara HOBOTO Kapkacy 7* mopiBHIoe Bazi 7. OTox
pebpo [u, v], mo MicTutbes y T, € besneunum. <

Jnst peamizanii METOAy BUOKPEMIICHHSI MiHIMallbHOTO KapKacy B
mpocTux rpadax HaiyacTilie BUKOPUCTOBYIOTh anroputmu Kpackana
(J. B. Kruskal) i I1lpima (R. C. Prim). OOumgBa aliropuT™Mu OJJHaKOBO BHU-
KOPUCTOBYIOTh 3arajbHy CXEMY METOHY, IIPOTE IO-Pi3HOMY OOHPAIOTh
0e3neune pedpo. Anroputm Kpackana onucano y [14], oTox y HacTyn-
HOMY ITyHKTi PO3TJISIHEMO TiTbKK anroputm [pima.

2.3. Aaropurm Ilpima

MHuoxuHa pedep A 300pakacTbCsl OTHUM JAepeBOM, (GOPMYBaHHS
SIKOTO TIOYMHAETHCS 3 JOBUIBHOT KOpeHeBoi BepiiuHu. Ha koxHiii iTepa-
ii MUKy IO IepeBa IOJAEThcs peOdpo MiHIMAIBHOI Bard cepes yCix pe-
Oep, sIKi 3’€THYIOTh BEPIIMHHU A 3 iHIMMMH BeprmuHamu rpada. Skiio
Takux pebep € JeKibka, TO 00UpalTh OyAb-sSKe 3 HUX. 3TiHO 3 Teope-
Moo 2.1 11i pedpa € Oe3rneyHuMu 1yis A.

Onwumemo anroputm [IpiMa BHOKpeMIIEHHsI MiHIMAJIBHOTO KapKa-
Cy IUIS TIPOCTUX 3BaKEHUX TpadiB, sKi 300paXKAIOTh CAUCKAMU CYMIdHC-
Hux eepuur. Ha BXOII alirOpUT™M OTpUMYE 3B’ sI3HUH npocthii Tpad G 3
BaroBoro ¢yHKIiE0 w:E — R 1 KOpiHb » MIHIMAaJTFHOTO Kapkacy. Ha
BHXOJIi aJrOPUTM MOBEPTAE MACUBU T 1 key, SIKi BHOKPEMIIIOIOTH MiHi-
MaJIbHUH KapKac.

Ilix gac pobotn anroputMy BepruHHE V \ S 36epiratoTecs y uepsi
3 npiopumemamu (no3Hauumo Q). llpiopuret Bepmmuu u € Q (TM03HA-
quMo key[u]) mOpiBHIOE MiHIMaNBHIN Ba3i cepem Bar ycix pebep, 110
3’€IHYIOTh U 3 BEpUIMHAMH, sIKi HanexaTh S = V/ Q. Skmo Takux pedep
e Hemae, 1o key[u]=oo. Ilone n[u] mist Bepmmau 4 € Q yka3ye Ha Bep-
HIMHY JiepeBa A, 10 siKoi npsMmye pedpo Baru key|u].
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ITone m[v] mna BepmuHM v € S yKa3ye Ha BEpIIMHY-TIPEAKa Y
npoMy jaepesi (s kopens n[v] = 0). MHoXuHy pebep nepeBa A 1mia gac
pOOOTH aNrOpUTMY BHU3HAYAIOTh K A = {[Tc[v], v]: veS=V\Q} Micns
3aBEpIIEHHA POOOTH anroput™My uepra () —IOPOXKHS, 1 MHOXHHA
A={[r[v] v]:veV } e mrox)uHOI0 peGep MiniManbHOTO KapKacy.

3anmmemo anroput™ [Ipima Ha ICeBIOKOII:

Alg Prim(G, w, r, ®, key);

Q :=V; IOns (kOXHOL BepumHM u € Q) keylu] := o0;
keylr] := 0; n[r] := 0;
Ooxn (Q e )

{ v := Extract Min(Q);

IOnst (xkoxHOI BepumHM U € Adj[Vv])
Axmo ((u € Q) I (w(u, v) < keylul))
{ m[u] :=v; keylu] :=w(u, v) }

Ipouenypa Extract Min(Q) obupac 3 depru ( BepIINHY
HaWMEHIIIOTO TIPIOPUTETY (BOIHOYAC BEPITHHA GUIYUACTMbCSA 3 UEPTH).

Mpuxnaxg 2.5. TenesiziiiHa KoMIaHis
TUTAHYE i1’ €THATH 10 KaOEeIbHOI Me-
pexi ATk paiioHiB. Ha puc. 2.3 mpo-
LTIOCTPOBAHO CTPYKTYPYy Mepexi i
BificTaHb (y xu) Mk padionamu. [lo-
OynyBaTh KaOelbHYy MEpexKy MiHi-
MajJgbHOI CyMapHOi BIACTaHi, SIKIO
Puc. 2.3. Ctpykrypa Mepexi BeplmMHa | BiANoBifgae Tesesisiiiniii
KOMIIaHii,

» Bepmmna 1 Ha puc. 2.3 Bianosigae TeneiziiiHii kommanii. Lo Bep-
MIMHY JTOUUIBHO 00paTH KOopeHeM jepeBa. [y KoXHOi BepIIuHuU v, 00-
paHoi mpoueayporo Extract Min, pakTHUHO @ikcylombcsa 3HAYEHHS
n[v], key[v] (3miHIOBaTHCS MOXYTH TiUNBbKK eneMeHTH depru Q). [Mocmi-
JOBHICTh BHUKOHaHHS anroputmy llpima odopmumo Ttabmuuero (ene-
MEHT, AKHii 00paHo 3 YepTH, MO3HAYaTUMEMO KOCOFO JIHIEF0):
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Yepea Q (s xoxxHoro u: ww[u], key[u]) 14 Pezynomam
u=1|u=2|u=3|u=4|u=5|u=06 n[v], key[v]
0,0 2,00 | 2,00 | 2,00 | 2,00 | ?, 00 1 0, 0

L4 | 1,8 | 1,10 ] 1,12 2, 2 1, 4

1,8 | 2,7 | 2,6 | 2, 5 2, 6
.8 | 2.7 2w | 4 2, 7
1,8 4,6 6 4, 6
1,8 3 1, 8

MinimManbHUH Kapkac Ka- 1

OenbHOI Mepeki CyMapHOi 8

BifcTani 31 xm 300pakeHO

Ha puc. 2.4.

Puc. 2.4. Minimanbhuii kapkac <

Bnacnimok Toro, mo pedpa 3 OJHAKOBUMH BaraMu OOHPArOTHCS Y
JOBIIBHOMY MOPSIZIKY, MOXKHA OTPUMAaTH JIeKilbKa BapiaHTiB PO3B’s3Y-
BaHHs. PimmeHHs npo Te, IKuil 3 BapiaHTIB HAUNPUHHATHIIINH, Mae 00y-
MOBJTIOBATHCSI 3MICTOM 3aadi 1 TPUHMATHICSI KEPIBHUIITBOM.

AnropurMm IlpiMa MOXKHA 3aCTOCYBaTH JjIsl BU3HAYCHHS MAKCU-
ManbHO20 Kapkacy. Y IbOMY BHIAJIKy Oe3nedHuM peOpoM Oyae pedpo
nepepisy 3 HalibinbLUI00 BATOIO.

Ilei anropuT™m MOXHa TAaKOX 3aCTOCYBaTH Uil BU3HAYEHHS
MPOCTOro Kapkacy (0e3 BUMOT ONTHMAaIbHOCTI; AuB. mpuki. 2.1 i 2.2).
OcCKiJbKH Y IIbOMY BUIIQJIKy KOJKHE peOpo Mae yMOBHY Bary 1, To 0e3-
evyHuM pedpom Oyne Oymb-ske pedpo mepepisy.

[Ipunyctumo Terep, MO Ha MOYATKOBIH Mepexki JNesKi 3B SI3KH
3adikcoBaHi. Taka ymoBa Moke OyTH 3aKiajieHa 3 pi3HUX IMPUYUH.

Hampuknan, y 3amagi npuknany 2.4 MO0 MPOCKTY PEKOHCTPYK-
1ii Mepexi palOHHUX aBTONUISXIB 3 MiHIMAJIBHAMH BUTpaTaMH JIO/AT-
KOBO CTaBUTHCS MPHPOJHA BUMOTa, MO0 MUISHKM MUIAXY, 3B’S3aHi 3
palilOHHUM I[IEHTPOM, HAJNEXalld MalOyTHIH MepexXi y OyIb-IKOMY BH-
MaJIKy, HE3aJIeXKHO BiJl BAPTOCTI IXHBOT pEKOHCTPYKIIii.

MiHiManbHUN Kapkac Jis 11i€l Mepexi OyayroTh BIAMOBIAHO 0
anroputmy IlIpima, mpote 3 ymoBor, mo (ikcoBaHi 3B’s3ku (pedpa)
000B’3KOBO HAJIGKATUMYTh KapKacy. BUKOHAHHS aXropuTMy pO3MOYH-
HAIOTh 3 pedpa MiHIMaJILHOI Bary, sike He 3aikcoBaHe.
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2.4. Kapkacu B oprpagax

Ilix wac amamizy cucTeM Ha 3B’SA3HICTH ICTOTHOIO € BiIMIHHICTH
opieHTOBaHUX TpadiB Bijg HeopieHTOBaHUX. J[J1s1 OyIb-IKOTO 3B’SI3HOTO
HEOpiEHTOBAHOTO rpada KapKac 3aBXIW iCHY€, X04a AJs 3B S3HOTO Op-
rpacda opieHTOBaHMH Kapkac icHye He 3aBxau. OTOX Ui Opi€HTOBaHUX
rpadiB mepeayciM BOKINBUAM 3aJTAIIAETHCS TIOHATTS CULbHOIL 368’ A3HOCMI
Ta BUOKPEMJICHHS 3’ €OHYBANLHO20 OPIEHMOBAHO20 TICY.

PosrnsiHeMo THITOBI 3a/1a4i BHOKPEMIICHHST ONITUMAIBHOTO 3’ €OHY-
6a/1b1H020 OPIEHTOBAHOTO JIiCy B HaBaHTaXeHUX oprpadax’.

HOpuxnang 2.6. Onmumanvhe posmiwenus npedcmasnukie. Oipma ma-
Hy€ PO3MICTHTH T€HEPAILHUX MIPEICTABHUKIB HA BCIl TEPUTOPIi KpaiHH.
3 Mmi€l0 MeTOI0 3IiHCHEHO MapKETHHTOBI IOCIIIHKEHHS, BPaXOBaHO
3B’SI3KH M)XK PHHKaMH 00JacTeil i MaKCUMalbHy KiTBKICTh KOHTPAKTIB,
SKl YKJIagaTUMyTh Ha KOXXHOMY pWUHKY. HeoOxinmHO BH3HAUMTH ONTH-
MaJbHE PO3TANTyBaHHS TeHEPATHHUX MIPEACTABHUKIB QipMH.

» TloOyayBaTu opieHTOBaHUI rpad, BEPIINHAMU SKOTO CIyTYBATHMYTh
PUHKH KpaiHHW, yramMy — 3B’SI3KW MK pUHKaMH, BaraMy BBa)KATH Mak-
CHUMaJbHY KiJIbKICTh mependauyBaHuX KOHTPAKTiB QipMu. Po3B’s3yBan-
HSl 3a7a4l 3BOJAWTHCA N0 BHOKPEMIJIEHHS MaKCHMAJIBHOTO 3’ €IHYyBajlb-
HOTO OPIEHTOBAHOTO JiCy oTpuMaHoro rpada. KopeHi BHSIBICHHX epeB
BIIMOBITATUMYTh MOYKITMBUM TIPEICTaBHUKAM (ipMHU. <

Hpuxnan 2.7. Posmiwenus ckiadie. IIiAIPUEMCTBO Mae MEpPEXKy Ma-
ra3uHiB. YCHillHa JTisUTbHICTh MiIIPUEMCTBA Ja€ 3MOTY PO3IIHPUTH 00-
CSII MPOJaX. 3 Ii€10 METOIO BHUPIIICHO HAa TEPUTOPIi ACIKUX MarasuHiB
PO3MICTUTH CKJIaand. Mara3uHu 00CITyTOBY€E KUTbKa TPAHCIIOPTHUX OMIH-
HHUIIb, SIKi MiIBO3STH 70 HUX ToBap. ChopMoBaHi 3B’3KM MK MarazuHa-
MH 1 crocid po3Be3eHHS TOBapiB MiX HUMHU BiloMi. Y SKHX MicCIIX
BapTO PO3TAaIIyBaTH CKJIAIH, MO0 3arajJlbHUN Yac TiABE3E€HHS TOBapiB
OyB MiHIMaTBEHUM?

» [loOynyBatu opieHTOBaHMi Tpad. BepmmHamu Mepexi B3sITH TOUKH
po3TamryBaHHs MarasuHiB. [lyramu BigoOpasutu cdopmoBaHi TpaHc-
MOPTHI 3B’s13kK. Baramu ayr Oyze yac nepei3ay Mix marazuHamu. Pos-
B’S3yBaHHSA 3amadi 3BOIUTHCA N0 BHOKPEMJICHHS MIHIMaJIBLHOTO

! 3aaui 06pano 3 mocibHuKa [12].



2. ANTOpUTMH BHOKPEMJIEHHS KapKaciB 25

3’€IHYBaJILHOTO OPIEHTOBAHOTO Jicy Al oTpuMaHoro rpada. Kopewni
BUSBJICHUX JIEPEB BiMOBIATUMYTh MOKIMBUM cKIagam. <
Hpuxnan 2.8. Bubip nidepis. Hexali KONEKTHB JIOJCH HAIIEHUH Ha
BUKOHAHHS MEBHOTO 3aBaHHs. HeoOXiHO HAa OCHOBI CUCTEMH TiepeBar
YJICHIB KOJIGKTUBY 00paTH cepesl HUX JIiJepiB.
» IloOynyBatu opieHTOBaHWH rpad 3 BepIIMHAMHM, SIKi BiIMOBIJAarOThH
YlieHaM KOJEKTUBY. Jlyramu BimoOpa3uTH Oa)kaHHS KOXKHOTO YJICHA KO-
JIEKTUBY OQ4WTH CBOIM JIiIEpOM TOTO UM IHIIIOTO YjeHA. 3a Baru IyT
y3STH KUIBKICHY OLIIHKY IOTO OaxkaHHs (0aibHy 4H OyIb-SIKY 1HIIY).
Po3B’s13yBaHHs 3amadi 3BOAWTBHCA 1O BHOKPEMJICHHS MAaKCHMAJIbHOTO
3’€THYBAIBHOTO OPIEHTOBAHOTO Jiicy isa rpada. KopeHi BHSBICHHX
JICPEB BiANOBIIATUMYTh UMOBIpHUM Jigepam. <

UuManio anropuTMiB BHOKpPEMIICHHS KapKaciB, sIKi MPaIIOIOTh 3
oprpadaMu, pO3MOUMHAETHCA 31 3HAXOONCEHHSI KOMNOHEHM CUNbHOL
36’s13H0Ccmi: TICIA 1[OTO 337124y PO3B’A3YI0Th OKPEMO IS KOKHOT KOM-
ITOHEHTH, a TIOTIM PO3B’sA3KH KOMOIHYIOTh BIiIITOBITHO IO 3MICTY 3aj1a-
4i Ta 3B’A3KIB MDDK KOMIIOHCHTaMH, 5IKi 300paxkaroTh “zpagom Komno-
HeHm”.

Ines noOynoBu “cpagha xomnonenm” monsArae y CTATYBaHHI AYT i
BEpITMH BUSIBICHUX KOMHOHEHM CUlbHOI 36°s3nHocmi (IAKIIB) Y
ikmueni BEPIIMHH, SK 1€ MPOUTIOCTPOBAHO Ha puC. 2.5.

Puc. 2.5. CraryBanns nukiy y QiKTHBHY BEpUIMHY

PosrnsaeMo MOOYI0OBY MaKCHMAalbHOTO 3’€IHYBaJILHOTO Opi€H-
TOBAHOTO JIicy Ha mpuKiIaai. Hexail Mepexxy pUHKIB JUIs 3ajadi MpH-
knany 2.6 300paxeHo Ha puc. 2.6. Bepmunamu opienToBaHoro rpada, y
SIKUX 0a)kaHO PO3MICTHUTH IPEICTAaBHUKIB (pipMU, B3ATO 00JIACHI IIEHTPH
(mo3HaueHHs JAaTUHCHKUMH JIiTepaMu), a BaraMu — repeadadyBaHa



26 JociimkeHHs oneparii

KUTBKICTh KOHTpakTiB. I[loOymyemMo MakcUMaidbHUN 3’ €JHYBaJIbHHUMA
OpIEHTOBAHUH JIiC TSI OTPUMAHOTO Tpada.

20 17

Puc. 2.6. Meperxa puHKiB pukiany 2.6

[TocninoBHO meperisaaady BEPIINHN, MOXKHA Bi3yalbHO BH3HA-
YUTH UKJ, YTBOPEHUI BEpUIMHAMU a, d, e, b. 3aMiHUMO IHKJI (DiKTHB-
HOIO BepmmHOW F (puc. 2.7). Pemra BepmmH Mepexi HHUKITIB He
YTBOpIOE. BUX0aM9n 3 BUMOTH MaKCHUMAaJIBbHOCTI JiCy, BEpPIIUHY j JIO-
Ti4HO 3B’s3aTH 3 PIKTUBHOIO BEPIIMHOIO F, a JUIsl pEeUITH BEPIIUH BUO-
KpEeMUTH MakcuManbHUW Kapkac. Ha puc. 2.8 300paxeno nBa aepe-
Ba, AKi Yy IMiJICYMKY OTPHUMA€EMO.

Puc. 2.7. BuokpemieHHs (GiKTUBHOI BEPIIHHA
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Puc. 2.8. JlepeBa MakCHMabHOTO 3’ € THYBAIBHOTO JIICY

Posropuemo  ¢dikTHBHY
BepwnHy F. Y nwmkmi, mo ii y1-
BOpIOE, BHUAANIMMO nyTy (e, b),
o0 Mae HaimeHmry Bary. OTpu-
MaEMO JepeBo, 300pakeHe Ha

puc. 2.9. Puc. 2.9. Posroprauus Bepmuau F
ANTOPUTM BUSBJICHHS KOMIIOHEHT CHUJIBHOI 3B’SI3HOCTI JCTATBHO

OIHMCAaHO Yy MiApYy4YHHUKY [8]. B OCHOBY alropuTMy MOKIAJIEHO METO]

n

owyxy yeau6 (ado DFS-meton) y 38’ s13HOMY oprpadi [8, 14].

? 3anuTaHHs 1S caMonepeBipKku

1.

CoopmyittoiiTe 03HaUSHHSI MiHIMaJIbHOTO KapKacy.

Hexait [u, v] — pebpo minimanbHOI Barn y rpadi G. HoBenits, mo [u, V]
HaJIGKUTD JICSIKOMY MiHIMaJIbHOMY KapKacy IbOTO JiepeBa.

JoseniTh, mo gkmo pedpo [, v] MicTUTBCS Y MiHIMaJIbHOMY KapKaci rpa-
¢a G, To icHye nesikuii epepi3 rpada G, A SIKoro [u, v] € JerkuM peod-
POM, 1110 NIepeTHHAE 1l mepepis.

Hexait T — minimManbHuit kapkac rpada G. CxiiaieMo yHoOpsIKOBaHHA
CIIHCOK Bar ycix pebep kapkacy 7. JloBeniTh, MO s JOBUTAHOTO 1HIIIOTO
KapKacy OTpUMAaeMO TaKuii e CIHCOK.

JloBeiTh, 1110 SKIIO JJIs OBUILHOTO Mepepidy rpada G iCHYE €IMHE JIETKe
pebpo, sike repeTrHae 1ei nepepis, To y rpadi € TiAbKH OJJUH
MiHIMaIBHHUH KapKac.

Sk MOke 3MIHMTHCS KUTbKICTh CHJIBHO3B’SI3aHHUX KOMIIOHEHT oprpada 3a
YMOBH JI0/IaBaHHs JI0 HbOT'O OJHI€T Tyru?

Coopmyitioiite 1 JOBeAITH TEOpEMY 1010 JIETKUX pedep rpada.
Cdopmymroiite anroputm I1piMa, ko rpad 3agaHo MaTPHUIICIO Bar.
CoopmyitioiiTe 03HauCHHS 3’ €IHYBAIBHOTO OPIEHTOBAHOTO JIiCY.
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3aBaaHHs JJ1s1 CAMOCTIiiiHOT podoTH

3aBnanns 2.1. Hexaii 3arutaHoBaHo mMoOyIyBaTH MEPEKY aBTOILUISXIB 3 TBEp-
JIUM TIOKPUTTSIM, 1100 3’€IHATH yCi cena paiioHy. BapTicTe OyIiBHUIITBA aBTO-
LUISXIB MK Oyb-IKUMHM JIBOMa cetaMu Bifoma (puc.2.10).

13

Puc. 2.10. BaprocTi OyiBHHIITBa aBTOLLIAXIB MK CeJTaMU

Heo0xinHo nmo0OyryBaTi MepeKy JOpir Tak, 100 BapTiCTh OyiBHHILITBA
OyJia MiHIMAJILHOIO 1 LI€I0 MepeXkero MoXkHa OyJi0 6 mpoixaTu Mix OyIb-IKUMHU
JIBOMa CEeJIaMHU.

3aBnanns 2.2. Hexaii 3aruraHoBaHo 1MoOyIyBaTd Ta30IpOBOIM, MO0 3’ €IHATH
ra3oBH00YBHI miathopMu y Mopi. Bincrans (y xu) Mik OyIb-sSKUMH IBOMa
wiathopmamu Bigoma (puc.2.11). Ilnardopma 1 3HaX0ANTHCS HaOIMKYE 10O
Oepera, OTOX BOHa Mae HeoOXimHe oONMaJHaHHS, MO0 MepeKkadyBaTH Tra3 Bix
IHIIMX I1aThOpM 10 MpUHMaIbHOT cTaHIii Ha Oepe3i Mops.

Puc. 2.11. Biacrani mix ruatpopmamu

Heo0xigHO cripoeKTyBaTH MepeXy Ta30IMpOBOIB MiHIMAIBHOI CyMapHOi
JOBXKHHH.
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3. OITUMAJIBHI IVIAXU B OPTPA®AX

Ilnan BUKJIaxy MaTepiany:

1. TIlocranoBka 3agad.
2. HaiikopoTuii NuIsxy Ta penaakcaris.
3.  Anroputm JledkcTpu.
4. AunroputMm bennmana-®opra.
5. OnrumaibpHi HUIIXH B allUKITYHOMY oprpadi.
6. Anropurm ®noiina-Yopuomnna.
« Ki1r04oBi Tepminu po3ainy
Y Hoeoicuna winsaxy Y Haiikopomuiuti wiisix
Y [Juxn 6i0’ emHol 8azu Y [lonepeonuk seputunu
Y Penaxcayis oye Y Bracmusocmi penaxcayii oye
Y Haiiooguuil uinsax Y Llnaxu 6 ayukniynomy opepaghi

3.1. IlocTanoBKa 3a1a4

Ilix gac BUKIaMy MaTepialry Ioro maparpada onmupaTuMeMocs
Ha TMiapy4JHUK [8].

PosrnsimaeMo HaBaHTaKEHWH OpieHTOBaHWN rpad, sSKUH MoxKe
MaTH 4Yd He MaTH uKIiB. JloBxkuHa noBiibHOI nyru (a, b) Moxe He
30irartucs 3 NOBXHHOIO nyru (b, a). [lng HeopieHToBaHuUX rpadiB Oy/ib-
siKe pedpo [i, j] JOBKHMHOIO d;; MOJKHA 3aMIHUTH TTapoto Ayr (i, j) Ta (j, i),
KOHA 3 IKUX MaTHME JOBKUHY dj;.

[lin onTumanesHUMK UUsIXaMu y Tpadi, 3a3Budail, po3yMiloTh
Hatikopomuwi wiisixu Mix nBoMma (abo MiX yciMa) BepIIMHaAMHU Tpada.
[Ipore y aesxux 3amauax HeOOXiTHO BU3HAYATH 1 HAOOBULI UWLAXU.

YTOYHMMO AesKi BU3HAYCHHs. Y 3a7adi Mpo HAWKOPOTIN MUISXH
naHo opientoBanuil rpag G = (V, E) 3 BaroBoro QyHkuiero w: E — R.
Hosorcunoro 1UIAXy p = <Vq, Vi, ..., Vy.1, V> HA3UBAIOTh CyMYy JIOBXKHH

n
(Bar) T, sIKi HANEXKATh 10 BOTO MUIAXY, T06T0 W(p)= Y w(v,_1, v; ).
i=1

Hoeorcuny natikopomuioeo wiisxy 3 u B v BA3HAYAIOTh TaK:

5(u,v)= min{w(p):“L)V}ﬂKIuo Ju—L v,

0, 1HaKIIIe.
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Orxe, AKIIO NEAKUH IUIAX p 3 U IO V € HAUKOPOMUIUM LIIIXOM 3
umov, o w(p)= 8(u,v). BusHauumo Taki 3aaaui:

1. Bin 3amaHoi nouamxosoi Bepiivau rpada s BAOKPEMHTH HAHKOPOT-
111 MUISIXY IO 6CiX 1HIIUX BEPIIUH Tpada.

2. Bin ycix BepmuH rpada BUOKPEMUTH HAWKOPOTII MUISIXU A0 JAESIKOT
KiHyegoi BepIIiHM Tpada t.

3. Bix 3adanoi BepmmHu rpada v; BHOKPEMHUTH HAHKOPOTIIUH MIISAX
J0 JIeSIKOT {Hui0i BepIIMHY rpada v;.

4. BuokpeMuTH HAHKOPOTIIi NUISIXK MiX yCciMa napamu BEpIIHH rpada.

ANTOpUTM, SIKUH pO3B’sA3Ye€ MEpITy 3a1ady, a€ 3MOTY PO3B’sI3aTH
W iHI1 Tpu 3amadi. Po3B’s3yBaHHs 3a/aui 2 3BOJAUTHCS 10 PO3B’sA3yBaH-
HS 3a7a4i 1, SKIIO YMOBHO MOMIHSTH HampsM ycix Aayr. Skmo Bimmory-
KaEMO HAWKOPOTIIN NIISAXHM Bill MIOYATKOBOI BEPIIMHH V; A0 GCIX THIIHX
BepiiuH rpada, TO OJHOYACHO BIANIYKAEMO I HAMKOPOTIIMH IILJISX Bij
BEPILMHH V; 10 BEPUIMHHM V; (3a/1a4a 3).

3agauy 4 MoxHa po3B’s3aTH ab0 OaraTOKpaTHUM 3aCTOCYBaHHIM
ANTOpUTMY 3a/1adi 1, 1e Ha KOXKHIM KpOIIi 3a M0YaTKOBY BEpIIUHY s Oe-
pyTh iHII BepmmHH Tpada, ado OTHOKPATHHM 3aCTOCYBAHHSIM CrHe-
YianbHo20 ANTOPUTMY.

V JesKkux 3aCTOCYBaHHSX Barw IyT MOXYTh OyTH 6i0’emHumu. Y
LIBOMY BHIAJIKy Ba)KJIMBO, UM € LUKIN BiJ €MHOT TOBKUHHU. SKIIO 3 BEp-
ITUHYU § MOYKHA TOOpATHCS IO TAaKOTO IMHUKITY, TO MOTIM HOTO MOKHA 00-
XOJIMTH SIK 3aBT'OJIHO JIOBTO, 1 Bara NUIsXy yce 3MEHIITYBaTUMETHCS, OTOX
JUISl BEPIIMH IBOTO MUKy HAHKOPOTIIMX HIIAXiB He icHye (puc. 3.1).

VY 1poMy BHIIQAKy BBa)KaTH-
MEMO, IO Bara HalKOPOTIIOIo
nuIsIXy nopiBHIoe —oo. Ha puc. 3.1
Mo0JIM3y KOXKHOI BEpIIMHM TPO-
CTaBJIEHO Bary HaWKOPOTIIIOro
NUIAXY Bil BepIIMHU s. SIKmIo x
LMKIIB BiJ’€MHOI Bard HEMae, TO
OyAb-SIKUI IUKJI MOXKHA BHKHHY-
Puc. 3.1. Iuki Bix’eMHOI Baru TH, HE TIOJIOBXKYIOUH LUISXY.
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3.2. HaiikopoTui IJISIXA Ta peJiaKcamis

Jna 300pakeHHs AyT HAWKOPOTIIMX MUIAXIB BUKOPHUCTOBYBATH-
MEMO TaKHii ke crnocio, sk 1 B anroputmi [Ipima. s KokHOT BepIIMHHA
v € V 30epiratumeMo ii nonepeonuka (predecessor) n[v]. [lonepenHuk
BEpITHHH — I1e a00 iHMIa BepmuHa, a60 0 (11 ToIaTKOBOI BEPIITHUHH S).

[Mig yac pobOTH aNrOPUTMIB BHOKPEMJICHHS HAWKOPOTIIMX IIIsI-
XiB YTBOPIOETBCS OpieHTOBaHWHA miarpad momnepenuukiB G,= (V,, E,),
ne V.= {v ev: Tc[v];t O}U {s}; E. = {(Tt[v],v)eE:v eV \{s}}. [Micns
3aKkiH4eHHS1 poOoTH 1ux anroputmiB rpad G, Oyne depesom Haiixo-
pomuiux uiiaxié BiI KOpeHs s A0 Oyab-iKoi, docsoichoi 3 KOpeHs, Bep-
muHA v € V. HallKopOoTIIHMX NUIAXIB BiJ § 10 BEPIIUH, JOCSKHHX 3 §, &
TaKOX JIepeB HAUKOPOTLIMX LUIAXiB y rpadi G, Moxe OyTH AEKiJIbKa.

VYci anroputMu BHOKpEMJICHHS HaikopoTmoro (abo HaifmosImo-
ro) UUsXy B rpadi € 6acamoxpoxosumu npoyeoypamu YX8aieHHs pi-
WieHb B yMOBAaxX BHM3HAYEHOCTI, OCKUJILKM MpPU JOCATHEHHI MEBHOI Bep-
muHU Tpada 0OUpaeThCcs HACTYITHA Ayra Ihoro muiaxy. Ilix gac peaiti-
3amii wiei npoyedypu KOPUCTYIOThCA npuHyunom onmumaivHocmi (a0o
npuHOUoM bemnmana '), sikuit 171 HaBaHTaXEeHOTO oprpada GpopMyITro-
FOTh TaKOI0 JIEMOIO.

Jema 3.1. Biopisku navikopomwux wiisaxie € naukopomuwumu. Hexai
G = (V, E) — opienroBanuii rpa¢ 3 BaroBoro ¢yHkuiero w:E — R . k-
O p = <Vo, Vi, +..) Vi, V> — HAUKOPOTIIMHA TIIAX 3 Vo 10 V, 1 0<Ki<j<n,
TO Pjj = <Vj, Vit1, «..» Vi1, V> € HAHKOPOTIIMM IIUISXOM 3 V; JIO V.

> JloBezneHHs Bin cynpoTuBHoro. Hexail mumsix p; He HaHKOpPOTIIMM.
3aMiHMBIIY LUISAX 3 V; 710 V; HA KOPOTIIMH, MM THUM CaMHUM 3MEHIIYEMO
JIOBXHHY IUIAXY 3 Vo 110 V, (npomupiuus). <

Hacainok 3 nemu 3.1. Hexaii G = (V, E) — opienToBanuii rpad 3 Baro-
Bo (yHKHie0 w:E — R i p— HallKopoTmHMiA IDIIX 3 § A0 v. SKimo

(u, v) — ocTaHHs Jyra HbOro HuUIsLXy, TO 5(S, v) = 5(S,u)+ W(u,v).

» Hexaii p’ —musax 3 spou. 3a nemoro 3.1 p’ — HalKOpOTIIMIA
msix, otox 8(s,v)=w(p')+wlu,v)=8(s,u)+wlu,v). <

! Buenuit, sxuit Briepiie copMyIItOBaB MPUHIMIT ONTHMAIBHOCTI.
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Jlema 3.2. Hexait G = (V, E)— opienToBanuii rpad 3 BaroBow (QyHK-
uiero w:E—> R i seV. Toni ans Oyap-sikoi myru (u,v) € E BipHa
uepinicts J(s,v)< (s, u)+wlu,v).
» JloBxrHa HaWKOPOTIIOTO HUISXY 3 § 10 V HE MEPEBHLIYE IOBXKHHY
Oy Ab-SKOTO MIISIXY 3 § 0 V, Y TIM YHCHI ¥ nuisxy uepes ayry (u, v). <

VYc¢i anropuT™H BHOKpPEMIICHHS HaWKopoTmioro (abo HaimoBIIIO-
ro) IUBIXY, SKi OMHACAHO Y MbOMY Taparpadi, 6a3yroThCs Ha MPUHITATI
penaxcayii (Bin relaxation — “nonermeHHs”). 3riHO 3 UM MPUHIUIIOM
KOXHi#l BepmmHi v €V  npunucyioTh uyucio d [v] — BEpXHIO OLIHKY
JIOBKUHU HAWKOPOTIIOrO IUIAXY 3 § 70 v (00 MPOCTO, OYIHKY HAUKO-
POMULO20 ULTAXY).

[TouaTkoBi 3HAUEHHSI OL[IHOK HAMKOPOTIIOTO IUISIXY Ta €JIEMEHTIB
MaCHBY T BCTAHOBJIIOIOTh TaKOIO MPOIETYPOIO:

Init Source (G, s, =m, d);
IOnst (ycix BepumH v € V[G]) {d[v] :=0; n[v] :=0;}
d[s] := 0.

Penaxcayis nyru (u, v) € E nonsrae y TakoMmy:

3HadYeHHA d[v] 3MeHImyeThcs A0 BenmwuuHU d[u] + w(u, v),
sxmmo dlu] + w(u, v) <d[v].

Y upoMy BHNAJAKY d[v] 3aMUIIUTBCS BEPXHBOI OIHKOIO (IUB.
teopemy 3.1). BomHodac 3HaueHHS 1[v] Mae yKa3yBaTH Ha IIIAX, BUKO-
PUCTaHUIN TIPU OJICPKAHHI 1i€1 BEPXHBOI OI[IHKH, OTOXK BOJHOYAC 3Mi-
HIOETHCS 3HAUCHHS Tt[V]:

Relax(u, v, w, m, d);
Axmo (d[v] > d[u] + w(u, v))

{d[v] :=d[u] +w(u, v); nt[v] :=u;}.

Ha puc. 3.2 HaBemeHO [Ba MPUKIAIM peslakcallii: B OJHOMY BHU-
MKy OIiHKA HAWKOPOTIIOTO IIIAXY 3MEHIIYETRCS, B iHIMOMY — Hi. Han
BEPUIMHAMH yKa3aHi OIIHKA HAWKOPOTIIHMX MUISXIB.
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I I

| ReIaX(U,V,1, T, d) |Re|aX(u,V,4,Tr,, d)

v \J

OO OO
Puc. 3.2. [lpuknaau penakcarii 1yr

Teopema 3.1. Bracmusocmi penaxcayii oye. Hexait G = (V, E) — opien-
TOBaHMH rpad 3 Barooro ¢yHkuiero w: £ — R, s € V' — novatkoa
BepiuHa i (1, v) € E. Toxi micias BUKOHAHHS MpoLeAypH Init Sour-

ce (G, s, ®m, d) 1JOBUIbHOI IOCIITOBHOCTI peNIaKcariii ayr, s KO-
HOI BEpIIMHU V € /' BUKOHYETBCS TaKe:

5(s,v) <d[v] < du] +w(u, v). 3.1

SIK1o K Ay AesKoi BEPUIMHUA V MAaEMO 5(s,v) = d[v], TO ug pIBHICTH
3QIAITUTELCS BIPHOIO 1 P HACTYTTHHUX PellaKcamisX IyT.

» IlpaBa wactuHa HepiBHOCTI (3.1) € oOYeBHIHOM (BIAMOBIIHO JIO
BU3HAYCHb OI[IHKM HAWKOPOTIIIOTO MUISIXY Ta peiaKcarlii TyTH).

Joexnemo niBy wactuny HepiBHOcTi (3.1). Ilicns imimiamizamii
3HAYCHHS d[v] — HECKIHUEHHI TIPH V # §, OTOXK CIYTYIOTh OI[IHKOIO 3BEp-
Xy JJIS 9OTO 3aBTOJHO, a d[s| =0 (Tex mpaBWIBHO). SIKIIO X JUIsl TyTH
(u, v) 3pilicHeHO pemnakcariio, TO

dv] = d[u] + w(u, v) > 5(s,u)+w(u,v)> 5(s,v).  (3.2)

OcranHs HepiBHICTH (3.2) BUKOHYETHCS 3TiHO 3 JeMoto (3.2).

VY mporieci penakcariii 3Ha4eHHS d MOXYTh TiJIbKHA 3MEHIITYBATHCS, a TTi-
CIIst JIOCATHEHHS piBHOCTI d[v] = O (s, v) JlaJTi 3MEHIIYBaTUCs HiKyau. <
Teopema 3.2. Hexaii G = (V, E) — opieHTOBaHMii rpad 3 Baroporo QyHK-

mieo w:E—> R, s €V —mouarkoBa BepumiMHa i §——>V — HaiiKo-
POTIIMIA ILIAX BiX § 0 V 3 OCTAaHHBOIO Iyroio (u, v). Hexail BUKOHaHO
npouenypy Init Source (G, s, m, d) 1 JOBUIbHY MOCHIiOBHICTb pe-
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Jakcauii Ayr, y TiM 4ucii Oyrd (u, v). SKmo y Jesikuii MOMEHT JI0 pe-
nakcarii ayru (u, v) BUKOHyBanacs piBHICTh d[u] = 5(s,u), TO TiCIs
penakcarii ayru (u, v) BAKOHYBaTUMETLCS PiBHICTH d[v] = O (s, v).
» PigHictb d[u] = & (S, u) 3a TeopeMoro 3.1 30epexeThes 1 micns penak-
cauii ayru (u,v). Tomi d[v] <d[u]+w(u, v) = 5(S,u) +w(u, v) =5(S,v)
(ocTaHHS PIBHICTH 32 HACTIIKOM 3 JieMu 3.1).

Onnax 3a Teopemoro 3.1: &(s,v) < d[v], orox d[v] = &(s,v), mo
i Tpeba Oyno goBectu. <
Jlema 3.3. Hexait G = (V, E)— opienToBanuii rpad 3 BaroBow (QyHK-
mieto w:E— R i s €V —nmnovarkoBa BepuimHa, npudomy y rpadi G
HeMae€ LHUKIIB Bl €MHOI Bard, JOCSHKHHX 3 5. Tomal Imicias BUKOHAHHS
npouenypu Init Source(G, s, m, d) 1 JIOBUIBHOI TMOCIiZOBHOCTI
penakcanii ayr, miarpag nonepeaHukiB G, 0yie 1epeBOM 3 KOPEHEM .
» JloBeIeHHs JIeMU MOYKHA 3HAWTH y [8, cT. 486]. <

3.3. AaropurmMm [leiikcTpu

Aunroput™ JleiikcTpn po3s’a3ye 3ajady PO HAHKOPOTII' MUIAXH
JUTST HaBaHTaXEHOTO opieHToBaHOTO rpada G = (V, E) Big mOYaTKOBOI
BEepmMHU § € V' 10 BCIX IHIIMX BEPIIUH, JOCSDKHHX 3 §, Y SKOMY JIOB-
KHUHHU yCIX OYT Hegid’ emui. BBaxkaroTh, mo rpad 3aJaHo 3a JOMOMOTO0
CRUCKIB CYMIJICHUX BEPUIUH.

VY nporieci podotu anroputMy JeHKCTpH MiATPUMYETHCS MHOYKH-
Ha S C V', gKa cKiamaeThes 3 BEPIIUH v, JUIA SKHX O (s, v) yKe 3Hale-

HO (TOOTO d[Vv] = 5(S,v)). Bepumnu u, sxi He Hanexath S (ToOTO Bep-

IIUHKA ¥ 3 MAMHOKHHA V' \.S') 30epiratotbes y uepsi Q i3 mpiopurera-
MH, 00YMOBIICHIMHY 3HAYCHHIMH d[1].

Anroput™m BUOHpae 3 yepru () 4eproBy BEPIIHUHY U, KA Ma€ Haii-
MeHImi npioputeT d[u], momae ii 1o MHOXKUHH S (TOOTO BiOYBa€THCS
HESIBHUH Tepexin BepuHu tuny u € V' \S no BepmmHu tuny v € S) i
3MIACHIOE peJlaKcalliio ycix pebep, 10 BUXOAATH 3 U, MICIsS YOTro UK
MOBTOPIOETHCA.

'V jesikux BHUIAjKax alrOpUTM BHJIA€ IPABHIbHI Pe3y/bTAaTH i Mij{ 4ac MOITy-
Ky HalJOBIIMX IUIAXIB (IJIs1 alMKIIUHUX oprpadiB — 3a62icou IpaBUIIbHI).
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DEJKSTRA (G, w, s, m, d);

Init Source(G, s, wn, d); S := &;
Q := V[G]d; // GopMyBaHHs uepru 3 HOpiopuTeTamu
Doxmu (Q # )

{ u := EXTRACT _MIN(Q); S := S U {u}; // mHoxmHa

IOnst (ycix y € Adj[u]) RELAX(u, y, w, =m, d);
}.

VY uukii Joxm KOKHA BEPLIMHA T0JAETHCS 10 MHOXKHUHY S JTUILE
onuH pa3. OTke, KIIBKICTD iTepaniii HUKIy Joxwu IOpiBHIOE |V].
OOrpyHTYBaHHS TNPaBHJIBHOCTI anroput™my JleHKCTpH MOXHA
3HaTH ¥ (8, 14].
Npukaax 3.1. BuzHaunT! HAaWKOPOTI NIISXHW Bi BepmuHU 1 1m0 iH-
LIMX BEPIIUH OPiEHTOBaHOTO Tpada Ha puc. 3.3.

Puc. 3.3. OpienToBanwuii rpad

> [Ipomec BianTyKaHHsS HAWKOPOTITUX MIISAXIB BiJ BEpmUHA 1 10
IHIIMX BEPIIMH OPIEHTOBAHOTO rpada 3a J0MOMOror aroputMy Jleik-
ctpu opopmumo Tabnmrero (tadu. 3.1).

Just 3pydHOCTI 004YHMCIIEHb, SIKi 3B’sI3aHi 3 pellaKCallielo JIyT, Ha
MOYATKy KOXHOTO PsJIKA BKA3aHO BEPIIUHY U, KA € TIOYATKOM JIYT, IO
MiMAI0ThCs  penakcaii. JlepeBo HaWKOPOTIIMX IUISIXIB U [BOTO
oprpada 300pakeHo Ha puc. 3.4 (Hax BEpIIMHOIO 1 3a3HAYCHO Js, u]).
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Tabnuys 3.1. BianykaHHst HARKOPOTIIMX NUIXiB (anroputm JeidkcTpu)

Yepea Q (st koxxHoTrO U: T[u], d[u]) Pezynomam

u=1| u=2 | u=3 | u=4 | u=5|u=6 | u=7 n[v], v, d[v]
0,0 0, 0 0, o 0, o 0, o 0, o 0, 0,1,0
u=1 1,5 1,1 0, 0, 0, 0, 1,3,1
u=3 3,3 3,7 3,8 0, o 0, 3,2,3
u=2 3,7 2,4 2,9 0, 2,5,4
u=3 3,7 2,9 5,13 3,4,7
= 2,9 | 5,13 2,6,9
u=6 6,11 6,7,11

o
11
Puc. 3.4. JlepeBo HalikopoTIIHMX HUISXiB oprpada Ha puc. 3.3 <

Hpuxnag 3.2. BusHauntu Hatiooguwsi MUISIXW BiJ BepIIMHU 1 70 1HIIAX
BEpIIMH OpieHTOBaHOTO Tpada Ha puc. 3.3.

» Moaundikyemo mpoueaypy Initi Source Tak, mob dfs]=1,a
JuIs pernta BepmuH v: d[v] = 0. Y npoMy BUNAIKy HEOOXITHO “HaBaH-
taxyBaTu’ (a00 mepenakcoByBaTH) OyTH. /eperaxcayis ayru (u, v) TO-
naratuMe y 3amidi d[v] Ha d[u] + w(u, v), skmo  dlu] + w(u, v) > d[v].
Anroputwm JlelikcTpu y IbOMY BUTIAJKY MOJTU(IKYIOTh TaK:

Ooxku (Q # )
{ u := EXTRACT MAX(Q); SArxmo (u = s) dfu] = 0;
S := S U {u}; // dirypHi OYyXKM 3aIA0Tb MHOXUHY

opnsa (ycix y € Adj[u]) DERELAX(u, y, w, m, d); }.
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JlepeBo HaWmOBIIMX NUISAXIB BiJ| BEPIIMHU | IO IHIIMX BEPIIMH
opieHToBaHoro rpaga (puc. 3.3) 300pakeHo Ha puc. 3.5.

5
(2)

Puc. 3.5. [lepeBo nHaiinoBuiux nuisixis rpada (puc. 3.3) <
3.4. Aaroputm besnimana-®opaa

Anroputm bennvana-®opna (Bellman-Ford) po3B’szye 3amauy
PO HAWUKOPOTIII IIISIXH 3 OJHIET MOYATKOBOI BEPIIMHU JI0 PEIITH BEp-
ITUH OPI€EHTOBAHOTO Tpada IS BUITAIKY, KOJH Bard AyT MOXYTh OyTH
Bix’emHuMu. it anroput™ moBepTae 3HaueHHs TRUE, KO B rpadi
HEMae IUKIY B’ €MHOI BardW, JOCSIKHOTO 3 ITOYATKOBOI BEPIIMHH, i
FALSE, SKIIIO TaKUH UK €. Y MEPIIOMY BHIAAKY alTOPUTM 3HAXOIHUTh
HaWKOPOTII NUISXW; Y IPYroMy BHUIAAKY HAHKOPOTINHMX MUIAXiB (TIPH-
HalMHI JUIS TeSKUX BEPIITNUH) HE iCHYE.

3amumemo anroput™ bennmana-®opa Ha CEBIOKOII:

BELLMAN-FORD (G, w, s, m, d, ozn);

Init Source(G, s, w, d);

Ons (i:= 1; i<= |V[G]| - 1; i++)

Onst (xoxHOl myru (u, v) € E[G]) RELAX(u, v, w,m, d);
Onss (xkoxHO1 nmyru (u, v) € E[G])

Axkmwo (d[v] > d[u] + w(u, v))

{ozn:= FALSE; Buxip 3_anropurMy; }
ozn:= TRUE.

[Ticns inimiamizanii anroput™ |V| — 1 pa3 poOUTh o1HE 1 TE *K:
nepedupae Mo OAHOMY pa3oBi yci Ayru rpada i mianae KoxHe 3 HUX
penaxcarii.
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HanpukiHmi anropuTM mepeBipsie, Yd HEMae LUKIY BiJ’ €MHOT
Baru, JOCSHKHOTO 3 MMOYATKOBOI BEPIIIUHH .

JoBenemo, 1o anroput™m bemmmana-®opaa mpairoe npaBUiILHO.
Jlema 3.4. Hexait G = (V, E) — opienToBanmii rpad 3 BaroBoro (yHK-
uiexo w: E—> R 1 s €V —mnouaTkoBa BepiinHa, npuaomy y rpadi G
HEMA€E IUKIIB Bix €eMHOI Bard, JOCSHKHUX 3 5. Tomi micis 3aKiHYCHHS
poboTtH mpouenypu BELLMAN-FORD piBHICTB d[v] = d(s, V) BUKOHYBa-
TUMETHCS JUIS YCiX BEPIIUH V, JOCSHKHUX 3 S.

» Hexait p = <s = v, Vi,..., V = V> — HAUKOPOTIINH NUIAX 3 § Y v. Moxk-
Ha BBaKaTH, IO Ieil NUISIX HE MICTUTh MUKIIB (BOHU TUTBKH 30UTBIIY-
I0Th CyMapHy Bary Huisixy), oTox & < [v| — 1.

JloBenemo 3a IHIYKITiE€O, IO MicHs i-0i iTepamii UKy Onst Oyze
BUKOHaHa PIBHICTH d[v;] =0d(s, v;). Jns i=0 1e 04eBHIHO, OCKIIBKH
d[s] = (s, s) = 0 ipu BXO1 y IHKIL

Hexaii micnst (i — 1)-o1 itepanii O6ymo d[v; ] =d(s, v.1). [lig gac
i-oi iTepamii BigOyzeThcs penakcamis pebdpa (viy, V), MCISI YOTro 3a
TeopeMoro 1.5 ycTaHOBHUTHCS PiBHICTE d[v;] = 8(s, V).

OCKinbKH BCHOTO BUKOHYEThCS |V|— 1 irepamiss, To 3a Teope-
Mmorto 3.1 piBHICTE d[v] = 8(s, v) OyIe BHKOHYBATHCS JJIsI YCiX BEPIIIUH V,
NOCSDKHUX 3 5. <

Teopema 3.3. [llpasunvuicmv ancopummy bennimana-@opoa. Hexaii
G = (V, E) — opienToBanmii Tpad 3 BaroBow ¢yHKIEw w:E —>R,
s € V' —novarkosa BepmmHa. ko y rpadi G Hemae HUKIIB BiJ’ €MHOT
JOBXKWHH, JOCSHKHHX 3 §, TO TIporienypa BELLMAN-FORD MOBepTae 3Ha-
yeHHs TRUE. SIkmio x y rpadi G € MUK BiJl’€MHOT Baru, JOCSDKHI 3 S,
TO MpoleAypa BELLMAN-FORD NOBepTa€e 3HaYcHHS FALSE.,

» Sxmo y rpagi G HeMae MUKIIIB BiJl’€MHOI Bar, JOCSKHHX 3 S, TO 32
aeMoro 3.4 micias BUKOHAHHS MpoUexypd BELLMAN-FORD piBHICTB
d[v] = 8(s, v) BUKOHYBaTUMETLCS IS YCiX BEPIIMH V, JOCSKHUX 3 S.
3rigHo 3 popmyioro (3.1) ms goBuTbHOI oyTH (1, v): d[v] < d[u] + w(u, v).

A 1e o3Hauae, MO B mporenypi BELLMAN-FORD OJHAa YMOBa
d[v] > d[u] + w(u, Vv) HE BHUKOHYBAaTHMEThCH, 1 aJIrOpUTM HOBEP-
He 3Ha4eHHs TRUE.
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Hexait Tenep y rpadi € UK Bil’eMHOL Baru <vy, Vi,..., Vy = Vo> ,
JIOCSKHUM 3 BeplIuHU s. JloBeneMo, 1110 alropyuTM nopepHe FALSE.
Crpasi, K10

d[vi] < d[via] + wvis, v), i =1k

TO, AO/AI0YH i k HEpPIBHOCTEH 1 CKOPOUYIOUH Zd [v[] B 000X yacTu-

k
Hax, ogepxkumo 0 < Z w(vl._l,vl.), IO CyNEepPEeYnTh BUOOPY ITUKITY.
i=1
Buxomuts, mo s aeskoro i Maemo d[vi] > d[vi] + w(viy, vi) 1
AITOPUTM MOBEpPHE 3HAUEHHS FALSE. <

Npuxkaax 3.3. Busnauutu wHaiikopomuii

IIUISIXYA BiJl BEPITUHY z A0 IHITUX BEPITHH 6 W°

opieHTOBaHOTrO Tpada (puc. 3.6). ° ;

» Jlyru B ajropuTMi MOXKHA IIiJiJ[aBaTh ‘
)

penakcanii y moBiUIbHOMY moOpsiaky. s
3pYyYHOCTI y JaHOMY TPHKIAAI MPH KOXK-
Hilf iTeparlii MUKy TyTH iTal0ThCS pe-
nakcauii B Jekcukorpadiunomy mopsia- Puc. 3.6. Opienrosanuii rpad
ky: (u, v), (u, x), (u, ), (v, u), (x, v), (x, y), 3 BiJI’€EMHHAMU Baramu
0, v), (z, u), (z, x).

ITocninoBHI CTaHM MEPEXi MICHs KOXKHOI iTepallii mukiy 300pa-
xeHo Ha puc. 3.7 — 3.10. JIyru HallKOpPOTIIOrO UIISIXY — MOTOBIIEHI.

Puc. 3.7. llepiua irepariis Puc. 3.8. [Ipyra itepais
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Puc. 3.9. Tpers itepanis Puc. 3.10. YerBepra itepamis

VY 11bOMy MPUKIIAJi aTOPUTM MTOBEpHE 3HaUEHHS TRUE. <
3.5. OnTuMaJbHi IUIAXH B aUKJIiYHOMY oprpadi

PosrnsHeMo 3amavy MONIYKYy HAWKOPOTHIMX IUIAXIB Bifl JESKOT
MOYaTKOBOI BEPUIMHU § O 1HIIMX BEPIIMH B allUKIi4HOMY oprpadi. 3a
TeopeMoro 1.2 g Takoro oprpada MOXJIMBAa HyMepallisi BepIlWH, 3a
SIKOT IS KOXKHOI JyTH (i, j) CHpaBeNINBa HEPIBHICTh I < j .

[Micnsa takoi HymMmepauii yci ayru oprpada OpssMyiOTb B OJTHOMY
HanpsMi. B anroputMi momryky HalKOpOTIINX MUISXIB B allUKIIYHOMY
Opi€EHTOBAaHOMY Tpadi BEpPIIMHHM TEPETISAAI0Th Y 3aJaHOMY MOPSIKY
BiJl MOYATKOBOI BepIIMHH. J[JIs1 KOKHOT BEpIIMHM MiAJAI0Th penaKcarii
yci oyrH, siKi BUXOASTH 3 Hel. 3anuieMo aaropuT™ Ha MCEeBIOKOI:

Dag Shortest Paths(G, w, s, m, d);
Bi,ncop'rysa'rn_sepnmnn (VIG]) ;

Init Source(G, s, m, d);

IOnst (ycix BepumH 1 BiONOBiOHO IO YHNOPAIKYBAaHHS)

IOna (ycix Bepumu j € Adj[i]) RELAX (i, j, w,m, d);

HoBenemo, mo anroput™m Dag Shortest Paths NpaBUIBHUM.
Teopema 3.4. Hexaii G = (V, E) — opieHToBanuii rpag 0e3 LUKIIB 3 Ba-
roBor QyHkiiero w: E — R, s €V — nouarkosa Bepmuaa. Toxi mics
3aBeplIeHHs poOoTU Ipoueaypu Dag Shortest Paths s ycix
v €V BukoHyBaTHMYThCA piBHOCTI d[v] = d(s, v), a miarpad momepen-
HUKiB G, Oyze AepeBOM HAHKOPOTIINX IIJISXiB.

» Skuio BepmmHa v HelocshkHA 3 s, TO d[v] = 8(s, v) = co. Hexaii Bep-
IUHA V JOCSOKHA 3 § 1 p = <§ = Vg, Vi,..., Vp = V> — HAUKOPOTIIHHA TUIAX
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3.5 10 v. OCKUIbKM BEPIIMHU YIOPSAKOBAHI, TO MEPEAYCiM OMparboBy-
OTh ayTy (Vo, V1), IOTIM OyTy (vi, Vo) 1 T.A. [HOYKIis 110 § (aHAIOTIYHO
JOBEICHHIO JieMH 1.5) moBoauTS, o d[v;] = (s, v;) A ycix i. <
Hpuxnag 3.4. 3HaiiTH HAWKOPOTIN HUISXH BiJ] BEPIIMHU 2 0 1HIIAX
BepIuH oprpada Ha puc. 3.11. Bepmuan Mepexi nepeHyMepoBaHi Tak,
o A1 Oyab-aKoi AyTH (I, j) CripaBe/UIBa HEPIBHICTD i < j

Puc. 3.11. Atmknivanii yropsiAKOBaHUH oprpad
» CraHn oprpada micn iHimianizaii 300paxkeHo Ha puc. 3.12.

ok St oL SO
__/4
Puc. 3.12. Cran oprpada micins iHimiarizamii
Cran oprpada micns nepioi itepauii (i = 1) He 3MiHIOETBCS (pHcC. 3.12).
[TocminoBHI cTaHM MEpeKi MICIsT HACTYMHUX iTepalliii UKITy 110 § 300pa-
»eHo Ha puc. 3.13 — 3.16. Jlyru HalKOpOTIIOTO MUIAXY — MOTOBIIEHI.

Puc. 3.13. Cran oprpada micnst npyroi itepauii (i = 2)

1
0 6 4

) -2
@/\ (95249

Puc. 3.14. Cran oprpada miciust Tperboi itepaii (i = 3)
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0 7 5 3
@;

Puc. 3.16. Cran oprpada micis ' sToi itepamii (i = 5)

Cran Mepexi micis mocToi iTeparii (i = 6) He 3MiHIOeThCs (puc. 3.16).<
Jns BiAmIykaHHA B alUKIIYHOMY oprpadi Hatldosuio2o wiisxy

MOXKHA CKOPUCTATUCS CHOCO00M Oepenaxcayii nyr (nuB. mpuknaz 3.2).

VY npomy Bumazaky Tpeda Moau(ikyBaTH mpoueaypy Init Source Tak,

11106 d[s] =0 i d[v] = —o0 IS peIITH BEPILIHH V.

Npuxkaax 3.5. 3HaliTe HAWDOBII NUISXH BiX BEPIIMHW 2 IO IiHIIHAX

BEPILUH Mepexi Ha puc. 3.11.

» Cran Mepexi mics iHimianizanii 3006paxeno Ha puc. 3.17.

Puc. 3.17. Cran Mepexi micis iHimiamizarmii

Cran mepexxi micns nepioi itepauii (i = 1) He 3MiHIO€eTBCs (pHc. 3.17).
ITocmimoBHI cTaHW MEPEXKi IMicIs HACTYITHHUX iTEpaIii UKITY 110  300pa-
*keHo Ha puc. 3.18 — 3.20. /lyru HaliOBIIOTO MUISIXY — MTOTOBIIEHI.
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Puc. 3.20. Ctan mMepexi micist yetBepToi itepanii (i = 4)

CraH Mepexi ani He 3MIHIOEThCA. [lepeBo Hatidoguux wiisixie BijJ Bep-

IIVMHA 2 10 PENITH BEPIIUH, TOCSHKHUX 3 Hel, 300pakeHo Ha puc. 3.20.
<

3.6. Aaroputm @Jioiiga-yopuosia

Aneopumm @notida-Yopuionia nae 3MOTy 3HAUTH JTOBXUHH Hali-
KOpOTIIUX NIIAXIB MK yciMa mapamu n BepmmH oprpada. Jlomycka-
IOTBCS IYTH 3 BiJI’€MHUMH JOBXKHUHAMH, MPOTE O3 MUKIIB 3 CYMapHOIO
BiJI’€MHOIO JIOBKHHOIO.

Hosxunu nyr oprpada 3 7 BeplunHaMu 300pakaroTh KBaApaTHOO
Marpunero D nopsaky n, y sKii eleMeHT d; € NOBXKHHOW ayrd (i, j).
Sxmo nyru (7, j) He icHy€, TO d;; = o0. OyeBUIHO, 10 d;; = 0.

Boanouac 3 matpunero D hopmyeTbes 1 MaTpuLs S TOPSIIKY 7, Y
AKil 5; = j, s; = 0. MaTtpuig S — 1€ cBo€epiiHa MaTPHIL MOIEPEIHHKIB.
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Buknanemo 6a3oBy ineto anropurmy Pmnoiiga-Yopmonna. Hexait
MaeMO TPU BEPLIMHH i, j Ta k, BIACTaHI MK AKUMH djj, di Ta dyj, BiIo-
BiZIHO. SIKIII0 BUKOHYETHCS HEPIBHICTb

dik + dk/ < di/’ (l :l,n, ] :l,n, k :l,n), TO
e IIIAX Ayroro (i, j) 3aMiHSAIOTH Ha NUISX ABOMA ITOCHTIJOBHHMH JTyTra-

mu (i, k), (k, j);

o s, =k — o3naka HasBHOCTI HLIAXY (i, k), (K, /).

3anumemo anroputMm Dotina-Y opironia Ha TICEeBIOKO/II:

FLOYD WARSHALL (D, S)
n := kijgpkicTe pankis (D) ;
Ina (k := 1; k <= n; k++)
Ona (i := 1; 1 <= n; i++)
OIna (j := 1; j <= n; j++)
Axmo (dix + diy < dijy)
{ diy = dix + diyi sy3 = ki }.

Mpukaan 3.6. 3HaiiT HalikopoTII

3 5 O 0‘ LOUISIXW MK yciMa MapaMy BEpLIMH
oprpada (puc. 3.21).

@ » Yci obumcieHHs odopmMuMO SIK

Tabnumi (enemMeHTH Matpuimi D, ki

15
% 10 33JI0BOJIBHSFOTh HEPIBHICTh, 3aTOHO-
BaHO).
Puc. 3.21. Oprpad npuxany 1.15
D S
k=1:
0 3 10 0 ) 0 2 3 4 5
3 0 0 5 0 1 0 3 4 5
10 0 0 6 15 1 2 0 4 5
o) 5 6 0 4 1 2 3 0 5
© o o 4 0 1 2 3 4 0
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0 2 3 4 5
1 0 1 4 5
1 1 0 4 5
1 2 3 0 5
1 2 3 4 0
0 2 3 2 5
1 0 1 4 5
1 1 0 4 5
2 2 3 0 5
1 2 3 4 0
0 2 3 2 3
1 0 1 4 3
1 1 0 4 5
2 2 3 0 5
1 2 3 4 0
0 2 3 2 4
1 0 4 4 4
1 4 0 4 4
2 2 3 0 5
4 4 4 4 0

<

HaiikopoTmii mmsixu MiXK JOBUTPHOIO TApoOI0 BepmIuH oprpada
BH3HAYAIOTh 3a JAOTIOMOTOI0 MaTpulb D 1 S, sIKi OTpUMYIOTh MiCIIs pea-
mizanii 7 kpokiB anroputmy ®noiina-Yopionna. JloBeneHHs npaBUiib-
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HOCTi IbOTO AITOPUTMY MOXKHA 3HalTH y [8]. HalikopoTmuii nuisx Bix
BEPILMHY i IO BEPIIMHU j BA3HAYAIOTh 3a IPABUIIOM:

e Biacrans d;; oTpuMyI0Th 3 MaTpui D.

e [IpomixHi BepIIMHM MUIAXY BiJl BEPUIMHU i 10 BEPIIVHH j BU3HAYA-
0Th 3a Marpureto S. Hexait s; =k, Toni orpumyemo muwix (i, k),
(k, ). SIkmo nami s; =k 1 sy; = j, TO BeCh LULIX 3HAliICHO (BH3HA-

YeHi yCl TPOMIXKHI BEpIIMHH). [HAKIIIE MOBTOPIOEMO MPOIICAYPY
BU3HAYEHHSI MPOMDKHUX BEPUIMH IS NUISXIB BiJl BEPIIUHU I JIO
BEPIINHY k /200 BiJl BEPUINHU k 10 BEPIIUHH j.

Busnaunmo, nanpuxnad, HARKOPOTIINHK MUIAX BiJ BEpIIMHU 1 110
BepminHU 5 (dis = 12). Ockinbku Sy5 =4, T0 orpumyemo muix (1, 4),
(4,5). Hami maemo s14=2 1 sy4 =4, otox ayry (1,4) 3amiHroemo
musixoMm (1, 2), (2,4). Ockineku §jp =2, TO Bech IIIIX 3HaiineHO:
1,2),(2,4), 4,9).

? 3anuTaHHs 1S caMonepeBipKku

CoopmyitoiiTe 03HauUSHHS TOBXKHHU HAHKOPOTLIOTO LIIAXY.

IIlo Take MUK BiJ €MHOT Baru?

[epeniviTe BapiaHTH 33724 PO HAMKOPOTII IIISAXH.

o Take nonepeIHUK BepIIMHUA? 3 SIKOIO METOIO0 HOTO BUKOPUCTOBYIOTH?

wh v =

CdhopMyJTroiiTe MPUHIUIT ONTUMAIBLHOCTI JUISL 33]a4i MOIIYKY HAHKOpPOT-

IIMX NUISXIB Y HABAHTaAXXEHOMY oprpadi.

6. IlepexoHaiiTecs, MmO NOBEJACHHS JeMH 3.2 CHpaBeAIUBE 1 Ui BUIAJIKIB,
KOJIM IOBKWHH IIUISIXIB JOPIBHIOIOTH 00 YH —0.

o Take migrpadu nonepeanuxis G,?

8. Hexaii G = (V, E) — opienroBanuii rpa¢ 3 BaroBoo ¢yskiiero w: E — R,
s €V —nouarkoBa BepmmHa. [IpUITyCTHMO, IO TiCJIA BHKOHAHHSA IPO-
neaypu Init Source, 3a KOO pealli3yeThesl JOBUIbHA MOCIiIOBHICTh
penakcauii x1yr, BusiBuiocs, mo 7 [v] # 0. JloBecTH, 110 y IbOMY BUIIAJIKY
G MICTHTB IIUKJI BiZl' €MHOI Bary.

9. Hexait G = (V, E) — opienToBanuii rpa¢ 3 Baroporo ¢yukmiero w: £ — R,

s € V' —nouarkosa BepimHa. Bigomo, 1m0 G He MiCTHTb IIUKIIIB BiJ’€MHOT

Baru, JOCSKHUX 3 . JloBecTH, 110 Mics BUKOHAHHS mpoueaypu Init -
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10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Source, 3a KO0 peani3yeTbcs JOBIIbHA MOCTIIOBHICTH perakcamnii ayT,
OyIb-sika BepirHa V € V' € 1ocshkHoI0 3 5 y miarpadi nonepeauukis G .
Hexaii G = (V, E) — opientoBanuii rpad 3 Barosoro ¢ynkitiero w: E — R |
s € V' —nouarkosa Bepumna. Bigomo, o G He MiCTHTh IUKIIB Bix’eMHOT
Bary. Jloeecty, 10 Mmicis BUKOHAHHA IpolieAypu Init Source MoxHa
TaK peayizyBaTH |V| —1 penakcanito ayr, mo6 y pe3yibTari piBHICTH
d[v] = &(s, v) BUKOHyBanacs Iust ycix vel .

Hexaii G = (V, E) — opientoBanuii rpad 3 Barosoro pynkiiero w: E — R,
s € V' —nouarkoBa BepiuHa. Bimomo, mio G MicTUTh IHUKI BiJ’€MHOI Ba-
TH, TOCSDKHUM 3 5. JloBeCTH, 10 iCHye HECKIHYCHHA MOCIiIOBHICTh peJak-
carfii IyT, micis KOKHOI 3 AKUX (YHKIISA d[V] 3MIHIOETBCS.

Ha sixiit inei 6a3yerbes anroput™ [eikctpu?

Cdopmymroiite anroput™m [eiikctpu. [t skux HaBaHTakeHUX oprpadis
MOJKHA 3aCTOCOBYBATHU anroputm Jleikcrpu?

JoseniTh, 1o anroputM JlefikcTpu npaioe IpaBUiIbHO JUIs HAaBaHTaXKEHO-
ro oprpada, B IKOMY JIyTH, SIKi BUXOISTh 3 MIOYaTKOBOI BEPILUHHU, OYAyTh
€IMHUMU yT'aMH 3 BiJl’€MHUMH Baramu.

Ha sxiit imei Oasyerbcs amroputMm bemnmmana-®opma? Chopmysroiite
anroput™ beiuimana-®opaa.

Jns SKMX HaBaHTaXEHUX oprpadiB MOKHA 3aCTOCOBYBATH alTrOPUTM
Bennmmana-®opra?

Momudikyiite anroputM bemnmmana-®opaa Tak, mo0 IS BEPIIUHHU V, Y
SIKOi (s, V) = —oo, TICHsl BUKOHAHHS alTOpUTMY OyJI0 BCTAHOBIICHO TIpa-
BWJIbHE 3HaUeHHS d[v] = (s, v) = —0.

CoopmyitioiiTe anroput™ MOIIYKY HAMKOPOTIIMX HUISXIB BiJl JESIKOI MO-
YaTKOBOI BEPIIUHMU § JIO IHIIMX BEPIIUH Y HABAaHTAKECHOMY AlMKIIYHOMY
oprpadi.

Po3pobite anroputm, SKuit 007TIKOBYBaTHME 3arajibHy KUIBKICTh NUISAXIB B
AIMKIIIYHOMY Opi€EHTOBaHOMY oprpadi.

Ha sxiit imei 6a3yerbcs anroputm ®noiima-Yopmomia? Chopmystoite
anroput™M Quoiina-Yopomna.

Jns sKuX HaBaHTaXeHMX oprpadiB MOKHAa 3aCTOCOBYBATH alTOPUTM
®rnoitna-Yopmoma?

Sk MOXHa BUKOPHCTAaTH pe3ysibTaTd poboTtn anropurmy @ioiina-Yop-
moyia, Mmoo Ji3HATHCS, 9 € Y Tpadi MUK Bil’eMHOI Baru?
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3aBaaHHs JJ1s1 CAMOCTIiiiHOT podoTH

3aBpanns 3.1. Ha puc.3.22 306pakeHO TpaHCIIOPTHY MEPEXKY, siKa 3’€IHY€ CiM
MICT, 1 BiZICTaHi MiX HHMH.

Puc. 3.22. TpancnopTHa Mepexa

Bigmrykaiite HalikopoTii BiicTani Mixk mictamu: @) 417;60) 117;6) 116.
3aBnanns 3.2. Bignrykaiite HaHKOpPOTIIi BiACTaHi Bijg micta 1 70 BCIX IHIINX
mict st oprpacda Ha puc. 3.22.

3aBpanns 3.3. Bimmykaiite HaiinoBory BiacTaHe MK Mictamu 1 1 7 juis
oprpada Ha puc. 3.22.

3aBnannsa 3.4. B oprpadi Ha puc. 3.22 Bumyuite ayru (3, 2), (4, 3), (6,4) i
(6,5), mo6 yTBOpPHUTH anWKIiYHUI oprpad. BUKOPUCTOBYIOUM aNTrOpuUTM IIO-
IIYKY HaKOPOTIIMX IUISIXIB Y HABAHTAKEHOMY allUKIiYHOMY oprpadi, Bigmury-
KaliTe HAWKOPOTITY BiACTaHh MiX MicTamu 1 1 7.

3aBaannsa 3.5. 3actocyiite anroputMm Dmoiimga-Yopmoiuia 10 HaBaHTAXEHOTO
oprpada Ha puc. 3.23. BiamrykaiiTe HAHKOPOTIII BiJICTaHI MK MiCTaMu:

a)4i1;6)115;6)119,2)215.
18 19

Puc. 3.23. HaBantaxxenuit oprpad 1jst 3aBnaHss 3.5
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4. IMHAMIYHE TPOI'PAMYBAHHSA B OPTPA®I

Ilnan BUKJIaxy MaTepiany:
1. 3aranpHi MOJOXCHHS.
2. 3agava 3aMiHH YCTaTKyBaHHS.
3. 3agaya ONTHMAaNBHOTO PO3MOALUTY KOIITIB.
4. 3amayda ONTHMAJIBHOTO PO3MOLTY 0OMEKEHOTO Pecypcey.

s~ KurrouoBi Tepminu po3ainy

Y Cmanu cucmemu Y Muooicuna noxanvHux Kkepyeams
Y Onmumanvhe Kepy8amHs Y punyun onmumanvhocmi benimana
Y Iloemanna onmumizayis Y Aooumuena yinbosa (yHKYis

4.1. 3araapHi MOJI0KEeHHA

PosriisHeMo nuHaMivHy CUCTEMY, IO 3 YaCOM 3MIHIOE CBOI CTaHU
505 15 +++» Sy, TOOTO B CHCTEMI BiZIOYBAETHCS EAKUN MPOIIEC, IO MTOYHHA-
€TBCS 31 CTaHy So. X04a O ONMWH 31 CTaHiB Sy, ..., S, € KiHyesum (103-
HA4YUMO HOTo §;) — P Mepexo/ii CUCTEMH y TaKWil CTaH Mpolec, 1o B

Hill BiOyBaeThCs, 3aBepuIyeThes. SKio koxeH craH s; (j =1, n) onu-
CYETBCSI HAOOPOM 3HAUYEHB 7 TTApaMeTPiB Py, P2, ..., Pr, TO CACTEMY Ha3HU-

BalOTh r-napamempuynoro. IlouaTkoBuil cTaH sy € OCOONUBUM CTAHOM,
OTOX HOTO OTHC, 3a3BUYAH, BIAPI3ZHAETHCS BiJl PEIITH CTaHIB.

bynp-skuiil cran s; (j =1, n) 38’13aHU 3 MHOOICUHOIO IOKANbHUX
Kepy6amb (p(S j), KOYKHE 3 SIKMX 3/1aTHE IEePEBOIUTH CUCTEMY 31 CTaHy s;

y JCSKUH 1HIIUKA CTaH S§j, MPUIOMY OOOB’S3KOBO k > j (pO3IIISIarOThCs
cuctemn Ge3 3BOPOTHHX 3B’s3KiB). KepyBanHs 3 ¢ls; ), wo nepeBoauts

CHUCTEMy 31 CTaHy S; y CTaH Sy, TIO3HAUUMO ;. KOKHOMY KEPyBaHHIO U
BiJINIOB1Jal0Th NPHOYTKN/BUTPATH aj, 3B’ 5I3aHi 3 HOro peanizalii€ro.

3ajaya MOIYKY ONTHMANBHOTO KEPyBaHHS 3a3HAYEHOI CHCTEMH
MOJISITa€ B TOMY, 1100 3HANTH TaKy HOCIHiZOBHICTb JIOKaJbHUX KEPyBaHb
3 MOYAaTKOBOTO CTaHYy Sy IO OJAHOTO 3 KIiHIIEBUX CTaHIB S;, 3a SIKOI Cy-
MapHa BeJIMYMHA NPUOYTKiB/BUTpaT Oyna 0 MakcCHMalbHOK/MiHIMalb-
HOIO (TaKy MOCTiIOBHICTh JIOKAJbHUX KEPYBaHb Ha3UBAIOThb ONMUMATb-
HUM Kepy8aHHsM 31 CTaHy ).

CdopmymnroeMo 3amady MONIYKY ONTUMAJbHOIO KEpyBaHHS AWHA-
MIYHOIO CHCTEMOIO B TepMiHax rpadiB. Hexait G = (V, E) — opieHToBa-
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Hull oprpad 3 MHOXMHOIO BepuinH V= {so, s, ..., S,}, B AKOMY Mapa
{s;, Sk} € Iyroro, KIIO B @\s j) icHye kepyBaHHA u; (k> j). Bara nyru

(s, Sx) mopiBHIOE aj; (3a3BMYald, a;>0). OueBunHo, mo G — alMKIIYHUI
oprpad.

3amaua TMOUIYKY ONMUMANbHO20 Kepy8aHHs CKBIBAJICHTHA 3aaadi
NOUIYKY B allMKIiYHOMY oprpadi G Huiaxy MakCHUMallbHOI/MiHIMaIbHOT
JIOBKMHM, IO 3’€IHYE BEPIIUHY So 3 OMHIECIO i3 KIHIICBUX BEPIIUH S,
[e#t nuisx HA3BEMO ORMUMATLHUM ULISIXOM 3 BEPIIUHH So.

[Iponiexypa po3B’s3yBaHHS 33/a4i ONTHMAIBLHOTO KEPYBaHHS Me-
TOJOM JHHAaMIYHOTO IMpOrpaMyBaHHs 0a3yeTbCs Ha NPUHIMIN ONTH-
ManbHOCTI bemmana:

PO3IIIAIAI0YH CTaH S;, HEOOXITHO 00paTH Take JIOKAIbHE KepYBaHHS
Uy € (p(s j), [0 Y CYKYMHOCTI 3 ONTUMAIIbHUM KEPYBaHHSIM 31 CTaHy

Sr YTBOPHTb ONMUMANbHE KePY6anHs 31 CTaHy ;.

[HImIMMU cioBamu:

SIKUM OM He OyB CTaH IWHAMIYHOI CHCTEMH B Pe3yJbTaTi peamizallii
OyIb-sKOTO YHCa KPOKiB, KepyBaHHS Ha HAWOIMKIOMY KpOIi He-
00XiTHO OOMpaTH TakuM, 1100 BOHO pa3oM 3 ONTUMAILHUM Kepy-
BaHHSIM Ha BCiX HACTYNHHUX KPOKax MPHUBEJIO J0 MAaKCUMAJIBHO MOX-
JMBOTO BUIpAllly Ha BCIX KPOKax, IO 3aJIMIIWINCS, BKIIOYAIOYM i
TAHWM.

Bynp-siky 6araTokpokoBy 3ajjady YXBaJICHHs PillICHHS MOXKHa iH-
TEPIPETYBATH SIK POLIEC 3MIHU CMAHY OUHAMIYHOI cucmemu 3 TUCKPET-
HUM 4YacoM. [IoHATTS cmany Billirpae BaXIIMBY POJb Y JUCKPETHOMY -
HAMIYHOMY MIPOTrpaMyBaHHI i MOXe MaTH Pi3HOMaHITHY iHTepIpeTalliio.

CyTp MeTOQy AWHAMIYHOTO MPOTpaMyBaHHS IOJ0 0OaraToKpo-
KOBHX 3a/1ad YXBaJCHHS PINICHb 3 a0UmMueHoio Yiib0o80io QyHKYiEO
TIOJISITAE B OemanHii onmumizayii (ONTUMANbHE PIIIEHHS yXBaJTIOEThCS
Ha KOXXHOMY KpoIli). [IpuAHATTS pirmeHHs Ha KO)KHOMY KPOITi, 32 BUHAT-
KOM OCTaHHBOTO, 3IMCHIOETHCS 3 ypaxyBaHHSM YCiX HOTO MOMIUBHX
HACTIi/IKiB y MalilOyTHhOMY (Ha MaifOyTHIX KpOKax).

[TpuiHATTS pilleHHS Ha OCMAHHLOMY KpOLi Mae OCOONMBE 3Ha-
YeHHsI, ajpke BHUOIp pINICHHS MOXXHA 3IIHCHIOBATH ‘‘HE3BAXKAIOYM Ha
MaiOyTHe”. OTOX y METOIi AWHAMIYHOTO IPOTPaMyBaHHS CIIOYATKy



4. [lnHaMivHe MporpaMyBaHHS B oprpadi 51

IUTaHYIOTh OCTaHHIA KPOK, BUXOASYH 3 MaKCHMAJIbHO MOXJIHMBOI edek-
TUBHOCTI pillIeHHS.

Po3riissHEMO 3aCTOCYBaHHS METOY JTHHAMIYHOTO MPOTPaMyBaHHS
B oprpadi uis po3B’si3yBaHHS KIACHYHUX 3334 3AMIHU YCMAMKYGAHHS,
PO3ROOINY KOWMIE MIX IiIIPHUEMCTBAMH, PO3NOOITY 0OMENCEHO20 pe-
cypcy (3aBaHTAXKECHHS TPAHCIIOPTHOTO 3ac00y UM 3a/1a4a PO PIOK3aK).

4.2. 3aga4a 3aMiHH yCTaTKyBaHHA

3a0aua 3aminu ycmamkyeanns MOJATA€ Y BU3HAYCHHI ONTHMAb-
HUX TEPMIHIB 3aMiHM CTApOro YCTaTKyBaHHS HOBHM. YHAaCIiIOK CTa-
PiHHA yCTaTKyBaHHS 3pOCTalOTh BHPOOHHMYI BUTpaTH, BUTPATH Ha pe-
MOHT 1 00CIYTrOBYBaHHS, 3HMKYIOTHCS TPOAYKTHUBHICTE 1 JIIKBiHA Bap-
TicTh. KpuTepieM onTuManbHOCTI CIYTYIOTh CyMapHi BUTpaTH Ha 00CITy-
TOBYBaHHSl yCTaTKyBaHHS MPOTSATOM IUIaHOBOTO mepiony. PosrisiHemo
LIO 33/1a4y B CIPOILIECHIN nocTanosui. JlaHo:
e [epBiCHA BAPTICTh YCTATKyBaHHS COSY;
e JIiKBiJIHA BapTIiCTh yCTaTKyBaHHs [ikV(f), BIK SIKOTO j POKiB;

e 3arpartd zatr(j) Ha 0OCIyrOBYBaHHS MPOTITOM POKY YCTaTKyBaHHS,
IO JI0 MTOYATKy PiYHOrO MEepioy BXkKe eKCILTyaTyBaIocs j POKiB.
Hanpukinmi excrutyaraiiiiHoOro mepioly HasBHE yCTaTKyBaHHS HEOOXiI-
HO IIpojaTH. BU3HAUNTH ONTHMAaNIbHY CTpAaTErito 3aMiHU YCTaTKyBaHHSA
3a Tepioj # POKiB, sIKa MIHIMI3Y€ CyMapHi BUTpaTh Ha OOCIyTrOBYBaHHS

yCTaTKyBaHHSI.

» IloTounuii cTan L€l cCHCTEMHU BU3HAYAETHCS JBOMA MMapaMeTpamu k Ta
J, e k — KiTbKICTh POKIB, SIKI MUHYIIM BiJl TIOYATKy MEPIIOTO MPUA0aHHS
yCTaTKyBaHHS, j— BIK yCTaTKyBaHHS, IO EKCIUTyaTyeThCsl Ha JaHUH
MoMeHT. CTaH CHCTEMHU 3py4YHO MO3HAYaTH depes3 sy. MHodcuna 10Kab-
HUX Kepyeansb OyIIb-SIKOTO CTaHy CKJIQIAEThCS 3 KEPYBaHb!

®  “3aMiHa” — TIPOAAXK CTAPOTO YCTATKyBAHHS 1 KYIIBIIS HOBOTO;

o “spepesicenns” — MPOJOBKEHHS €KCILIyaTallil yCTaTKyBaHHS MPOTsI-
FOM HACTYITHOT'O POKY.
Orxe, “3amina” NEPEBOUTH CUCTEMY 31 CTaHY Sy.y CTaH Siii1, 4
“36epeoicenns” — 31 CTAHy Sj; Y CTaH Skl j+1.
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ButpaTt Ha 00CIyroByBaHHS YCTaTKyBaHHS Miciisl BHOOPY Kepy-
BaHHS y CTaHI Sj; BU3HAYAIOTHCS TAKOIO (POPMyIIOH0:

cost + zatr(0) —likv(j), sxmo "3amina";
aj = (4.1)

zatr(j), <Ko "30epekeHHs".

Honmamo ¢ixkTuBHUI CTaH S, Y SKWUH MEPEXOIUTh CUCTEMa Micis
3aKiHYEHHS eKCILTyaTalilfHOTO Mepiofy B pe3yJlibTaTi NpoJaKy HasiBHO-
ro ycTaTKyBaHHsA (TIEpPeXill y CTaH S§; MOKE BIIOYTHCS 31 CTaHIB S,1, Sp,
..., Syn). PO3TIIIHEMO 3a71ady 3a Takux qaHux: n = 4, cost = 2000,

j 0 1 2 3 4
likv(j) - 900 750 500 200
zatr(j) 100 800 1200 1600 -

Oprpad 3amadi 3aMiHU yCTaTKyBaHHS 300pakeHo Ha puc. 4.1. Y
BepIIMHAX oprpada BKas3aHl IOpYY IHAEKCH k Ta j craHy sy (f — 1HAEKC
KiHIeBoro crany). Oprpad € auuKIiuHUM.

Puc. 4.1. Oprpad 3amadi 3amMiHu yCTaTKyBaHHS
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JyrH, 10 3’€IHYIOTh CTaHH Sj; T Sk+1, j+1, BINOBIJAIOTh KEPYBaH-
HIO “30epeoicenns”. Jlyru, 1O 3’€AHYIOTh CTaHU Si; TA Si+1,1, BIANOBIJA-
I0Th KePYBAaHHIO “3amina”. Barn Ayr BIANOBIAHMX KepyBaHb OOYHCIIIO-
10T 3rigHO 3 (4.1) 1 € BUTparamMu Ha OOCIYTOBYBAaHHS YCTaTKyBaHHS
nicyis BUOOPY KepyBaHHs y CTaHi sy (Bark 3a3HaueHi MoOIusy JIyr).

[Iponax ycTaTkyBaHHS HA OCTaHHBOMY POIll eKcIutyaTaiii (k = 4)
03HaYa€ YHCTHA TPHOYTOK, OTOX Y 3a7adi MiHIMi3aIlii BUTpAT IIei
MpUOYTOK Tpeba 300paXkaTH BiJl’EMHUM YHCIIOM.

[Insax MiHIMATBHOI JOBXHHM, IO 3’ €HYE BEPIIHHU Soo 1 S;, BU3-
HadaTHMeE ONTHMAJbHY CTPATETilo 3aMiHH YCTaTKyBaHHS JAaHOI CUCTEMH.
Jis BHU3HAUEHHS [BOTO MUISAXY BHKOPUCTAEMO MPUHYUN OUHAMIYHOZO0
npozpamysanHs, sike Ha MOBI Teopil rpadiB 03HaYaTUME BUKOPUCTAHHS
QITOPUTMY BH3HAYEHHS HAMKOPOTILOrO MUIAXY B alMKIIYHOMY Oprpa-
(i mpu mepeMiteHHi Big gumoxy (s;) 1o docepena (soo). st peamizarii
TaKOT'0 BapiaHTa aJlTOPUTMY HEOOXiTHO IMOMIHATH HAIpPSM YCiX IyT Op-
rpada (yMOBHO).

Puc. 4.2. Po3B’430K 3a/1aui 3aMiHHM yCTaTKyBaHHS

OTKe, ONTHMAJIbHHUIA IIJISIX MPOCTATAETHCS YepPe3 BEPIIMHH Sqo,
S11, S22, 831, S42 1 BU3HAYAE CTPATETIIO 3aMiHU 00JIaHAHHS HA YOTHPHU PO-
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Ku: “xyniens”, “soepesicenns” (MICHs MEPIIOTO POKY), “zamina” (micns
IIPYTOTO POKY), “36epescenns” (MICIA TPETHOTO POKY), “npodasc” (IIi-
CJIsl YETBEPTOTO POKY, 3TiAHO 3 BUMOTamu). MiHIMaapbHI BUTpAaTH Ha
00CITyroByBaHHsI YCTaTKyBaHHS MPOTSITOM YOTHPHOX POKIB CTAHOBUTH-
MyTb 4300 oquHUL rpomied. <

4.3. 3aga4ya oNnTHMAJIBHOTO0 PO3MOAIIY KOIITIB

I'pymi 3 m mMANPUEMCTB BUIUICHO JTOMATKOBI KOIITH HA PEKOH-
CTPYKIIiO 1 MOZIEpHi3alifo BUpOOHUITBa. Bimoma marpuns A4, y sKiil Ha
nosuuii (i, j) po3TamoBaHa BeaU4YMHA ;> 0, sIKa JOPIBHIOE NPUPOCTY
BUITyCKY MPOAYKIii Ha i—My (i =1, m ) miANPUEMCTBI 32 YMOBH BUJILJICH-

HS HOMY TOJaTKOBHX KOIITIB y po3Mipi j ( j =0, # ) TpOIIOBUX OTUHUIT.
HeoOximHO Tak po3MOMIMNTA MK MIANMPUEMCTBAMHU 3arallbHy CyMy
KOIITIB Y # TPOIIOBUX OJWHHIIB, 00 CyMapHHUH MPHUPICT BUITYCKY IMPO-
IyKiii OyB MakCHUMaJIbHHUM.
» llorouHuil cTaH Takoi CHCTEMH BHU3HAYAETHCS JIBOMA MapamMeTpamu i
Ta j, AKi 03HAYAr0Th, IO [ MIAPUEMCTBAM YXKE HAaJJaHO CYMY j TPOIIOBUX
oauHuib. CTaH CHCTEMH 3pYYHO [O3HAYATH 4Yepe3 s;. MHOXKHHA @|s;;
CKJIAJIA€ThCs 3 JIOKAILHUX KEpyBaHb “BHJUIUTH k T'POIIOBUX OJIMHHIIL
(i + 1)-my ninnpuemctBy”, k= 0,1, ..., n—j. 3a TaKOro JIOKAIBLHOTO KEPY-
BAaHHs CUCTEMa 31 CTaHy §; IEPEXOAUTD Y CTAH S| j+k.

PosrisiHemo 110 3a/1a4y 3a TaKMX BUXIAHUX JaHUX:

0 10 18
A=|2 12 35| m=3,n=2.
3 14 29

Oprpad 3amaui 300paxeno Ha puc. 4.3. V BepumHax oprpada
BKa3aHO MMOpYY iHAEKcH I Ta j ctany s;. Oprpad € auukmiuaum. [Ipudy-
TOK BiJi OTPUMAaHHUX KOIITIB 300paXkatoTh Ha BignoBigHUX ayrax. LLlmsx
MaKCHMaJIBbHOI JTOBXKHHU, IO 3 €JHY€E BEPUIMHU S; 1 Sop, BU3ZHAYATHME
ONTUMAJIbHY CTPATETII0 PO3MOAITY KOIUTIB MiXK MignpUeMcTBaMu. J{oB-
XKUHY HAUO006UO020 uliAXy 3 BIIMOBIIHOI BEPIIMHU JI0 BUTOKY 300pae-
HO HaJ BiIIOBITHOIO BEPIIHHOM. J[yTH, SIKi TEMOHCTPYIOTh HAWIOBIITHI
[IISX, 300pakKeHO MTOTOBIIEHO.
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Puc. 4.3. Oprpad 3agaui po3no/iisy KOIITiB
OTXe, ONTHMAaJbHHUHA IIISAX MPOCTATAETHCS 4Yepe3 BEPIIMHH Sq,
S10, S22, S3 1 BU3HAYAE ONTUMAJIBLHY CTpPATETit0 “HamaTH yci KOmTH (2 Tp.
011.) 2-My HiANpHEMCTBY”. MakCUMaJIbHUN MPHUPICT BUITYCKY MPOAYKIiT
y [IbOMY BHIIAJIKy CTAHOBUTUME 38 OUHUI. <

4.4. 3aiaya ONITHMAJIBHOTO PO3MOALTY 00MEKEeHOro pecypcy

ITigmpueMcTBO TSI BUPOOHUIITBA TTPOTYKTIB 1 HAMMEHYBAaHb BH-
KOPHUCTOBYE JESIKUI Pecypc, 3amacy SKOTro 0OMEKEHi BETUIHHOIO 7 (Bi-
JIOM€ HaTypalibHe 4ucio). Jljs BUPOOHMIITBA OJMHUII MPOAYKTY i-TO
HallMEeHyBaHHS HEOOXiTHO BHUTPATUTH ¢; OOWHHIL pecypcy (BimoMe Ha-
TypaJbHE YUCIO, ¢;<n), a MPUOYTOK BiJ] ILOTO CTAHOBUTH C; YMOBHUX

TPOIIOBUX OJUHUIL. Bu3HadeHHs! KUTBKOCTI BUpOOHUIITBA X; (i =1, m)

NPOAYKTIB i-r0 HallMEHyBaHHS, fKi 3a0e3MeuyloTh MaKCHUMaJIbHHUH Cy-
MapHUH J0Xi1, MPUBOJMUTH /IO TAKOi 3a/1a4i:

m
>.C;X; —> max;

=1 (4.2)

m
Yqix;<n, x;e NU{0), i=1m.
i=1
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» IlocraBieHa 3ajaya € CTaTUYHOIO 3a/Ja4eio yXBaJeHHsS pimeHb. Of-
HakK, SKIIO 3 TICBHUX NMPUYMH BHPOOHHUIITBO PI3HUX MPOAYKTIB HEOOXi-
HO 3/1IHCHIOBATH MOCTIIOBHO (CIIOYaTKy 1-# MpOAYKT, MOTIM 2-if 1 T.1.),
TO OTPUMY€EMO 0araTOKpOKOBY 3afady yXBaJeHHS pileHb (4.2), sKy i
pO3IIIAAATHMEMO JIATI.

Hexait y; — cymapna KinbKiCTh BUKOPHCTAHOTO PECypCy MpH BU-
pOOHHUIITBI TIPOMYKTIB 3 HallMEHyBaHHAMH Bim i g0 m, a f(y)
MaxcumanvHull npubymox, SIKA|A Ipy IbOMY MOXKHA OTPHMATH. 3TiJHO 3
OPUHIMIIOM JTUHAMIYHOTO TIPOTpaMyBaHHs OTpUMYeMO (KBaapaTHi
JTy>KKH | ...] TO3HAYAIOTH 11Ty YaCTHHY YaCTKH):

f,(7;)=  max _{cx+ (i)} i=1,m, 1€ fni1(Vms1)=0. (4.3)

xl-:O,l,...,[%l}

3agaua po3noainy 0OMEXEHOro pecypcy eKBiBaJICHTHA KIaCHYHii
3a/1avi mpo prok3ak (abo 3a7adi mpo 3aBaHTAKEHHS):
e TypucTy Tpeba BH3HAUNTH HAWHEOOXinmHimI (HaWmiHHINI pedi), sKi
JIOBEJIETHCSI PO3MICTHTH Y HATUTIYHUKY OOMEXEHOTO 00’ eMy;

®  3aBaHTAXYETHCS TPAHCIOPTHHIA 3aci0 (aBTOMOOLIB, CYTHO, JIiTaK TO-
I10), 110 Ma€ OOMEKCHHS Ha 00’ €M YU BaHTAKOITi THOMHICTb.

Hexait aBTOMOOUE BaHTAKOIITHOMHICTIO 7 3aBaHTAXYy€ETHCS
npeaMeTaMu m HaltMeHyBaHb. [ i-ro HaliMeHyBaHHS ([ = I,_m) BiToMi
BEITMYHMHM: ¢; — IPUOYTOK BiJl 3aBaHTAKCHHS OJHOTO TIpEeIMeTa i ¢; — Ba-
ra OJHOTO MpeaMeTa. 3HAWUTH KiabKOCTI X; (i= I,_m) 3aBaHTAKCHHS
MIPEIMETIB -0 HaliMeHyBaHHS, sKi 3a0e3meYaTh MaKCUMaJIbHAHA CyMap-
HUI J0Xi. BiAmoBinHO 10 3p00ieHUX MPUITYIICHb OTPUMYEMO PiBHSH-
us (4.3).

» TloTrouHuii cTaH 3a3HaYCHOI CUCTEMH BU3HAYAIOTh J[Ba TApaMETPH i Ta
Jj, Ki 03HAYAKOTh, O TPEAMETH 3 [ HailMeHYBaHb (i :1,_m) yKe 3aBaH-
TaXEHi 3 CYMapHOIO Baroro j oauHuIb. CTaH CHCTEMHU MO3HAYaTHMEMO
uepes s;;. MHOXHHA @s;; | CKIafaeThest 3 JIOKAIbHUX KEPyBaHb “3aBaH-

T@XUTH X;+; OpeameTiB (i + 1)-ro HaliMeHyBaHHS, x,,, :0,1,..{ % }
i+1
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3a Takoro JIOKaJIbHOI'O KEpyBaHHA CUCTEMaA 31 CTany s; ICPECXOAUTh Yy

CTal §ji], JHXi i

PosrisiHeMo 110 337129y 3a TaKUX BUXiTHUX JaHUX (1 =4):

[penmer (i) 1 2 3
Bara omnoro mpeamera (gq;) 2 3 1
[TpubyToK Bix 3aBaHTAXKECHHS 28 45 12
OJTHOTO TIpeaMeTa (¢;)

Oprpad 3amadi 300pakeHo Ha puc. 4.4. Y BepmmHax oprpada
MO3HAYEHO TOPYY iHIAEKCH i Ta j cTany s; Oprpad € amuxmigyauM (3a
BJIACTUBOCTSIMM  TMHAMIYHOT ~cucteMH). MakcUManbHe 3HAueHHS
KUTBKOCTI 3aBaHTa)KEHHS IEPIIOTo IpeaMeTa qopiBHIOE [4/2] =2 (TodTO
x1=0, 1,2). Ananoriudo x, =0, 1; x3=0, 1,2, 3, 4. IIpubyTok Bix
3aBaHTa)KEHHS BiAMOBIAHOI KiJILKOCTI MpeaMeTa BKa3yr0Th Ha Ayrax.

Puc. 4.4. Oprpad 3amadi 3aBaHTaXKCHHS aBTOMOOLIS
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[Insx MakCHMManbHOI JOBXKWHH, IO 3’€IHYE BEPIIUHU S, 1 Soo
BH3HAYATHME ONTHMAJIBHY CTPATETiI0 3aBaHTaKEHHS aBTOMOOLIA. J[oB-
KUHY HAUO06ui020 wiisiXy BiJl BATOKY JIO MEBHOT BEPIIMHU 300paXkaloTh
HaJ Ii€F0 BepmnuHOW. Jyru, sKi CKIalaloTh HAWJIOBIIMKM HUIAX, 300pa-
JKEH1 MMOTOBIICHOIO JTIHIEH0.

OnTUMansHUN NUIAX TepEeTHHAE BEPIIHHU Sog, S10, S23, S34 1 BU3-
Hava€e ONTUMAIBHY CTPATETIIO “3aBAaHTAKUTH 110 OJTHOMY MPEAMETY 2-TO
i 3-ro HaiimenyBaHHs". [IpubyTok cranoBuTHME 57 p. o1, <

31 30UIbIICHHSIM BEJIMYMHY 71 Y 3a/ladaxX JUHAMIYHOTO MPOrpamy-
BaHHS Oprpad crae NepeBaHTAKCHUM PI3HUMHU ITO3HAYCHHSIMH, OTOXK
HoTOo Bi3yalbHHUI pO3B’S30K € MpoOIeMaTHIHUM. PeamizyBaTu i 3amadi
0e3 BUKOpUCTaHHS KOMII'l0Tepa (32 JOMOMOTOI0 O0YHCIICHb Y TAOJIHIIi)
MOJKHA 3aBISIKU PEKYPEHTHUM piBHSHHAM. PosrisitHemo piBHsSHHS (4.3).
Bupaszumo ;1 Sk GYHKITIIO Bif y; OIS TapaHTii TOTo, IO MpaBa YacTHHA
(4.3) € dbyHKITIETO NTHTIIE Bif V).

OCKITBKH Vi1 — CyMApHA KITBKICTh BUKOPUCTAHOTO PECypCy IMpH
BUPOOHUIITBI MPOJYKTIB 3 HAlMEHYBaHHSIMU BiXl i+1 10 m, TO y; — Vit —
€ KUIBKICTIO BHKOPHCTAaHOT'O PECypcy NpHU BHUPOOHHIITBI MPOIYKTY 3
HalMEHYBaHHAM I, TOOTO y; — Vi+1 = ¢;X; (a00 yi+1 = y—q;x; ). Tomi

fi(v)=  max A +fia (i —gx) b i= Lms £00000)=0. (4.4)

x,-:O,l,...,[%l}

y;=0,1,...,n
» Po3p’spkeMo 3a/ady Mpo ONTUMAaJbHE 3aBaHTAKEHHS aBTOMOOLS 3a
JIOTIOMOTOr0  TabnMuuHuX obumcnenp (Tadm. 4.1 —4.3) 3rigHo 3 dop-
MyIoro (4.4).
Tabnuysa 4.1. Tperiit etann 009YnCICHB

12-x3 OnrtumanbHU po3B’sI30K
i |x3=0|x3=1|x3=2|x3=3|x3=4 S3(x3) x;k
0 0 - - — - 0 0
1 0 12 - - - 12 1
2 0 12 24 - - 24 2
3 0 12 24 36 - 36 3
4 0 12 24 36 48 48 4
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Tabnuys 4.2. Apyruii eran 00YHCICHD

45-x; + f3(y-3X2) OnruManbHUM po3B 30K
2 x=0 x=1 So(x2) x;
0 0+0=0 - 0 0
1 0+12=12 - 12 0
2 0+24=24 - 24 0
3 0+36=36 45+0=45 45 1
4 0+48=48 45+12=57 57 1
Tabnuys 4.3. Tepumii eran 00YUCIICHB
28-x1 + (1—2-x1) OnTuManbHUR O3B’ SI30K
| xi=0 x =1 x =2 Sixr) x|
0 |0+0=0 - - 0 0
1 |0+12=12 - - 12 0
2 |0+24=24 |28+ 0=28 - 28 1
3 |0+45=45]28+12=40 — 45 0
4 | 0+57=57|28+24=52|56+0=56 57 0

Bubip onmumanvroeo poss’azxy. Ha nepiiomy erari xl* =0,y =4.
3 dhopmynu y, = y;—2:X; OTPUMYEMO ), = 4. Ha npyromy erami x; =1.

3 popmyn y; = y,—3-x; oTpuMyemo y; = 1. Ha TpeTpomy ertarmi x; =1.

YV TabnuIli ays mepIioro eramy HeoOXiTHO OTPUMATH PO3B’SI30K
qaire s y; = 4. OaHak Tabnuils Hanigye oduucnaeHss i s y; =0, 1. 2,
3, AKi [MalTh 3MOTY TIPOAHANI3yBaTH YYTIMBOCTI po3B’s3kiB. Ha-
TIPUKJIA, SKIIO BAHTAXOITITHOMHICT 7 = 3, TO ONTUMAaJIBHUI PO3B’ 30K
MOJKHA 3HANTH, moynHarouu 3 y; = 3. <

? 3anuTaHHA 115 caMonepeBipKH

1. CdopmymroiiTe 3a1aqy MOIIYKY ONTHMAIbHOTO KEPYBaHHS y TUHAMIYHIN
CHCTEMI.

2. Cdopmysroiite 3aaady 3aMiHKi ycTaTKyBaHHs. OMHMIIITE MOXKIIMBI CTAHU Ta
JIOKaNTBbHI KepyBaHHS BiATIOBIAHOI TUHAMIYHOI CHCTEMH.

3. Cdopmysroiite 3a1a4y po3noIily KOUITIB MK miAnprueMcTBaMu. OMUIIITH
MOXJIMBI CTaHH Ta JOKAJIbHI KEpyBaHHS BiIOBIIHOT AWHAMIYHOT CHCTEMH.
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4. CdopmymmoiiTe 3a1auy po3MoIiTy 0OMEKEHOTO pecypcy. OMUIIITh MOKITH-
Bi CTaHU Ta JIOKAIbHI KEPYBaHHS BiIIOBITHOI AMHAMIYHOI CHCTEMH.
5. BuBeniTe peKypeHTHI PiBHSIHHSA Yy 3a7a4i pO3MOALTy 00MEXEHOTO pecypcy.

3aBaaHHs /151 CAMOCTIiiiHOT podoTH

3aBmpanns 4.1. I'pymi i3 4-X mInpuUeMCTB HANAIOTh JOJATKOBI KomTH. JaHO

0 0 0 O
10 12 11 16
31 26 36 37 i o .
MaTpUIO A = , B sKkill Ha mo3uuii (i,k), i=0,5, k=14,
42 36 45 46
62 54 60 63
76 78 77 80

3HaXOAWTHCS BEIMUMHA, SIKa JOPIBHIOE MPUPOCTY BHITYCKY OXMHHIE MPOIYKIIi
Ha k-My MIOPUEMCTBI TPU BUAUICHHI HOMY JOAAaTKOBUX { OJUHHIIH TPOIICH.
Po3ninut 5 opguHuIb Tporied Tak, 00 CyMapHHE MpHpICT MpoayKiii OyB
MaKCHUMaJIbHUM.

3aBaanns 4.2. J[aHo: mepBiCHA BapTiCTh yCTATKYBaHHS Cost; JIIKBiTHA BapTIiCTh
ycratkyBaHHs [ikv(i), BIK SIKOTO I pOKiB; BapTicTh 3aTpar zatr(i) Ha 00CIyroBy-
BaHHS HPOTATOM OJHOTO POKY YCTaTKyBaHHS, IIOJO MOYATKy LOTO PIiYHOTO
nepiojly BxKe eKCIUTyaTyBallocsi PiBHO I pokiB. HampukiHIi ekcrutyaraliifHoro
nepiony HasiBHE yCTATKYBaHHS HEOOXiMHO MpoaaTH. BH3HAYMTH ONTHMANbHY
CTparerilo 3aMiHM YCTaTKyBaHHs 3a IEpioJl # POKIB, sika MiHIMI3ye cyMapHi
BUTPATH Ha 0OCITYyrOBYBaHHS YCTATKyBaHHs. BapiaHTH 3aB/aHb:

1. n=5, cost=5400; i 0 1 2 3 4 5
likv(i) — 3500 | 3000 | 2400 | 2000 | 1000
zatr(i) 500 | 2000 | 2100 | 2400 | 2600 | —

2. n=5, cost=1100; i 0 1 2 3 4 5
likv(i) — 1000 | 900 | 450 | 400 | 100
zatr(i) 800 | 1700 | 1900 | 2900 | 4200 | —

3. n=5, cost=3200; 0 1 2 3 4 5
likv(i) — 1400 | 700 | 500 | 400 | 200
zatr(i) 200 | 700 | 1500 | 3200 | 3700 | —

4. n=5, cost=3000; i 0 1 2 3 4 5
likv(i) — 2000 | 1300 | 900 | 500 | 200
zatr(i) 400 | 800 | 1300 | 1400 | 2100 | —
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5. MAKCUMAJIBHHUM MMOTIK

Ilnan BUKJAaxy MaTepiany:

1. Ba30Bi MOHSATTS TEOPii MOTOKIB.
2. Teopema ®opua-DankepcoHa.
3. 306impnryBanbHi IUISIXH.
4. Mertox @opra-PankepcoHa MOIIyKy MaKCHMAaJIbHOTO MOTOKY.
5. 3anumkoBi Mepexi.
6. 3B’sA30K 3a1a4i MakcUMI3allil MOTOKY 3 iHmuMHU 3a1adamu J1O.
s~ KurrouoBi TepmMinu po3ainy
Y [Iponyckua 30amuicme dye Y CymapHa eenuduna nOmoxy
Y Busnauenns st-mepeaxci Y [lepepiz
Y 36inbutysanoHull wiisx Y 3anuwrosa mepesica

5.1. ba3oBi NOHATTS Teopii MOTOKIB

I'pacu Ta oprpadu — MmaTemMaTu4Hi aOCTpaKIlii, IKi MAFOTh BayKIIH-
BE 3HAYCHHS, OCKIIBKH MAfOTh 3MOTY PO3B’SI3yBaTH BEIHKY KUIBKICTh
MpakTUYHUX 3a7ad. Y 1poMy mnaparpadi posmmprmo rpadoBi Moneni
PO3B’sI3yBaHHS 3a[ad 3 TAKHM PO3PaxyHKOM, I00 OXOMUTH OUHAMIUHI
cumyayii, sIKi OTOTOXHIOIOTBCS 3 TIEPEMIMIIEHHAM MaTepiaaiB Yu TOBapiB
PI3HUMH MapIIpyTaMH, NPOTIKaHHSIM PEYOBUH TpyOamu (Bojaa, HadrTa,
ras ToIlo), epeaayeto JaHuX B iHPOpMaLiifHUX Mepekax TOLIO.

Posrnsinemo taky ineanizoBany QisuuHy cucreMy. Y JOESKHX IyH-
KTax (Oowcepenax) BUPOOIAIOTE (YW BUAOOYBAIOTH) OTHOPITHY PEUOBHU-
Hy, Ky Yepe3 CHCTEMY B3a€MO3B’s3aHUX TPyO Pi3HOTO JiaMeTpa Ta pi3-
HOT JIOBXXHMHH JIOCTABJISIIOTH JIO IHIIUX IYHKTIB (cmokig), Ae 1 BUKO-
pucroBytoTb. OTOX TpyOamu mpoTikae nomix peuosunu (a0 MpocToO
nomix).

Hanpsim mpoTikaHHSI MOTOKY Y KOXHIH TpyOi — cTporo 3adikco-
BaHWH 1 HE MOXe 3MiHIoBaTucs. [ KOKHOI TpyOu BioMa BeIMYHHA
NPONYCKHOI 30amHocmi, sKa BU3HAYAE MAKCUMATbHY KITBKICTh OJTUHUIID
MOTOKY (TOHHH, JITpPH, Oapenmi TOIO), sSKi MOXKHA MEPEMICTUTH IIi€l0
Tpy0OI0 3a OJTMHHMIIIO Yacy.

Ha mouartky i/ab0 HampuKiHIII KOXKHOi TpyOHM BCT@HOBJICHO BEH-
THIIb, SIKUH Kepye MOToKoM. Lle kepyBaHHs MoJsirae y BU3Ha4CHHI 6enu-
YUHU NOMOKY TaHOI0 TPyOOro (TOOTO (PAKTUIHOT KUTHKOCTI OJIMHUIG T10-
TOKY, SIKi IEPEMIIIYIOThCS Ii€X0 TPYOOIO 32 OJMHUIIO Yacy).
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BennunHy MoTOKY i MPOMYCKHY 34aTHICTh TPyO BUMIpIOIOTH B OJ-
HUX 1 THX CaMHX OAWHMWINX (HAIPUKJIad, TOHHAX 3a TOMWHY, JIITpax 3a
CeKyHIy, ITykKax 3a mo0y Tomio). OdYeBHIHO, IO BEIMYMHA TOTOKY
JIOBUTbHOT TpyOHM HE MOJKE TIEPEBHUIILYBATH ii MIPOITYyCKHOI 3JaTHOCTI.

VY NpoMiXKHHX MyHKTax, A€ TpyOu MepeTHHAIOThCS, BiCYTHI pe-
3epByapH Ajsl 30epiraHHsl peyoBHHH, OTOXK TYT INOTOKH NepeOyBaloTh y
piBHOBA3i: 3a OJMHUITIO Yacy CTIILKHA OJWHHUIG MTOTOKY 3 IMYHKTY BHOY-
Ba€, CKUTBKH JIO HBOTO 3a IIeH e Jac mpuOyBae (3aKOH 30epedicerHs
NnomoKy).

VY 3aranpbHOMY BHMIAAKy TpyOaMH MOXKHA TakKoX IepeKadyBaTu
PEYOBHHY BiJ MPOMDKHHX IYHKTIB A0 JKEPEN, Bil CTOKIB IO MPOMIX-
HUX TyHKTIB. TpybGamm MoxyTh OyTH 3’€QHaHI pKepena, OTOX MiX
HUMH MOXKITUBUI OOMIH PEUOBHHOIO (T€ X CTOCYETHCS CTOKIB).

Slkmio cymapHa mpoITyCKHa 3[aTHICTh BXIIHUX TPYO KOJHCHO20
MIPOMIKHOTO IMYHKTY JOPIBHIOE CYMapHii MPOMYCKHIN 3MaTHOCTI BUXiI-
HUX TPyO IBOTO MYHKTY, TO MU IIJIKOBUTO 3aIIOBHIOEMO PEYOBHHOIO yCi
TpyOH (3a7a4a onTuMizallii BiICyTHS).

VY npoTunexHOMY BUIAIKY LIJKOBUTO 3alIOBHEHUMH OyAyTh yKe
HE BCi TpyOH, OJIHaK pedyoBHHA Teue TpyOaMu, KepoBaHa HACTPOIOBAH-
HSIM BEHTHJIIB TaK, 1110 3a0€3MEUYEThCS 3aKOH 30epedicents NOMOoK).

3 piBHOBaru MOTOKy Ha MepeTHHax TpyO IHTYITHBHO ciiiye HeoO-
XiJIHICTh PIBHOBAru MOTOKY 3arajioM (CKUIBKH OJIMHUIIL MOTOKY 3 YCiX
JDKEpe 3a OAMHULIIO Yacy BUTEUE, CTUIBKH yCl CTOKHM 3a LieH )ke 4ac Ma-
I0Th BUKOPHCTaTH). BBaxkaloTh, 10 JKepea/cTOKH MOXXYTb Hajicia-
TH/BUKOPHUCTATH JIOBUIbHY KUIBKICTh PEUOBHHH.

[Jani Gyne cTporo 1oBeAeHO, 1110 CyMapHa BeJIMYKMHA MOTOKY YCi-
Ma TpyOamu, siKi 3a0e3MedyoTh BUTIKAHHS PEUOBUHU 3 YCIX JDKEPE, 10-
piBHIOBaTHME CyMapHili BeJTMUYHMHI NOTOKY yciMa TpyOamu, siki 3abe3me-
YYIOTh HaJAXO/PKEHHSI PEYOBUHH B yCi CTOKH.

3rigHo 13 3a3HaYeHWMH (aKTaMH MU 3alliKaBleHI B Ojep KaHHi
BIJINIOBIJII HAa Take MUTAHHS: sKi HACTPOIOBAHHS BEHTWIIIB 3a0e3revarh
MAKCUMATLHY 6EIUYUHY HOMOKY 3 YCIX JKepell B yci cToKu?

Mu MOXKeMO TpsIMO MOZEIIOBATH IF0 CUTYAII0 3a JOMOMOTOI0
HaBaHTaxkeHoro oprpada G = (V, E). Bepmunu oprpada vy, vy, ..., v,
BIJIMTOBIAIOTH JKepeliaM, CTOKaM 1 IPOMDKHUM IyHKTaM. Jlyru oprpa-
¢a BigmoBiawTh TpyOaMm (PEUOBHHA MOXKE MEPEMilIaTHCS TiJIbKU B OA-
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HOMY HampsiMi y KOXHiH TpyOi). Bara myru BiamoBigae mporyckHiid
3IaTHOCTI BiIOBIAHOT TPYyOH.

Jns cipomenss ayry (vy, v;) mosHauumo (k, i). Bara myru (k, i)
BHU3HAYAE ii nponyckny 30amuicms by — MaKCUMaJIBHY KUIBKICTH OJTU-
HUI[b TIOTOKY, SIKIi MOHA MEPEMICTUTH L€ JYTO0 33 OJMHHUIIO Yacy
(b 2 0).

KinpkicTh OAMHUI MOTOKY, SKHH (haxmuyno MEePeMillyIOTh ay-
rot (k, i) 32 OIMHUINIO Yacy, HA3UBAIOTh 8EAUYUHON) HOMOKY Xi; TUET 1y-
ru. OueBuano, mo 0<xy; <by,. Axmo xi; =by;, o nyra (k, i) —Hacu-
YeHA TIOTOKOM.

115t KOXKHOT BepIIMHK V € V' MOXXHA BU3HAYUTH IHMEHCUBHICTD
MOTOKY (200 AMBEPIEHIIII0 TOTOKY — 3 (Di3UKU)

d(v)z DXy = 2 Xy (5.1

ii(v,i)eE i:(i,v)eE

sIKa JTOPIBHIOE PI3HUII MK CYMapHOIO BEIIMYMHOIO TOTOKIB yciMa ay-
ramu, SKi BHUXOISITH 3 BEPIIMHH V, 1 CyMapHOIO BEJIUYHHOIO IOTOKIB
yciMa ayram, siki 3aKiHIyIOThCS Y BEPIIHHI V.

Bemnuuna d(v) moxke 0yt dodamuoio (3 BEPITUHA v OLIBIIE OIH-
HUIIb MTOTOKY BUOYyBae, HiXX NpulyBae y Hel), 6i0’emnoro (y BEpUIMHY V
OlibIIIe OMUHUITE TIOTOKY MPUOYBae, HiX BHOyBae 3 Hel, TOOTO BimOyBa-
€TbCS HAKONUYeHHs TIOTOKY Y BEpIIWHI V) 1 pigHoto Hymio (CKUTBKU
OJIMHHUIIH TIOTOKY MPUOYBAE y 110 BEpIIMHY, CTLIBKH 3 Hel 1 BUOyBae).

BepmmHy 3 10JaTHOIO IHTEHCHBHICTIO HAa3HBAIOTh BEPUUUHONO-
Ooicepenom (a0 TIPOCTO dicepenom) 1 TO3HAYAIOTH JIITEpOro 5. BepmuHy
3 BiJl’€MHOIO IHTEHCHUBHICTIO HA3UBAIOTh Gepuitinoo-cmoxom (abo mpoc-
TO cmokoM) 1 TIO3HAYAIOTh JIITEPOIO ¢. Y 3araJbHOMY BHUIIAIKy oprpad
MOJKE MaTU Oekinvbka JpKepend i/abo cTokiB. BepumuHy 3 HYJIbOBOIO iH-
TEHCUBHICTIO Ha3UBAKOTh NPOMINCHOHK).

CopoctumMo  Cro4yaTKy Hally MoJielb. BBakaTuMeMo, 1110
d(v) >0, d(v,) <0, d(v;)=0(I=2, n—1). Toxi B oprpadi: v = s ez-
HE JDKEpeno, v, = {— €TUHAN CTIK, a Vy, V3, ..., V,_| — IPOMIKHI BEpIITHHH.

HaBanTtaxxenuit oprpad 3 AOAATHUMH Baramu, IO Ma€ €IMHE
JOKEPEIIo § 1 €IMHUH CTIK ¢, HA3UBAIOTh St-mepedicero. Jlyry (k, i) wiei me-
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peXi y HampsAMi Bifl S 10 ¢ HA3UBAIOTh NPSAMOI0 IyTOI0; a 'y HalpAMi Bif ¢
10 § — 360pomHOI0 Ayrow. Benmuuny

F=d(s)= Yxg- Xx (5.2)

i:(s,))eE  i:(i,s)eE

HA3UBAIOTh CYMAPHOI GEIUYUHON NOMOKY B st-Mepexi. 3ajavya makcu-
Mizayii nomoky B St-MEpexi MoJATae y BU3HAUCHHI MaAKCUMYM) BEITAYH-
Hu F.

I'osoBHA MpHYKMHA PO3MIISY SI-MEPEXi MOJIATAE Y TOMY, [0 BOHA
JTa€ 3MOTY PO3B’sI3aTH O€3JIIY IHIITNX 3a/1a9 METOIOM 3BEICHHS.

5.2. Teopema @opaa-PajikepcoHa

P03i6’emMo MHOkMHY BepiinH V Ha AB1 miaMHoxuHu S 1 7, sKi He
nepetnHaoTees (ScV, TcV, SuT=V, SNT=0), Ttak, mod
seS iteT . Iloznaunmo uepes (S, T) — yci xyru, mo 3’enayors Si 7,
a uepes (7, S) — yci nyru, mo 3’eanyrots 71 .S .

Muoxuny ayr (S,7)u(T,S) Ha3uBalOTh nepepizom, HIYKOBa-
HUM MHOXUHOIO S. Ilepepi3 Bu3Hauae MHOKHMHY JAYyT, 32 YMOBH BUZA-
JICHHS SIKUX 3 oprpada yirkogumo MPUIHHIETHCS MOTIK BiJl [Kepena 110
CTOKY Ta HaBMNaku. [IponyckHoto 30amuicmio TaKOTO Tiepepily Ha3uBa-
I0Th BEIMYNHY

b(S,T)=  2by. (5.3)
(k,i)e(S.T)
3rigHo 3 (5.2) BenuuuHa F BUMIPIOETBCS Y JKepedi s. 3a Teope-
Mor0 5.1 BennuuHy F MOXHA BUMIPSITH y JIOBIIEHOMY TIepepisi.
Teopema 5.1. Iy mOBUTHHOT M IMHOKIHE BepuH S C V', ika MICTHTB
JDKEpEeIIo S 1 He MICTUTh CTOKY £, CIIPABIKYEThCS CITiBBITHOIICHHS

(k,i)e(S,T)  (i,k )e(T,S)

» Jlns Oyap-skoi mpoMixkHOT BepiiuHU v € S, 3rigHo 3 (5.1), cnpaBemin-

BUI BUpa3:

0= vai - in\/' (5.5)

i(v,i)eE i:(i,v)eE
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Honatoun mounenHo piBHicTb (5.2) i piBHocTi (5.5) mns ycix
MPOMDKHHUX BEPIIUH Vv €S, oTpuMyeMo criBBigHomeHHs (5.4). [iiicHo,
JUTSL TOBIITBHOT IyTH (7, z) € E MOKJIMBI TaKi BapiaHTH:

— ref, zeS—BemuuuHA X,, y CyMi ) X,; OyJe JOAAHKOM 31 3Ha-
i (r,i)ekE
KOM “+”,ay cymi ) Xx;, —JDONAaHKOM 3i 3HaKOM “—’
i (i,z)eE
CITIIOK CYMyBaHHS BEJTUYHHA X, 3HUTIYETHCSA);

(TobToO BHa-

— resS, ze T (nyra Hanexuts MHOXHHI (S, 7)) — BeIU4YMHA X,, Oyzae
JIOTAHKOM TIJTBKH Y CYyMi > Xk
(k,i)e(S,T)

— relT, zeS (ayra manexuts MEHOXUHI (7, S)) — BenuunHAa X,, OyIe
JIOIaHKOM TLIBKU y CyMi > X -
(i,k)e(T,S)

Vi po3riisHyTI BUMIAAKH Y3rOKYIOThCS 3 piBHICTIO (5.4). <

Haciinok 3 Teopemu 5.1. F =—d(t)=—| x-S
k:(t,k)eE ki (k,t)eE

» Hexait T = {t}, Toni S = V/{t}. 3rinno 3 (5.4) Mmaemo Taxe:

F= " Yxg— XX = XX~ XXy =
(k,i)e(S,T) (i,k)e(T,S) k:(k,)eE  ki(t.k)eE

=- Xxg - XX |- <
k(LR)eE  k: (ki)eE

Hacnizok 5.1 BimoOpaskae iHTYiTMBHO 3pO3yMiNluil (akt: cTikae
TaKa KiJIbKICTh OJIMHHIIb TOTOKY, SIKa BUXOJUTh 3 JDKEpea.

OnnuMm 3 pyHmamenTansHuX (akTiB Teopii MOTOKIB B oprpadax €
KJIaCU4YHa TEOpeMa Npo MAKCUMAIbHUL NOMIK | MIHIMAIbHUL nepepi3 y
st-mepexi (abo Teopema Dopoa-Pankepcona). Minimanvnum nepepizom
cepen ycix nepepiziB (S,7)U(T,S), iHAyKOBaHUX MHOKHHOIO S, € TIe-
pepi3 3 HaliMEHIIO0 MPOIYCKHOIO 3AaTHICTIO h* = min (b(S ,T ))

s
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Teopema 5.2. Teopema @opoa-DPankepcona. CymapHa BenuuuHa F 1o-
BUTHHOTO TIOTOKY BiJ § JTO ¢ HE IMEPEBUIIYE MPOITYCKHOI 3MaTHOCTI MiHi-
MajpHOTO Tepepi3y (£ < b*), mpuaomy iCHYE MOTIK, U SKOTO £ = b*,
» 3rigHo 3 (5.3) i (5.4) Mmaemo Take:
F= " Yxg—  2xp < Xxg < 2by =b(S.T).
(k,i)e(S,T)  (i,k )e(T,S)  (k,i)e(S,T)  (k,i)e(S,T)

OTxe, cymMapHa BeTMYMHA F JOBUIBHOTO MOTOKY Bif § 110 ¢ HE Tie-
PEBUIITY€E MPOITYCKHOI 3MaTHOCTI 008iibHO20 TIEpepi3y st-Mepexi (Y TiM
YHCIi 1 epepisy 3 Hatlmenuiowo IPOMYCKHOIO 3aTHICTIO: F < b¥).

SIKI10 BAACTHCS BIAIIYKATH TaKHid MOTIK, o F = b(S,T), To BiH i
Oyne maxcumanvuum, a (S,T) Oyne minimanvuum nepepizom. JloBenen-
HS (aKTy iCHyBaHHSI Takoro MOTOKY cIiaye 3 TeopeMH 5.3 Ta aHamizy
AIITOPUTMY, MPEACTaBIeHOro y naparpadi 5.4. <

5.3. 30inbmyBaNbHI IUISIXA

Vci anroput™Mu po3B’sI3yBaHHS 3a/1adi MakCHMI3arlili TIOTOKY BH-
KOPUCTOBYIOTh TPOMDKHUN alNTOPUTM BiJIIYKaHHS 30L16ULY8ATbHO20
WXy, SIKAA MICTHTB 301161y BaJIbHI /200 3MEHIIyBallbHI JYTH.

e 3binvuysanvra (a60 ayemenmanvha) ayra — e Jayra, BEIAYMHA T10-
TOKY IKOT MEHIIa 3a i1 MPOITyCKHY 3AaTHICTh (BEMUYMHY HASBHOTO
MOTOKY LI€I0 AYTOI0 MOXHA 30inbwiumu). MHOKUHY/THIT 3011bLTY-
BaJIbHUX JIyT MTO3HAYAIOTH JIiTepoto / (3 aHTIIHCHKOT MOBU: increase).
Toni:

(k,iyel, sxmo 0=<xy; <by;.

®  3menwysanvua Ayra—Ie Oyra, BEIWYMHA IOTOKY SIKOi € JOJaTHOO
(BeMUUHY HAassBHOTO MOTOKY II€I0 JIYTOK MOXKHA 3MeHuwumu). MHO-
KUHY/TUT 3MEHIITYBaJIbHUX JyT TO3HAYAIOTHh JITeporo R (3 aHTIii-
cbKkoi MOBH: release). Toni:

(k,l) € R, SIKIIO 0< X < bki .

e Jlyru, sKi OIHOYACHO HAJIeXkKaTh SIK MHOKWHI /, Tak 1 MHOXHWHI R,
HA3UBAIOTh NPOMINCHUMUL:

(ki) e I)A((k,i) € R), sixmo 0< xy; < by;.
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Bennuuny by; — x;; Ha3MBaIOTh pezepsom 30inbuieHHs IOTOKY

nyrowo (k,i)el ,a xp — pe3epeom 3menuienHs IOTOKY IyTOO
(k,))eR.

PosrnsiHeMo Temep, SKMMU 3ac00aMU MOXKHA TIepeciiaTd JI0JaT-
KOBY KUIBKICTh OJIMHUIIb TOTOKY 3 JKEpelia S Y BUTIK £:
1. 3a 7OMOMOroOI0 NUISAXY 3 S Y f, MO CKIANAEThCS JIMIIE 31 301IbITY-
BanbHUX AyT. Ha puc. 5.1 HMKUYe KOXKHOT AYTU CTOITh YHCIIO, SKE € pe-
3ep80OM 30LTbULeHHs. TIOTOKY JIyTOIO.

OO0

Puc. 5.1. I1Ins1x, 1110 MiCTUTH TUTBKY 301LTBIIYBaJIbHI IyTH

Hum nuisxom MoKHA 30UTBIIMTH TOTIK HA BEJIHYHMHY, IO JOPiB-
HIOE min{4,2,1}=1. IHTeHCHBHICTH IPOMIXKHUX BepuH 1 1 2 y nboMy
BUMAJIKy HE 3MIHHUTBCS.
2. 3a JOMOMOTOI0 WIIAXY 3 ¢ Y S, IO CKIANAEThCS JIUIIE 31 3MEHIIY-
BampHUX nyT. Ha puc. 5.2 HIKYe KOXKHOI IyTW CTOITh YHUCIO, SIKE €
pe3ep8oM 3MeHUuleHHs TIOTOKY TyTOIO.

Tyt Tpeba MipkyBaTn Tak. MOKHA 3MEHIITUTH MOTIK KOXHOIO [Ty-
TOI0 NUISIXY, MO CIIPHYUHIIIO O 3MEHIIIEHHS 3BOPOTHOTO MOTOKY 3 £ 10 §
i, OTXKe, 30UIBIIICHHS YUCTOTO MOTOKY 3 § J10 . MaKkCUMasIbHE 3MEHIIICH-
HS TIOTOKY 3 ¢ JIO § 1, OT’Ke, 30UIBIICHHS MIOTOKY 3 § JIO ¢ BU3HAYAETHCS
BEJTUYMHOIO min{4, 2, 3}= 2. IaTeHCHBHICTS TPOMIKHUX BepIIvH 1 i 2

y IbOMY BHIIQ/IKy HE 3MiHUTHCSI.
OO0

Puc. 5.2. IlInsx, 10 MiCTUTP TUTBKHA 3MEHITYBAIBHI TyTH

3. KomOiHaris mepmioro i Apyroro crocoOy, sika MoJsrae y mooyaoBi
30i1bULY8AILHO2O TILTAXY.

3binvuysanvrum (a00 ayemenmanvhum) MUIIXOM B SI-MEPEXKI Ha-
3WBAKOTh MPOCTHH IUISAX BiA § 1O ¢ 6e3 ypaxysawHs opicHmayii IyT, B
SIKOMY TIpSIMi IyTH MarOTh THI /, a 3BOPOTHI — THIT R.

B310Bk ayrMeHTal bHOTO HUIAXY MOXKHa ‘TiepeciaTH’ J10JIaTKO-
BHI TIOTIK BiJI § JIO ¢ BEIMYUHHU A, 0 TOPIBHIOE MIHIMAAbHOMY 3 PE3ep-
BiB 301JIbIIICHHS/3MEHIIICHHS, BIAMOBIIHO, IPSIMUX 1 3BOPOTHUX JAYT.
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Ha puc. 5.3 306paxkeno oprpad, mo Mae 30UIbIIYBaIbHANA HIISX
(s,1),(1,2),(3,2), (3,%).Benmnunna moToky B IboMy oprpadi mopis-
uHioe 9. Ilo3Hauka Ayru: eeruuuna nomoxy oyeu, [nponyckua 30am-
Hicmb_Oyeu].

Puc. 5.3. Oprpad, mo MicTUTH 301TBITYBATBHUH MUIAX

Jls1 301IBIITyBaTbHOTO TIUISIXY Ha pHC. 5.3 3HadeHds A = 1. 301b-
IIYIOYH TMOTIK MPSIMUMH JAyraMu Ha | i 3MCHIITYFOUM HOTO Ha 3BOPOTHIM
ny3i (3,2) Ha 1, orpumaemMo HoBuid moTik BenwuuHU 10 (puc. 5.4). In-
TEHCHUBHICTh TPOMDKHHUX BepmuH 1, 2 1 3 y 1IbOMy BHUIAAKY HE 3Mi-
HUTBCSL.

Puc. 5.4. Oprpad, 1110 MicTUTb TOTIK BenmyuaA 10
Teopema 5.3. Taki TBep/DKCHHS B SI-MEPEXKi € EKBIBaJICHTHIMH:
(I) moTik Bix s 7O ¢ MAKCHMAJTbHHIA;
(IT) He icHye 301TBITYBAaTFHOTO MUIAXY;
() F =b(S,T) nna geskoi MHOKUHH S V', Takoi, mo s€S i teT .

» (I) = (I). HoBeneHHs o4eBUIHE, OCKUIBKH ICHYBaHHS TaKOTO HIISXY
Jairo 0 3MOTy 30UTBIIMTH BEIMYHHY TIOTOKY, a 11e cynepeduTs (I).
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(IT) = (III). 3agncnumo 10 MHOKUHH S (s € S ) Taki MPOMiXKHI BEPIINHU:
stcinto ((k,7) —mpsiva syra) A (v € S)A (xg; < by ), T0 v; €S, (5.6)
AKIIIO ((k,i) —3BOpPOTHA z[yra)/\ (vl- € S)/\ (x,-k > O), TO Vi, € S. '

Pemira BepimH HaneKaTUMYTh MIJIMHOKUHI 7.

OueBuaHO, M0 Tepepi3 moOyA0BaHO, OCKUTEKH ¢ € T . SIkmio 6 11e

Oyno He Tak (ToOTO f€S'), TOAI, 3rigHO 3 (5.6), icHyBaB OM 30iTbIIY-

BaJIbHUI NUIAX, a e cynepeunts (1I).

Sxmo (k, i)e (S,T), To xy; =by; ; iHaKue BepmHHA v; HaTeKa-

THME 110 S, 3riAHO 3 (5.6). AHaIOrIUHO, AKIIO0 (i, k)e (T ,S), To Xxj =0.

Otox

F= " Yxg—  2xp =  Xby —0= " by =b(S,T).
(k,i)e(S,T)  (i,k )e(T,S)  (k,i)e(S,T) (k,i)e(S,T)

(I = (1), o BummBae 3 Teopemu (5.2).<

5.4. Metoa ®opaa-PankepcoHa NOMYKY MAaKCUMAJIbHOT0 MOTOKY

Posrmstnemo  memoo @Dopna-DankepcoHa BHU3HAYCHHS MaKCH-
MaJILHOTO TIOTOKY, SIKWH 0a3yeThcs Ha TeopeMax 5.2 i 5.3. Imetbest mpo
Memoo, OCKIIBKH ICHY€E JIEKLIbKa allTOPUTMIB, SIKi HOTO peai3yroTh.

Memoo @opoa-Dankepcona BUSHAYEHHI MAKCUMATLHO20 NOTMOKY
Kpox 0. Ins koxHOT 1yrH oprpada (k,i) € E BcTaHOBMIOIOTH Xy = 0.

Kpox 1. BuzHa4aroTh 301IbIIyBAIBHUH IIISX B oprpadi.

Kpoxk 2. SIkuio 3011pIIyBaEHOTO MUIAXY HE ICHYE, TO MOTIK OnmumMdaib-
Hutl (3asepuienns podOTH). Y TPOTHICKHOMY BHITAIKy BHU3HA-
YalTh pe3epsu 30inbuleHHs/3MeHuenHsT TIOTOKIB JIyraMu, sKi
YTBOPIOIOTH 301IbITYBaJIbHUN MIUISX.

Kpoxk 3. O0UUCIIO0Th 3HaUCHHS A, SIKE JOPIBHIOE MIHIMAIbHOMY 3 pe-
3epBiB 301IbIIIEHH/3MEHIICHHS TIOTOKIB AyTaMH.

Kpox 4. 36inbuytoms TIOTIK IPSIMAME IyTaMy 301UTBITYBATBHOTO MUIAXY
Ha 3HAYEHHA A.

Kpox 5. 3menwyroms MOTIK 3BOPOTHUMHU JAyTraMH 3011bIITYBAILHOTO LIS~
Xy Ha 3Hau4YeHHS A.

Kpok 6. IlepexonsaTh Ha IEPIINA KPOK.
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AJITOPUTMU BUBHAUEHHSI MAKCUMATLHO2O NOMOKY BIIPI3HAIOTHCS

OJIMH BiJl OJTHOTO, 37Ie01IBIIIOTO, CIIOCOOaMH BiAITyKaHHS 301IBITYBaTb-

HOro HuIIXy (TOOTO peasizaliero mepuoro Kpoky meroay dopua-dai-

KepcoHa). Po3risiHeMO CrioyaTKy HaWMpOCTINIHIA allTOPUTM BiAITyKaHHS

301TBIITYBANBHOTO NUIAXY, SKHH 0a3y€ThCs HA TIO3HAYCHHI YT 1 BEPIIMH

oprpada [18]:

1. BusHauuTH THI KOKHOI ayru oprpada. [To3HaYUTH BEpIIUHY S.

2. Tlo3Hauaty myTH i BEPIIMHU BiTMOBIAHO IO NPAGUL NO3HAYKU JOTH,
JIOKH HE TO3HAYeHO BEpIIMHY ¢, a00 JOKW MO3HAYCHHS HOBHX BeEp-
HIVH CTaHE HEMOXKJIHBUM.

Ipasuna nosnauxu:
— SIKIIO BEPILIMHA X — [I03HaUeHa, BEpIINHA J — HE MTO3HAYCHa, Jy-
ra (x, y) — He MO3Ha4YeHa 1 Ma€ TUM /, TO MO3HAYAIOTh YTy (X, V) Ta
il KiHeIb — BEPIIUHY V;
— SIKIIO BEpUIMHA X — IO3HAYEHA, BEpIINHA ) — HE MO3HAYeHA, Y-
ra (y, Xx) — He TIO3HAa4YeHAa 1 Ma€ THI R, TO TIO3HAYAOTh OYTY (), X)
Ta 11 IOYaTOK — BEPLIUHY V;
— IHIIUX BUMAJKIB MO3HAYCHHS HEMAE.

Teopema 5.4. ko mix yac BUKOHAHHS aITOPUTMY IONIYKY 301IBIITY-
BaJIbHOT'O NIIAXY BEpILMHA ¢ — [T03HAYEHA, TO B oprpada Takui IuUIix ic-
Hye. SIKIO BepUIMHY ! MO3HAYMTH HE BAAJOCS, TO 30LIBIIYBAIBLHOTO
NUIIXy B oprpada Hemae. AJITOPUTM 3aBeplrye poOOTy 3a CKiHUYCHHY
KUTBKICTB KPOKIB.

» 3a mpaBuJIaMH IyTy MOYKHA MMO3HAYUTH TITLKU TOJ1, KOJIX OJIHY 31 Cy-
MDKHUX BEpIIUH MO3HAYECHO, a iHmy — Hi. OTXe, M 4ac BUKOHAHHS
aNTOPUTMY HE MOKHA MO3HAYUTH YTy, B SIKOi OOW/BI BEpPIIUHU YXKe
TTO3HA4YeHi, OTOX IMO3HAYEHI BEPIIMHM Ta AYTH HE YTBOPIOIOTH ITUKITIB.

BHacnizok nporecy mo3HadeHHsI yTBOPIOETHCS depego 3 Tovar-
KOM Yy JoKepeni s. SIKIIo IpH bOMY ITO3HAYEHO BEPILUHY £, TO 33 TE€O-
pemoto 1.1 icHye edunuii npocmuil uiiax, mo 3’emuaye s i ¢ Lew mumx
€ 30i1bUYy8anbHUM, OCKUIBKM TpaBHWiIa ITO3HAYKHA TapaHTYIOTh, IO
MpsMi AYTH [BOTO JAHIIOra MarOTh THII /, 2 3BOPOTHI — THI R.

JloBeneMo, SIKIIO BEpIIMHY ! MO3HAYUTH HE BIAJOCS, TO 3011b-
IIyBaJbHOTO NUIIXY B oprpada Hemae (8i0 cynpomusHnozo). Hexaii ic-
Hy€ 30UTbIIYBabHUN OUISAX (32 O3HAYSHHSM — 1€ IPOCTHH HUIAX BiX §
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Jo t 6e3 ypaxyBaHHs opieHTauii ayr). [IpaBuio mo3Hauku gae 3Mory
JOCSTTH OBITBHOI AYTH IHOTO NMUIAXY i, 30KpeMa, TyTH, CyMiXKHOI 3
BepunHOKO ¢. OTOX BepIIuHy ¢ OyJie TIO3HAYEHO (OTPHUMAIU Npomu-
piuus).

Anroput™m 3aBepliye poOOTy 3a CKiHYEHHY KUTBKICTh KpOKIB,
OCKIUTBbKH Yy HBOMY JIMIIIE TI0 OJTHOMY pa3y MO3HAYaIOThCs BEPIIUHH Ta
JYTH, KITBKICTh SIKMX € CKIHUEHHOI0. <

s oprpada Ha puc. 5.4 HE BIAETLCSA BIMIIYKAaTH HOBHH 3017Tb-
IIYBIBHUH NUISIX, OCKIIBKY TUTBKH TpH AYTH (s, 1), (1, 2), (3, 7) € 30i0b-
[IYBATEHUMH.

Mpuxnang 5.1. BusHaunt MakcCUMaJIbLHUH TOTIK B oprpadi (puc. 5.5).

» Jlns BU3HAYEHHS MaKCUMaJbHOTO IOTOKY CKOPHUCTAEMOCS METOJIOM
®opna-dankepcona, sikuii 0a3y€eThCsl Ha MO3HAYCHHI YT 1 BEPIIUH Op-
rpada mig 9ac BU3HAUEHHS 30UIbITyBadbHOTO NUIAXYy. Ha puc. 5.5 mus
ycix ayr oprpada (k,i)eE BCTaHOBJIEHO Xj; = 0 (TOOTO mepen BUKO-
HaHHSAM TEPIIOTO KPOKy Bci Ayru oprpada marots Tum /). OOpani 1is
MO3HAYCHHS IyTH 30€piraTHMEMO Y CTEKY.

Puc. 5.5. Oprpad mpuxnany 5.1

[To3HaueHHs BEpIIUH i IyT Crex

s (s, 1), (s,2)

s, (s, 1), 1 (1,3),1,2),(s,2)

s, (s, 1), 1,(1,3),3 (3,9),,2),(s,2)

s, (s,1),1,(1,3),3,3,0,¢ (1,2), (s, 2)

30inpuryBaneHMHA OUIsX: (s, 1), (1, 3), (3, #). B3goBx nporo nuisxy
MTOCHIIAEMO JO0JATKOBUH MOTIK, 110 A0piBHIOE min{16, 12, 20} = 12. Or-
puMyeMo oprpad 31 cyMapHOI BETHYMHOIO MOTOKYy 12 (puc. 5.6), yci
IYTH SIKOTO MalOTh THII /, 32 BUHATKOM 1yTH (1, 3) Tumy R.
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Puc. 5.6. Oprpad i3 cymMapHOIO BEIHYHUHOIO MOTOKY 12

[To3HaueHHs BEpIIUH i yT Crek
s (s,2), (s, 1)
s, (s,2),2 2,4),2,1),(, 1)
s,(s,2),2,(2,4),4 4,,4,3),2,1),@, 1)
8, (5,2),2,(2,4),4, (4,0, ¢ 4,3),2,1),(s, 1)

30inbInyBaNbHUN NUISX: (5, 2), (2, 4), (4, {). B310BXK 11bOT0 NUIAXY
MOCHUJIAEMO JIOJJATKOBHA TOTIK, 10 AopiBHIOE min{13, 14, 4} =4. Ot-
puMyeMo oprpad 31 cyMapHOI0 BEIMYHHOI MOTOKY 16 (puc. 5.7), yci
IYTH SIKOTO MaroTh THII /, 32 BUHATKOM OyT (1, 3) i (4, ) Tumy R.

12, [12]

Puc. 5.7. Oprpad i3 cymMapHOIO BEIHYHUHOIO MTOTOKY 16

[To3HaueHHs BEpIIUH i IyT Crexk
g (s,2), (s, 1)
s, (s,2),2 (2,4), (2, 1), (s, 1)
s, (s,2),2,(2,4), 4 4,3),(2,1),(s, 1)
s, (s,2),2,(2,4),4,(4,3),3 (3,1,(3,2), (2, 1), (s, 1)
s,(5,2),2,(2,4),4,(4,3).3,3,0,t |(3,2),2,1),(s,1)

30inburyBanbHui muisx: (s, 2), (2, 4), (4, 3), (3, £). B3gox nporo
HIISIXY TOCHIIAEMO TIOTIK, 10 AopiBHIOE min{9, 10, 7, 8} = 7. Otpumye-
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MO oprpad 3i CyMapHOI0 BEJMYMHOIO MOTOKY 23 (puc. 5.8), yci ayru
SIKOTO MarOTh THI /, 32 BUHITKOM 1yT (1, 3), (4, t) 1 (4, 3) Tumy R.

12, [12]

11, [14]

Puc. 5.8. Oprpad i3 cyMapHOIO BETUYMHOIO MTOTOKY 23

[To3HaueHHs BepIIUH i AyT Crex
s (s,2), (s, 1)
s, (5,2),2 (2,4), 2, 1), (s, 1)
s, (5,2),2,(2,4),4 2,1),(s, 1)
s (s, 1)
s, (s, 1), 1 (1,2)
s, (s, 1),1,(1,2),2 2,4
s, (s, 1), 1,(1,2),2,(2,4),4

Bepinna ¢ — Hemo3HaveHa (MOTIK Ha puc. 5.8 maxcumanvruir). <
5.5. 3anumkoBi Mepeki

3anuwrosor mepesiceio (residual network) st neBHOT st-Mepexi
G = (V, E) mazuBatots oprpad G* = (V'*, E*), nis sixoro V* =V, a nyru
E* BU3HAUaIOTH TaK:

(V (ki) € E: (x, =0) A (b, >0)) = 3 (ki) e E* b, =b,),
(V (ki) € E: X =by;) = 3 (1, k) € E*: by =by +xp), (5.7)
(V (ki) € E: 0<xy; <b) = (3 (i, k) € E*: by =by +xp5) A

A @ (ki) € E* by =b,. —xp;)).

Hyry (i, k) (au nyry (k, i)) € E* Ha3uBarOTh 3aJIUIIKOBOIO JTYTOH0.
s nyra moxe i He OyTH Ayroro MHOXUHM £y 3amaHiil sf-mepexi (3ara-

oM, |E *| < 2|E| ).
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Jns xoxuoi nyru (k, i) € E MU cTBOpIOEMO, 3TifgHO 3 (5.7), ogHy
IOYTY Y JIBi 3JIMIIKOBI IyTH Y KOXKHOMY HaIlpsIMi:
— 'y HampsMi TIOTOKY 3 Baroo, sika JOPIBHIOE HEBHKOPUCTaHIN MPO-
MYCKHiH 31aTHOCTI AyTH (k, i) € E;
— Ha3yCTpi¥ IMOTOKY 3 Barolo, sika JAOPiBHIOE CyMi BEJIMYMHH MOTOKY
nyroto (k, i) € E 1 mpomyckHoi 3maTHOCTI ayTH (i, k) € E.
VY KOHOMY 3 IIMX BUIAJIKIB, 3riIHO 3 (5.7), MU He donyuaemo 1o
3aJTMIIIKOBOT MEPEXki IyT, Bara SKUX JOPiBHIOE HYJIIO.
Sxmo mmst KoKHOT AyTH oprpada (k,i)e E crodatky BCTaHOBUTH
X = 0, TO 3aNMIIKOBa Mepexa, 3riaHo 3 (5.7), 30iraTuMeThCs 13 3aJaHOI0
St-Mepexkero (Bara 3aJIMIIKOBOL JIyTH JOPIBHIOBATUME MPOITYCKHIN 3/1aT-
HOCTI BIJMOBiTHOI Ayru st-mepexi). Hampukman, ams st-mepexi Ha
pHC. 5.5 BIAMOBIIHY 3aJIHIIKOBY MEPEXKY 300pakeHO Ha pHC. 5.9.

12

16

13 j
14

Puc. 5.9. 3anumkoBa mepeska (BinmoBigae st-mepexi Ha puc. 5.5)

BinmmykaHHs 30UTBIIYBATBHOTO MUIAXY B S{-MEpPEXi €KBiBAJIEHTHO
BIJIIIYKaHHIO OPI€EHTOBAHOTO HIISAXY BiJ JKepena s A0 CTOKY ¢y Biamo-
BiZIHIA 3aMUINKOBI Mepexi. [ BiAlIykaHHS OPIEHTOBAHOTO NUIAXY
MOJKHA BUKOPUCTATU OYIb-SIKHH BiIOMHIA aITOPUTM IIOIITYKY Ha Tpadi.

[Ticnst BimIIyKaHHS OPI€EHTOBAHOTO MUIAXY B 3aJUIIKOBIA MeEpexi
BiJl Kepela § IO CTOKY ¢ 4acTHHM (A) MPOITyCKHUX 3JIaTHOCTEH IyT
IIHOTO TIIAXY ‘3a0UparoThes’” MOTOKOM, IO MMPOXOANTH Yepe3 HUX.

Hexaii mix BeprmHamu i Taj icHytoTh AyTH (i, f) 1 (j, I) 3 TPOIyCK-
HHMMHM 3[aTHOCTSIMH, BIANOBiAHO, b; Ta bj. SIKII0 4acTWHA MPOIYCKHOI
30aTHOCTI OyrH (i, j) “3a0upaeTbesa’ NoTokoM (To0TO b — A), TO, 3riTHO
i3 3aKOHOM 30€peKeHHs IOTOKY, JJIsl AYyTH (j, I) Mae BUKOHATHCS BiAIO-
BilHe 301JbIIEHHS NPOIMYCKHOI 31aTHOCTI (TOOTO bj; + A). SKkimo Mix
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BEpIIMHAMHU [ Ta j iCHy€ TUTbKH ofHa 3 ayr (i, j) abo (j, i), To mns Hei
BIJIMTOBITHA KOMITEHCAITISI IOTOKY BiIOyBa€eThCS Ha (QIKTUBHIN ITy3i.
YBara! V 3anumkoBiii Mepexi BioOpakaloTh TiNBKH MPOIYCKHI 3/1aT-
HOCTI Ayr (HEBUKOPHCTaHI Ta KOoMIeHcaliiHi). OToX sl BEpIIMH 3a-
JIMIIKOBOT MEpeXi He BUKOHYETHCS 3aKOH 30€peKeHHS MOTOKY, OCKiJIb-
KH TYT BiH IIPOCTO HE BiIOOpaKaEThCA.

30iNbLICHHS] BEIWYHHU MOTOKY B3JIOBK OpPIEHTOBAHOTO LUIAXY B
3QIAIITKOBIA MEpeXi Bif JDKepesa s J0 CTOKY ! CIPUYINHIOE 3MiHH Y 3a-
JIUIIKOBINA Mepexi: xoua O oJlHa yTa 3MIHIOE HAampsiM abo 3HHUKAE,

Ancopumm 8U3HAYEHHA MAKCUMATLHO20 NOMOKY 33 IOTIOMOTOIO
3aJIMIIKOBUX MEPEK:

Kpox 0. B*= B, ne B — MaTpHIIsl MPONYCKHUX 3MaTHOCTEH YT S-MEpexi.

Kpox 1. 3naiiTu opieHTOBaHMI IUISX p BifA s 10 ¢ y 3aJIMILKOBIN Mepexi,
BHU3HAYCHIN Marpuriero B*. SIKIMO Takoro NUisXy HE iCHY€, TO
TepeiTH Ha KPOK 3.

Kpok 2. Hexait b;; (b;-’l-) — MPOMYCKHI 3JaTHOCTI AYr LUIIXY p, BiAmo-
BIJHO y HampsiMi s—t (t—s) 1 A=min{b; } >0. ¥ marpuui B*
BITHATH A BiJ ycix bl; 1 gomaté A 10 BCiX b}ri . Ilepetitn Ha 1.

Kpox 3. 3HaliTn MaKCUMaNbHUI MOTIK B S#-MEPEKi 3TiJHO 3 MPABUIIOM:

* *
~ b; =b;, akwo b, >b,;

q *
0, SIKIIIO bij < bl.j.

Kpox 4. 3aBepuT alrOPUTM.

ITig vac BigUIyKaHHS OPIEHTOBAHOIO MUIAXY OE3MOCEPEIHBO Y
MaTpulli B* po3noYMHAIOTH TOIYK 3 TEPIIOro psaka (psaka s) Ta oOu-
paroTh HACTYITHY BEPIIMHY CEpel THX, SKi 3’€IHAHO 3 § JTyraMu J0AaT-
HUX Bar.

Hani posrisigaroTs psAoK, MO BiANOBimae oOpaHii BepmiwHI, i
00MpaloTh HACTYIHY BEpIIMHY, 3’€AHAHY 3 MONEPEIHBOIO BEPIIUHOIO
ayroro noxatHoi Baru. Iporiec mpogoBXKyrOTh TOTH, TOKH He Oyze 1o-
CSITHYTO BEPIIMHHM 7, 200 BCTAHOBJIEHO, 10 IOCSATHYTH ! HEMOXKJIHBO.



76 JociimkeHHs oneparii

Mpuknax 5.2. 3naiiTn MakcUManbHUM MOTIK B oprpadi (puc. 5.5), Bu-
KOPHUCTOBYIOUH 3IHAIIKOBI MEPEXKi.

» Marpuiro npomyCcKHUX 3JaTHOCTEH Jyr oprpada HaBeIeHO y TadiH
1i 5.1, a BIAMOBIIHY 3aJIMIIKOBY MEPEKY 300paxKeHo Ha puc. 5.9.

Tabnuys 5.1. [louatkoBa Matpuis B*

Tabnuys 5.2. Marpuns B* (kpox 2')

s 1 2 3 4 t s 1 2 3 4 t
s 0 16| 13 | 0 0 0 s |0 4 13-10 |0 0
1 0+ |0 10 | 12— | 0 0 1 11210 10 {0 |0 0
2 10 4 0 0 14 |0 2 |0+(4 |0 0 14-1|0
310 0+ |9 20— 3 12 0 [0 8
4 10 0 7 0 4 4 0 0+ |7 |0 4-
t 0 0 0 0+ | 0 0 t |0 0 0 1210+ |0

OpienToBannii mUIAx (A = 12):

1 .
S16 1232OZ

Marpuito B* micng BUKOHaH-
HS KPOKy 2' HaBemeHO y Tabimu-
mi 5.2, a BIANOBITHY 3aJUIIKOBY
Mepexy 300pakeHo Ha puc. 5.10.

OpieHToBaHui IUTAX (A = 4):

AN N N
) 13,2 14,4 1.

Martpuirro B* micist BAKOHAaH-
HS KPOKY 2 HaBeJeHO y Tabim-
mi 5.3, a BiANOBIAHY 3aJIMIIKOBY
Mepexy 300pakeHo Ha puc. 5.11.

12

14

12

Puc. 5.10. 3anuuikoBa Mepeska (Iic/st BAKOHAHHS KPOKy 2')
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Tabnuys 5.3. Marpuns B* (kpok 2)

Tabnuys 5.4. Marpuns B* (kpoxk 2°)

s 1 2 3 4 t s 1 2 3 4 t

s 4 9- 10 0 0 N 4 2 0 0 0

1 12 10 10 | O 0 0 1 12 |0 10 |0 0 0

2 4+ | 4 0 0 10- 10 2 |11 | 4 0 0 3 0

3 0 12 | 9 0 0+ | 8- 310 12 |9 0 7 1

4 0 0 4+ | 7- | O 0 4 10 0 11 0 0 0

t 0 0 0 12+ | 4 0 t 0 0 0 19 | 4 0
OpienToBanuii LUIAAX (A= 7): Sxmo mnpoaHanizyBaTH 3a-
§—5>2——=>4——>3——>¢. |JMIIKOBY MEpeKy Ha puc. 5.12,

Martpwuio B* micnst BUKOHaH-
HS KPOKy 2° HaBeIEHO y Tabiu-
i 5.4, a BiINOBIHY 3IHIIKOBY
MepexXy 300pakeHo Ha puc. 5.12.

TO BiJ JDKepena s MOxHa J1o0pa-
THCS TiNBKU 70 BepmmHU 4. OT-
K€, OPIEHTOBAHOTO TUIAXY Bif S
JI0 ¢ Y 3aJIMIIKOBI Mepexi He ic-
Hye. Ilepexoanmo Ha Kpok 3.

Puc. 5.12. 3amuuikoBa Mepeska (Iic/ist BAKOHAHHS KPOKy 2°)
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PesynpraTtu BUKOHaHHS KPOKY 3 HaBeJeHO y Tabmumi 5.5 (Mak-
CUMaJIbHUH TIOTIK Y st-Mepeski, 300pakeHiit Ha puc. 5.5).

Tabnuys 5.5. MakcuManbHUHR TOTIK MakcuManbHuil MOTIK y
s |1 |2 3 |4 P St-MEpexi, IO BiJINOBIJIAE
s o [12]11 |0 |o 0 Tabmumi 5.5, 300pakeHo Ha
110 o |o 12 10 0 puc. 5.13 (BiATBOpEHI TIIBKH
2 10 |0 |O 0 (11 |0 Ti AyTH, SKAMU PeabHO MPo-
310 [o o 0 1o 19 TiKa€ TMOTIK).
4 (0 [0 |0 [7 |0 |4
t 0 0 0 0 0 0
12

11
Puc. 5.13. MakcumanbHUit IOTIK B s-Mepexi (puc. 5.5) <

Mu po3risiHyIv JBa alroOpUTMHU peanizaiii metoxy Popaa-Dain-
KepCoHa BIAIIyKaHHSI MaKCHMaJbHOTO MOTOKY (32 JOITOMOTOIO0 IMO3Ha-
YOK Ta 3aJMIIKOBUX MepekK). ICHYIOTh i 1HII alrOpUTMH BiIUIYKaHHS
MaKCHMAJBHOTO TOTOKY [5, 8]. OmHak, JOCHIIKEHHS TOTO, SKAW ajro-
PUTM HaWKpaImwii, € HaI3BHYAHHO CKJIQJHOIO 33/Ja4Yeio 1 BUXOIUTH 3a
PaMKH HAIIOTO MiAPyJHUKA.

YV HacTyMmHOMY IYHKTI PO3IJITHEMO JIEsKi 3a7a4i, pO3B’SI30K SKHX
3BOJIUTHCS JI0 PO3B’SI3KY 3a/1a4i BiANIYKaHHS MaKCHUMalIbHOTO TIOTOKY B
St-Mepexi.

5.6. 38’130k 3aaa4i MakcuMmizanii noToky 3 inmumu 3axavyamu 10

JlomoBuMoOCs Hanani st-uepeoicy, sKy BU3Ha4eHo y naparpadi 5.1,
HA3WBaTH cmandapmuor st-mepexero. Lle Ham HeoOXimHO, 00 Binpis-

HATH 11 BIX St-Mepexk, 0 MAIOTh JOJATKOBI OOMEXEHHS UM CreudidHi
BJIACTHUBOCTI.
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1. Ilomix 3 dexinbkoma Odceperamu i cmokamu. Jlano opieHTOBa-
uuit oprpadp G =(V,E). MuoxuHa V' CKIaaeThesi 3 MHOKHHU JDKe-

pen s = {vl,...,vl}, MHOXXHHHU TPOMDKHUX BepmuH N = {v,+1,...,vm} 1
MHOYXHHH CTOKIB = {vmﬂ,...,vn }

Posmmpumo oprpad G mo oprpada G'=(V',E'), nogasumu 1si
(hIKTUBHI BEPIIMHU Vo 1 Ve (Vo — JOKEPEITO; V,y — CTIK) 1 (IKTHBHI AyTH
vo>v;), J=L1 1 (v,v,,), i=m+1,n. Iponyckui 3marnocti dik-
TUBHUX JIyT: b, ; = Zbﬁ (j=Ll)ib,, = Zbﬁ (i=m+1Ln).

i:(ji)eE Jj:Gii)eE

Bemmunny motoky y BuxigaoMmy oprpadi G i B po3IMIAPEHOMY Op-
rpadi G’ BU3HAYAIOTh MPOITyCKHI 34aTHOCTI AyT oprpada G. Otxe, 3a-
Jlada Mpo MaKCUMaJbHUH TOTIK 3 MHOXHHH JDKEpen § = {vl,...,v,} y
MHOXHHY BHUTOKIB [ = {vm +1,...,Vn} oprpada G exsigarenmmua 3amadi

PO MaKCUMaJIBHUHN MOTIK y CTaHAApTHIHN st-Mepexi. [Ipuxnan 3BeneHHs

Ha pHc. 5.14 (GiKTUBHI JyTH — MyHKTUPHI).
(4 4

Puc. 5.14. Oprpad 3 nBOMa mKeperaMu i TBOMa BUTOKAMHU

2. llomik 3 obmedncenHamMu Ha nponyckri 30amuocmi gepuiur. He-
Xal 3aaHO NIESKy S{-MEpeXKy 3 JOJATKOBUMH OOMEKEHHSAMH, 32 SIKHX
MOTIK Yepe3 KOKHY BEPIINHY HE MOBHHEH MEePEBHIIYBATH JEsIKOi (ikco-
BaHOI TMPOITYCKHOI 3AaTHOCTI (Pi3HOI /Ui pi3HMX BepiiwH). HeoOximHo
O0YNCIINTH MaKCUMaJbHUH TOTIK, L0 3aJ0BOJIBHIE LIUM JOJATKOBUM
obmexeHHsaM. Ll 3anaua exsiganenmna 3amadi MIpo MaKCUMaJIbHUHN I10-
TiK Y CTaHAAPTHIN Sf-MEpexi.
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JiiicHo, MOkHa MOOyAyBaTu CTaHIAAPTHY S{-MEPEXKY, B SIKIH IS
KOXKHOI BUX1IHOI BEPITUHU ¢ AOTY4JaloTh (BDIKTUBHY BEpITUHY u ¥, a TIpo-
MYCKHY 31aTHICTh (DIKTUBHOI IyTH (4, u*) BCTaHOBIIOIOTH PIBHOIO TPO-
MYCKHiM 37aTHOCTI BepmHHU u. [Ipuknaza st-Mepexi 3 0OMeKeHHSIMHU Ha
MIPOMYCKHI 3IaTHOCTI BepIIMH Ha puc. 5.15 (IpormyckHy 31aTHICTH Bep-
ITMHA 3a3HAYCHO Haj HEI0). 3BEACHHS ITi€l MEpeXi 0 CTaHZapTHOI
st-Mepexi Ha puc. 5.16 (GIKTUBHI JyT'H — MyHKTUPHI).

Puc. 5.16. 3Benenns mepexi (puc. 5.15) 1o cranmapTHOI s-Mepexi

3. 3adaua npo maxcumanvHuti NOMIK O0Jisl HEOPICHMOBAHUX St-Me-
peorc. 11s 3amaga Oinplle, HK CTaHTApTHA 3ajlada, BIAMOBimae oOpaHii
MoJielti TpyOOIPOBOY AJIsl TPAHCTIOPTYBAHHS PiJJH: BOHA JOMYCKAE BH-
nasioK, KOJIM piJiiHA MOKE TIPOTIKaTH Yepe3 TPyOH B 000X HampsiMax.

3agaya Mpo MakCUMalbHHUN TOTIK IS HEOPI€EHTOBAHMX Sf-MEPExX
3600umbcs 10 33J1aqi PO MaKCUMAaIBHHUN TIOTIK IS CTaHAapTHUX (Opi-
€HTOBAHUX) S{-MEPEXK.

JilicHo, MOXHa NOOyZAyBaTH CTaHIAPTHY SI-MEPEXy 3 THUMH X
BEPLIMHAMH, JIe KOXKHOMY PeOpy BUXiAHOI Mepexki BiAMOBINATHMYTh JBi
OYTH 3 TIPOITyCKHUMH 3JaTHOCTSIMH, SIKi JOPIBHIOBATUMYTb HPOITYCKHIl
3IaTHOCTI I[bOTO pedpa.
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JloBUTHHUIT TIOTIK B OPi€EHTOBaHI MEpeki Oe3MocepeHbO BiAIO-
BiIaTUME TOTOKY TaKOi K BEJIIMYWHH, IO TMPOTIKAE B HEOPIEHTOBAHIH
Mepexi. MipkyeMmo Taxk.

Hexait B opieHTOBaHIi Mepexi uepe3 Ayry (u, v) MPOTIKae MOTIK
BEJIMYHMHOIO 7, a uepe3 pedpo (v, #) MPOTIKaE MOTIK BETUUMHOIO z. SIKII0
7>z, TO MOXHA MPOMYCTUTH MOTIK BETHYUHOIO 7 —z peOpoM [u, v] He-
OpIEHTOBAHOI MEPEXKi y HANPSMi BEPIIUHHU V; Y IPOTHIICKHOMY BHIIAIKY
11e Oy/ie TIOTIK BEIMYHUHOIO z — 7 peOpoM [u, v] y HaIIpsIMi BEPIIUHHA U.

4. 3a0aua npo donycmumi nomoku. JlaHo opienToBaHu# oprpad
G=(V,E), nyru AKOoro MaroTh IOJATHI Baru (MponyckHi 30amHocmi).

Hexaii koxxHa BepimrHa oprpada TakoxX Mae Bary, sIKy MO>KHA pO3TIIsiaa-
TH SIK 3anac 3a 000amHO20 3HAYCHHS Ii€i Barw, 4 K nompedy —3a
8i0’emHo20 3HaueHHsa. CyMa Bar BepIIMH oprpada JIOpIBHIOE HYii0.
[Ipuxman rakoro oprpacda HaBeneHO Ha puc. 5.17.

Puc. 5.17. Oprpagd 3amadi npo AOMyCTHMI TOTOKH

Beprumay 3 3amacoM BiAMOBINAIOTH CKIalaM y 3aadi Ipo pPo3Iio-
I 3amaciB, BEPUIMHU 3 OTpedaMu — pO3ApiOHUM TOPrOBUM TOYKaM, a
JIyTH — IOPOTaM Ha MapIIPyTaX BAHTAKHUX MAIIUH.

[ToTik Ha3WMBaKOTH donycmumum, SIKIIO PI3HUIL MiXK BEITHYHHOIO
MOTOKY, 10 HAJXOJHUTh ¥ KOXKHY BEPIIMHY, 1 BEIMYHHOIO TOTOKY, IO 3
Hel BUTIKae, JOPIBHIOE Basi 1iel BepiuHaM. [loctae 3adaua siouyxanms
JIOITYCTHMUX TOTOKIB JUIsI 3alaHOTO oprpada.

3agaua nMpo AOMYCTHMI MOTOKH BiJTOBIZa€ HA TaKe MUTAHHS: UM
MOXHA BIIIIYKATH TaKWUH CIOCiO TOCTaBKH TOBApiB, 3a SKOTO ITOBCIOIHO
3a0e3mevyeThCs BIAMOBIAHICTD 3amaciB 1 moTped. MOKIUBUEN A0IMyCTH-
Muii motik B oprpadi (puc. 5.17) 306paxeno Ha puc. 5.18.
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Puc. 5.18. lonyctumuit norik B oprpadi (puc. 5.17)

3amava mpo AOMYCTUMUH MOTIK 3600umbcsi 10 3a/1adi MPO MaKCH-
MaJIbHUH TOTIK B st-Mepexi. s boro HeOOXiTHO JOMYUYUTH JI0 OpTpa-
(a QIKTHBHY BEpUIMHY-IKEPEINO S, 3 IKOT BUXOJUTHMYTh TYTH Y KOKHY
BEpUIMHY 13 3amacoM (Bara Jyrd JAOPIBHIOBaTHME 3amacy BiIMNOBiTHOT
BEPIIVHM), 1 PIKTUBHY BEPIIUHY-CTIK £, B SIKy BeJe Iyra 3 KOXKHOI Bep-
IIUHYA 3 MoTpebaMu (Bara IyTW JOPiBHIOBAaTHME aOCOMIOTHINA BEIMIMHI
notpebu BianoBigHO1 BepmHu). Ha puc. 5.19 mpoimocTpoBaHO MPHK-
Ja] TaKOTO 3BEJCHHs ATl oprpada Ha puc. 5.17.

Puc. 5.19. 3Benenns g0 st-mepexi oprpada Ha puc. 5.17

V modatkoBoMy oprpadi MICTHTBCS TOMYCTHUMHU TOTIK TOMI i
TIJIBKY TOJ1, KOJIM YCi IyTH, 110 BUXOATH 13 JpKepena, i BCi JyTH, 0 Be-
JIyTh y CTiK, 3alIOBHEHI TakK, M0 B S{-MEPEXKi YTBOPIOETHCS MaKCHUMAIIb-
HUH TOTIK.

5. 3a0aua npo makcumanrbHulli ROMIK K 3a0a4a JMIHIIHO20 NPO-
epamysanns (JIII). 3amauy maxcumizayii TOTOKY B st-mepeoici (Vo— IKe-
peno, v, — cTik) gk 3aaauy JIII dopMymol0Th Tak: 3HalTH 3HAYEHHS X;;
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n n-1
st yeix (i, j) € E, ki maxcumisyiome Benuuuny f = 3 xo; = 2.X;, 3
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17.

18.

19.

20.

21.

o Take mKepeno i cTik MOTOKY?

[I1o Take npomycKHa 34aTHICT TyTru?

[o Take BeUYMHA IOTOKY JYTOH0?

Coopmyitioiite 03HaUSHHS! CyMapHOI BEJIMUMHU TTIOTOKY.

[{o Take iIHTEHCUBHICTH IOTOKY y BEpIINHI oprpada?

CdopmyiroiiTe 3aK0H 30€pEIKECHHS ITOTOKY.

o Take mepepis?

Coopmyitioiite 03HauSHHS MPOIYCKHOT 3IaTHOCTI repepizy.

SIK BUMIPIOIOTB CyMapHYy BEJIMYHHY IIOTOKY JUISl JOBLUIBHOTO Iepepisy.

1o Take 30ipLIyBaIbHA/3MEHITYBAJIbHA JTyTa?

o Take 30i1bLIYBIBHUN (2yTrMEHTAIBHUI) IUIX?

Coopmyuoiite 1 noBenith Teopemy Doppa-dDankepcoHa.

OnuIIiTh aJIrOPUTM IOIIYKY ayTMEHTAIBHOTO HIIAXY.

Omumrite MeTo @opaa-DankepcoHa MouIyKy MaKCUMaJIBHOTO MOTOKY.
o Take 3anumkoBa mepexa?

OnuuiTe anropuT™M BU3HAYEHHS MaKCHMAIBHOTO IIOTOKY 3a OHNOMOTOI0
3aJIMIIKOBUX MEPEXK.

OnwuiriTe 3BeIeHH 3a1a49i PO MaKCUMAIIBHUH MOTIK 3 JEKiUTbKOMa JiKepe-
JIaMH 1 CTOKaMH JI0 3aj1adi PO MaKCUMaJIbHAN TIOTIK B S{-MEpexi.
OnwuriTe 3B€ACHHS 3a7adi PO MaKCHMAaIbHUH MOTIK 3 OOMEXEHHIMH Ha
MIPOIYCKHI 3JaTHOCTI BEPIINH J0 3a7adi Mpo MaKCUMAaJIbHUN MOTIK B Sf-Me-
pexi.

Onuurite 3BeACHHS 3a/1a4i PO MaKCUMaJbHUI MOTIK IJIs1 HEOPIEHTOBAHUX
St-MEpEeX 10 337a4i PO MaKCUMAaJIbHHIA MOTIK B Sf-MEPEexKi.

Onuurite 3BeEHHS 33/1a4i PO JIOMYCTHMI HOTOKHM JIO 3a[a4l Mpo MaKcu-
MaJIbHUH TOTIK Y S{-Mepexi.

OnwuiriTe 3BeICHHS 3a7a4i MPO MaKCHMAIBHUH IMOTIK JI0 331a4i JiHIHHOTO
NpOrpaMyBaHHsI.
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3aBaaHHs U151 CAMOCTIiiHOT poGoTH
3apgpanns 5.1. TypuctiuuHoMy 0rOp0O HEOOXITHO Y MEBHUHN JICHb OpPraHi3yBaTH
nepesiT TypucTiB 3 Micta s y micrto ¢ [Ipsmux peiiciB i3 s B ¢ Hemae. OjHak
MOJKHA CKOPHCTATHUCh IPOMDKHUMH MICTaMu a, b, ¢, d. CxeMa MOXKJIMBHX TIepe-
JBOTIB: e1=(s, a), e;=(s, ¢), es=(a, b), es=(c, d), es=(d, a), es=(b,c), e=(b,?),
es=(d, f). Jlst KOXKHOTO MapuipyTy e; 3amaHo Bary c(e;) — 9YHCIO BUTBHHX
MicIb (peficH, Ha sIKi BUTPHHMX MICIIh HEMae, He 3a3Ha4ueHo). HeobximHo BubOpa-
TH TaKy CTpaTeriro OpOHIOBaHHS KBHTKIB, 3a SKOI BIA€THCS OpPraHi3yBaTH Iie-
perntiT MaKCUMaITbHO{ KITBKOCTI TYpHCTiB. BapianTtu 3aB1anb:
1. c(e)) =15, cle;)=4, cle;) =12, c(ey) =8, cles)=5,c(es) =3,
cle;)=17, c(eg)=10.
2. c(el) = 303 C(eZ) = 89 0(63) = 12’ 0(84) = 207 C(eS) =10 ] C(eé) = 8a
cle;) =14, c(eg)=20.
3. c(e))=20, c(e;) =6, c(e3) =8, cley)=15, cles) =7, cleg) =4,
c(e;) =11, c(eg) =15.
4. c(e)=21, c(e;)=7, c(es) =9, c(ey) =16, c(es) =9, c(eg) =6,
cle;) =13, c(eg) =17.
5. c(e) =22, c(e;) =8, c(e3)=10, c(e,) =17, c(es) =10, cleg) =7,
cle;)=14, c(eg)=18.
3aBaanusa 5.2. Bimmykatn MakCHMaNbHUH MOTIK 1 BEIMYUHY MOTOKY KOXKHOIO
Iyrotro s oprpada Ha puc. 5.19.

3aBaannsa 5.3. Bimmrykatn MakCHMaNbHUH MOTIK 1 BEIMYUHY MOTOKY KOXKHOIO
Jyroro s oprpada Ha puc. 5.20.

Puc. 5.20. Oprpad 3aBmanns 5.3
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6. IOTIK MIHIMAJIBHOI BAPTOCTI

Ilnan Bukaagy maTtepiaiy:

1. 3araipHi TOJOXCHHS.
2. BiamykaHHS TOTOKY MiHIMaJXbHOI BapTOCTI.
3. 3B’s30K 3a/a4i PO MOTIK MiHIMaIbHOI BapTOCTI 3 iHImMMH 3axagamu J{O.

= KirrouoBi Tepminu po3ainy

Y [lomik minimManshoi eapmocmi Y Posnodinvha mepedca

Y Bapmicmb nomoky 0yeoro Y Cymapna eapmicms HOMOKY

Y Makcumanvhuti nomix minimansnoi Y Moouixayis 6usHaueH st 3aIUmKo-
eapmocmi 801 Mepeoici

6.1. 3arajbHi MoJI0KEeHHS

3ajgaya MakcuMizalii MOTOKY MOXe MaTH JeKilbka pimeHs. s
o0OCTaBMHA JIa€ MPaBO MOCTABUTH 3aITUTAHHS, YA MOXKHA BBECTH 000ami-
KO6i KpHUTEpii 3 METOI0 BHOOPY OHOTO 3 IUX pilleHb? MOXIHBO, 3 THX
YM 1HIIUX MPUYMH NIepeBary HeoOXiTHO Ha/laTH PILIeHHIO, K€ BUKOPHC-
TOBYE HalMEHIIlEe YMCJIO AYT, YM PIlICHHIO, IO nepeadayae modyaoBy
HaWKOPOTIIUX MUISXIB TOIMIO.

11i 3agadi cxmamHinT, HiX CTaHIapTHA 3a7ava PO MaKCUMaJIbHAN
TMIOTIK, 1 BIIOMI Y JIITEpaTypi AK 3a7adi PO HOMIK MIHIMATbHOL 8apmoc-
mi (mincost flow problem).

Sk 1 y BUnajiKy 3ajadi Ipo MaKCHUMAaJbHHUH TMOTIK, iICHYIOTh Pi3HI
€KBIBaJICHTHI CTIIOCOOM ITOCTAaHOBKH 3aJ1adi MPO MOTIK MiHIMaIbHOI Bap-
TOCTi (MoOeni). Haitgacrimie y mitepaTypi ONMHUCYIOTH MOIETH MAKCU-
MATbHO20 ROMOKY 3 MIHIMATbHO0 eapmicmio (mincost-maxflow model) i
MOJCIb po3nodinbHoi mepesici (distribution network).

Mopenb mMaxkcumarbHo2o NOMOKY 3 MIHIMAIbHOW eapmicmio Oa-
3Y€ETBCS Ha St-Mepexi, B sIKIH KOXKHIHN 1y3i (i, j) 3 IPOMYyCKHOIO 3/1aTHIC-
TIO b; BIANOBiJJa€ HEBIJ €MHA 6apmicmy Oyeu ¢;; TPOXOJKEHHS 00UHUYI
NnomoKy i€ TyTOIO.

BaprticTh notoky ayroro (i, j) JOpiBHIOE TOOYTKOBI c; X, A€ Xij —
BEIMYMHA TIOTOKY Mi€to nyrorw. Cymapua éapmicmes nomoxy (4u MPOCTO
eapmicmv nomMoKy) AOPIBHIOE CyMi BapTOCTEH MOTOKY KOXKHOIO JTYTOIO.
HeoOxifHO 3HAWTH TaKuW MAKCUMAIbHUL HOMIK, BAPTICTh SIKOTO € HAli-
MeHW o TIOPIBHIHO 3 BAPTOCTSIMH 1HIIMX MaKCUMAIbHUX MOTOKIB.
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Mogenb po3nodinbHoi mepedci BUKOPUCTOBYIOTh, 3/1€01IBIIOTO,
i 9ac po3riIsiay CUCTEM, IO 3MIHCHIOIOTH PO3IIOALN TOBapiB. Bepuiau
oprpada, 1o BiAMOBIAIOTH CKJIaaM, MalOTh AOJATHI Baru (3anacu TO-
BapiB). BepmmHu, 110 BiIMOBiAal0TH PO3APIOHUM TOPTOBHM TOYKAM, Ma-
I0Th BiJI’eMHi Baru (nompe6u ToBapiB). [IpomyckHi 3gaTHOCTI AYT BiAmo-
BiJIalOTh KUTBKOCTI Ta BaHTAXOIT THOMHOCTI aBTOMOOIJIIB, IO KYPCYIOTh
Ha BIANOBITHUX MapmipyTax. [IpuponHoro iHTepIpeTaliiero BapTocTi Iy-
T MOXe€ CIyTYBaTH BapTiCTh NEPEBE3CHHS OAMHUII TOBapy BiINOBif-
HUM MapIIpyTOM.

Haragaemo, 1110 MOTIK € JOMYyCTUMHM, SIKIIO Pi3HHULS MiX BeJH-
YMHOIO MOTOKY, L0 HAAXOJUTh Y KOXHY BEPLIMHY, i BEIMUYUHOIO I1OTO-
Ky, IO 3 Hel BHUTIKae, JOPIBHIOE Basi i€l BepIIMHM. 3a7aya MoJsirae y
TOMY, 00 Y pO3n00inbHill Mepedci BINITYKATH OONYCIMUMUL HOMIK Mi-
HIMAAbHOI 6apmocmi.

OueBuaHO, MO 3aJada PO MAKCHUMAJIbHUN TOTIK MIHIMabHOT
BapTOCTI 1 33jja4a Mpo JOIMyCTUMHUH MOTIK MiHIMaJIbHOI BapTOCTi y poO3-
MOJTIIBHIN MEpexKi exsisanrenmui. 1le Oe3nocepeIHbO BUILTUBAE 13 3a/a4i
4 maparpada 5.6 (BapTocTi IyT, SIKi BUXOIATH 3 (PIKTUBHOI BEPIIMHHU S
Yy BXOAATh y (IKTHUBHY BEpLIMHY {, BBaXalOTh PIBHUMHU HYJI0). Sk
HACTIIOK 1€l eKBIBaJICHTHOCTI TEPMIH 3a0aya npo Nomik MiHIMATbHOT
eapmocmi BXXHUBAIOTH IS TO3HAYEHHS 000X 3a1ad.

6.2. BigmykaHHs NOTOKY MiHIMaJIbHOI BapTOCTi

Jlist BigIIyKaHHS TMOTOKY MiHIMaJIBbHOI BapTOCTI MEpemyciM po3-
HIMPIOIOTh BU3HAUCHHS 3aIUUKOGUX Mepedic 3 THM, 1100 BijmoOpa3uTn
BapTOCTi JAYyT, a came: 3BOPOTHHM JyraM HpPUIHCYIOTH BiJIOBiIHI Bi-
1’ €MHI BapTOCTi, a BapTOCTi MPSMHUX OYT HE 3MIiHIOIOTb.

Teopema 6.1. MakcuMabHUI MOTIK Ma€ MiHIMaIbHY BapTICTh TOAI i
TUTBKH TOJIi, KOJH HOTO 3aJUIIKOBA MEpeka HE MICTHTh OPiEHTOBAHOTO
[IUKITy CyMapHO{ BiI’€MHOT BapPTOCTI.

» Heobxionicms (Bix cynpoTHBHOTO). JlaHO MakcuMasbHHI MTOTIK MiHi-
ManbHO1 BapTocTi. [IpumycTrMo, 110 3aJIMIIKOBa Mepexka IIbOTO TOTOKY
MICTUTh LMKJ CyMapHOi Bil’€MHOi BapTOCTi ¢, a A — BeJIMYMHA MiHi-
MaJIBHOT MPOITYCKHOI 3IaTHOCTI JYT LLOTO LIUKITY.

3MIHUMO TOTIK, 0Jal09d A 0 BEIMYMHH MOTOKY B IyTax, sKi
BiJINIOBIJIAIOTH JyraM IMKIY 3 JIOJAaTHOK BapTICTIO B 3aJUINKOBIA Me-
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pexi (mpsMi AyTH), i BiTHIMAIOYHA A BiJl BEJIMYUHU TIOTOKY B IyTax, sKi
BIJIMTOBIAIOTH JyraM IUKIY 3 BiJl’€MHOIO BApTICTIO B 3AJMINKOBIN Me-
pexi (3BopotHi ayru). Lli 3MiHM He poONATH BIUIMBY Ha PI3HUIIO MiXK
BEITMYMHOIO TMOTOKY, 0 HAIXOAWTh Y KOKHY BEPIIMHY, 1 BEITHYNHOIO
MIOTOKY, IO 3 Hei BuUTiKae. OMHAK Il 3MiHU CIPUYUHIOIOTH 3MEeHULeHHS
eapmocmi nomoky Ha BEIHYUHY c-A, OCKUTbKH c-A<0. Otpumanu
cynepeunicmo (3a PUMTYIIEHHSIM MaeMO TIOTiK MiHIMaJIbHOI BapTOCTI).

Jlocmamuicms (Bin cynpotuBHOTO). Hexall icHye MakcuManbHAN
MOTIK 6e3 Yyuxie cymapuoi 6io’emHol eapmocmi, BapTICTh F SIKOTO HE €
MiHIMaJIbHOIO. Po3risHeMO Oynp-sSKWii MakCHMadbHHH TOTIK 3 MiHi-
MansHOIO BapTicTio M. [ neperBopenns F'y M HeoOXiaHO 3menutysa-
muy BapTICTh MOTOKY 3a PaXyHOK 3MIHU BEJIMYMHH MOTOKY JYT JIESKOTO
opieHTOBaHOrO IWKIYy. OJHAaK NBOTO HE MOXHA 3POOUTH, OCKUIBKU
HEMae IHUKIIB CyMapHOI BiI €MHOiI BapTOCTi (MPOTHPIYYS 3 YMOBOIO
F>M). <

Teopema 6.1 nae 3mory choOpMyJIHOBAaTH MPOCTHI y3arajabHEHUH
QITOPUTM BIJUIYKAaHHS IMMOTOKY MiHIMANBbHOI BapTOCTi (areopumm 6u-
Kpecno8anHs YUKIia):

Kpox (. 3HaliT MaKCUMaJIbHUH TTOTIK.

Kpox 1. 'Y 3anuIuKkoBiii Mepexi 3HaUTH AOBUIbHUI Opi€HTOBAaHUH LHKI
CyMapHOI Bil’€MHOI BapTOCTi. SIKIO TaKOTO ITUKITYy HE iCHYE, TO
NepelTH Ha KPOK 3.

Kpox 2. 3MiHUTH MOTIK, TOJA0YM A JI0 BEIIMYMHU NOTOKY B Jyrax, siKi
BI/IMTOBIIAIOTh TyTaM IHKJIY 3 JTOAATHOIO BApTICTIO B 3aJTHIIKO-
Biif Mepexi (mpsimMi IyTH), 1 BilHIMat049# A Biff BETUMUHU TIOTOKY
B AyTax, sIKi BIATIOBINAIOTH AyraM IHUKIIY 3 BiJl’€MHOIO BapTIiCTIO
B 3aJIMIIKOBIN Mepexki (3BopoTHi ayru). [lepeiitn Ha kpok 1.

Kpox 3. KopucTyrouuch OCTaHHBOIO 3AJIUIITKOBOIO MEPEKEI0, MO0y 1yBa-
TH oprpad, 10 MiCTUTh MAaKCUMAJIbHUH MOTIK MiHIMaJIbHOI Bap-
TOCTI. 3aBEPIUTH AJITOPHUTM.

VY3araibHEeHU# aNrOpUTM BUKPECIIOBAHHS IUKIIB JOIMYyCKae Je-
KilIbKa Pi3HUX peati3aiii, OCKIIBKH METOAH BiAIITYKaHHS IMOYaTKOBOTO
MaKCHMAaJIBHOTO MOTOKY 1 BIAIIYKaHHA IIMKJIIB CYMapHOi Bl €MHOI Bap-
TOCTI HE OIIKUCAHO.
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Mpuknaxg 6.1. 3naiiTn WOTIK MiHIMaNBHOI BapTOCTi B oprpadi Ha
puc. 6.1, BUKOPUCTOBYIOUYM Yy3aralbHCHHI AlrOpUTM BHKPECIIOBAHHS
UKJITIB. BapTocTi myr 300pakeHO B OKPYTIIMX JTYXKKaX.

2, (1)

Puc. 6.1. Oprpad 3agadi npo moTik MiHIMaJILHOI BApPTOCTI

» 3HaiiieMo MaKCUMaJIbHUH MOTIK B oprpadi, BUKOPHUCTOBYIOUYH 3AJTHII-
KOBI Mepexi. 3aBeplIagbHy 3IHIIKOBY MEPEXy MaKCHMAJIBHOTO ITOTO-
Ky CyMapHOi BenW4WHH 4 Ta BapTocTi 22 300paxeHo Ha puc. 6.2, a
BiAIMOBiAHUIT oprpad 3 MaKCUMaJIbHUM IIOTOKOM — Ha pHc. 6.3.

Puc. 6.3. Oprpad 3 MakcCUMaIbHUM IOTOKOM BapTOCTi 22
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VY 3anumkoBiii Mepexi Ha puc. 6.2 ICHYIOTh Taki Opi€HTOBaHi
LUK CyMapHOi BiJi’€MHOT BapTOCTi:

4 Xy >1 X >0 X >2 XeT >4;
3 e >2 XY >0 XS] >1 G >3;
3 e >2 NG >4 e >1 NG >3.
Obupaemo mwmkn 4 >1 >0 >2 >4,

L(-1) 2,(-3) L) L(2)
IYTH AKOTO MaroTh MiHIMaNbHY IMPOITyCKHY 37aTHICTh A = 1. 3MiHUMO
TIOTIK Ha puc. 6.3, nogatouu A = 1 10 BeMWUUHU MOTOKY B myrax (0, 2) i
(2, 4), i BimHimaroun A = 1 Big BenmuunHu NOTOKY B ayrax (0, 1)1 (1, 4).
Oprpad MakCHMaIBHOTO MOTOKY CYMapHOI BENHYWMHU 4 Ta Bap-
TocTi 21 300paskeHo Ha puc. 6.4, a BIAMOBIIHY 3aJUIIIKOBY MEPEXKY — Ha
puc. 6.5.

1.

Puc. 6.4. Oprpad 3 MakcCHMaTBLHIM ITOTOKOM BapToCTi 21

1..(1)

Puc. 6.5. 3anumkoBa Mepeka MaKCHMaIbHOTO TIOTOKY BapTocTi 21
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VY 3anuIIKoBii Mepexi Ha pHc. 6.5 iICHye OpiEHTOBaHUI LIUKII CY-

MapHoi Bill’€MHOT BAPTOCTI 3 — > 2 — =y »0—; 5l >3,

OYTH SIKOTO MaloTh MiHIMallbHYy MPOMYCKHY 37aTHICTH A = 1. 3MiHHMO
noTik Ha puc. 6.4, nogaroun A =1 1o BenmmuuHM NOTOKY B ayrax (0, 1) i
(1, 3), i BimHimatoun A = 1 Big BenmuunHu NOTOKY B ayrax (0, 2) i (2, 3).

Oprpad MakCUMaJbHOTO TOTOKY CyMapHOl BenuduHu 4 i Bap-
Tocti 20 300paxkeHo Ha puc. 6.6, a BIAMOBIAHY 3aJUIIKOBY MEPEXKY — Ha
puc. 6.7.

V 3anuIuKoBiil Mepexi Ha puc. 6.7 OpiEHTOBAHOTO LIMKIY CyMap-
HOT BiZr’eMHOI BapTOCTi He icHye. OTOX, oprpad Ha puc. 6.6 300paxkae
MAKCUMATbHULL NOMIK CYMapHOI BeMMYUHU 4 1 minimanvroi eapmocmi 20.

—— 3

Puc. 6.7. 3anumkoBa Mepexa MaKCUMaNbHOTO NOTOKY BaprocTi 20 <

[lim gac po3B’si3yBaHHA HpuKiIamy 1.22 Mu mis OUTBIIOT HAOY-
HOCTI BOJHOYAC BUKOPUCTOBYBalIM oprpadu Ta BiAMOBiAHI 3aJIMIIKOBI
Mepexi. OgHaK MOXXHA Tak MepeOpMYIIOBATH aJTOPUTM GUKPECIIO-
6aHHS YUKIG, MO0 BUKOPUCTOBYBATH TUTBKH 3JIUIMTKOBI Mepexi (ca-
MOCTIITHO).
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6.3. 3BeneHHs y3araJIbHeHOI TPAHCNMOPTHOI 3a/Jadvi 10 3agadi mpo
NMOTiK MiHIMaJILHOI BapTOCTi

VY dgerBeproMy po3aiii nepm01 YACTUHM LBOr0 MiJpyYHHKA MH
PO3MIIAIATN TOCTAHOBKY Ta PO3B’sI3aHHS CTAHAAPTHOI MPAHCHOPMHOL
sadaui (T3). B ysaeanvueniii T3, okpiM MyHKTIB IOCTa4aHHS OJHOPIJI-
HHX TOBapiB (IpKepen) i MyHKTIiB CIIOKUBAHHS IIUX TOBapiB (CTOKIB), I
HasBHI nepeganouni nynkmu (IPOMIKHI BEpIINHN), B IKUX TOBapH Tepe-
BaHTAXYIOTh 3 OJHUX TPAHCIIOPTHUX 3aCO0IB HA 1HIII.

3a3BUyaii BBaXaroTh, [0 Ha EPEBATOYHUX YHKTaX HE MOXKE BiJl-
OyBaTuCs HAKONMMYEHHS TOBapiB (CKIJIBKK TOBapiB 3a OJWUHUIO YaCy
HAJIATIUIO0, CTUTBKH TOBApIiB 3a OMWHUITIO Yacy Oyie BifmpaBiieHo). k-
IO K MEePeBaJOYHUI MyHKT Ma€ CKJIaJH, TO HA HbOMY MOJXE BiOyBaTH-
Cs1 HAKOITMYEHHS TOBapiB (y LbOMY BHIIQJAKy KO0 YMOBHO 3a4HCIIIOIOTh
JI0 TTYHKTIB CIIOKWBaHHS).

V crangaptHiit T3 mepeBe3eHHs TOBapiB 3MIHCHIOETHCS MK OYIIb-
SIKUMW TYHKTaAMH [IOCTA4aHHs Ta OYyJb-KUMHU ITYHKTaMU CIOXXHBaHHS.
Ha Bigminy Bix crannaptHoi T3, B y3aransHeHid T3 mepeBe3eHHs ToBa-
PiB MOX€ TaKOX BiOYBaTHCS MikK OKPEMUMH ITYHKTaMHU MIOCTA4aHHS YU
MiXX OKPEMHUMH IIYHKTaMH CIIO>KUBAHHS.

OkpiM 1BOTO, B y3arajabHeHil T3 MK OKpEeMHUMH MyHKTaMH II0-
CTa4yaHH$, MEPEBATOYHUMH MYHKTAMH 1 MYHKTAMH CHOXXHBaHHS MOXE
HE ICHyBaTH CIIONydeHHs (ZOpir), a Ha MPOMYCKHI 3[JaTHOCTI HasBHUX
JIOpIT HAKJIANaloTh OOMEKEHHsS (TOOTO MPOIYCKHI 3MaTHOCTI IOpir
BIJIMTOBIAIOTh KUTBKOCTI Ta BaHTaXOIMIIAOMHOCTI TPAaHCIOPTHUX
3aco0iB, M0 KYPCYIOTh IIAMH IOPOTaMHu ).

V3aransHeny T3 Ha3UBaIOTE 3aKpUMOI0, SIKIO CyMapHa BEIMYMHA
MIOTIUTY TOBapiB B yciMa MyHKTaMH CHOXXHBaHHs JIOPIBHIOE CyMapHii
BEJIMIMHI TIPOTO3HIIii TOBapiB B yCiX MyHKTIB IMMOCTa4aHHs. K0 yMoBa
3aKpUTOCTI HE BUKOHYETHCS, TO BBOASATH (DIKTUBHHH MYHKT MOCTaydaH-
HsI/CTIOKUBAHHS (TUB. PO3/LI 4 4acTUHU | 1IbOTO MiIPYYHUKA).

VY 3axpumiii y3aranbHeHid T3 HeoOXiIHO 3HAMTH Takui crmocid
TIePEBE3CHHSI TOBAPIB CYMapHOi BETWIMHY B BiJ MyHKTIB MIOCTAYaHHS 10
ITyHKTIB CTIIOKUBAHHSA 3 MOXCAUSUM BUKOPUCTAHHSAM NEPEBATOYHHX ITyH-
KTiB, SIKUU MiHIMIZYE 3a2aNbHy éapmicmb NEPEBE3CHHS TOBApiB TpPaHC-
MIOPTHOK MEPEXEI0; 100 I[HOTO HEOOXiTHO BPaXxOBYBaTH OOMEKEHHS
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Ha MPOMYCKHI 3AaTHOCTI AYT 1 Ha BENMYMHM IOMUTY 1 MPOIO3MLIi Bep-
HIVH.

OOMexeHHS, SKi HaKIIaIaloTh Ha MPOITYCKHI 3/JaATHOCTI JI0PIr, MO-
KYTh BIUIMHYTH Ha ICHYBaHHA JOMYCTUMHUX PO3B’S3KiB y3araJibHEHOI
T3. Ha Biaminy Bix crangaptroi 13, ymosa 3axpumocmi y3araibHEHOT
T3 me ne eapanmye icHyBaHHS X04a 6 OJTHOTO IOIYCTHMOTO PO3B’S3KY.

VY TakoMy BUNAJKy JIOTIYHO 3HAUTH MAKCUMATLHO MONCIUBY CY-
MapHy BEJIHYUHY TOBapiB, SIKi MOKHA MIEPEBE3TH BiJl MyHKTIB ITOCTaYaH-
HS JIO TIYHKTIB CIIO)KUBAHHS 3 MOJCIUGUM BUKOPUCTAHHIM TIEpeBaoy-
HUX IIyHKTIB, SIKA MIHIMIZYE 3A2AlbHY 6ApMIcMb TEPEBE3CHHS IUX
TOBAapiB TPAHCIOPTHOIO MEPEXKEIO.

AHani3yroun BUIIIECKa3aHe, MOXXHA 3POOUTH BHCHOBOK, IO MO-
nenb y3araiabHeHoi T3 OinbIne BiANOBiTAae yMOBaM pEaIbHUX TpaHC-
MOPTHUX MEPEeX, HiXK MoJienb cranaapTHoi 13. OgHak po3B’s3aTu y3a-
ranpHEeHY 13 Habarato Bax4e, HiXK CTaHmAapTHY 13.

Jns po3’si3yBaHHs y3araibHeHoi T3 po3po0iieHO creuialbHUMA
CUMIUIEKCHUI Metozn y mepexi [13, 16, 17]. Oagnak Haifuacrimie ys3a-
ranpHEeHY T3 3BOMATH 110 3a1adi PO MOTIK MIHIMAJIEHOT BAPTOCTI.

OdeBuaHoO, IO y3araapHeHiH T3 BigmoBimae modens cneyianbHol
po3noodinvhoi mepedrci (puc. 6.8), B sxiii BepmuHu oprpada, mo Biamo-
BiJIAIOTh JPKEpeNiaM, MaroTh JIOIaTHI Bard (3anacu TOBapiB), a BEPUINHH,
0 BIATOBIAIOTh CTOKaM — Bil’€MHI Baru (nompedu ToBapiB). Barm
MPOMIKHHAX BEPUINH JOPIBHIOIOTH HYJIO (CKUIBKH TOBapiB 3a OJAMHUIIIO
yacy HaJAiWILIo, CTUIBKK 32 OAWHMIIO Yacy W Oyne BigmpasieHo). Bap-
TICTIO IYTH CIIyTY€ BapTICTh IEPEBE3CHHS OAMHUII TOBAPY BiIITOBITHAM
MapuipyToM. IlosHauka Iyru: mponycksa spaTHicTs, (BapricTs myrw).

3.(2) -4

Puc. 6.8. Y3aranpHena T3 (MoJenpb creniaabHOi PO3MOATEHOI MEPexKi)
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Oprpad BinnmoBigHOT 3a4a4i IPO MOTIK MiHIMaJIbHOI BAPTOCTI 30-
OpaxeHo Ha puc. 6.9.

Puc. 6.9. Oprpad 3amaui npo noTik MiHIMaJILHOT BAPTOCTI (U151 y3araJibHEHOT
T3 na puc. 6.8)
[HKOMM MpOMyCKHA 3IaTHICTh AYTW Mae oOMEKeHHs 3 000X OOKiB
(To610 [;; <x;; <wjj). HWKHIO MeXy NPOIYCKHOI 3:aTHOCTI Ayru I

MO’KHa BHJAIUTH 3 OOMEXEHb ITiJICTAHOBKOIO xi'j = x; —1; . lna nosoro
MTOTOKY xlfj BEPXHBOIO MEKEI0 IMPOITYCKHOI 37aTHOCTI ayTH (I, j) Oyme

BEJIMYMHA b;,- =uy.—1

’
i —L; » @ mwKHBOI0 —uneno 0 (tobro 0<x; <b;). ¥V

LbOMY BHUIAJKY Bary BEPLIMHU i 3MEHIIYIOTb HA BEIUYHMHY lij. , 4 Bary

BEPILIMHY j 3011bLIYIOTh HA BETUUYNHY ll.j .

Hpukaan 6.2. Kommanis 3abe3medye 3epHOM i3 TPhOX 3€PHOCXOBHII]
Tpu nraxodadbpuku. [Iponosuwis 3eprocxoBunt — 100, 200 1 50 Tucsu
TOHH 3epHa, a monuT nraxopadpuk — 150, 80 i 120 Trcsy ToHH, BiAmoO-
BimHO. KOMITaHiss MOYKe TpaHCTIOPTYBATH 3€PHO 3ai3HHYHUM TPAHCIIOP-
TOM, 38 BUHITKOM TPbOX MapIIpPYyTiB, 1€ BUKOPUCTOBYIOTH aBTOMOOIJIb-
Hul Tpancrnopt. Ha puc. 6.10 mpoimtocTpoBaHO MOXIIMBI MapUIpyTH
MIDX 3€PHOCXOBHINAMHU 1 nTaxohadprukamu.

Hyru (1, 4), (3, 4) i (4, 6) BiOMOBIAAIOTH aBTOMOOITEHUM Map-
mIpyTaM, SKi MalOTh BEPXHI Ta HIKHI TPAHUII MPOMYCKHHUX 3/IaTHOCTEH.
[HI gyru BiAMOBINAIOTH 3aMi3HUYHOMY TPAHCIOPTY, MPOIMYCKHI 3/1aT-
HOCTI SIKOTO MPAKTUYHO He oOMekeHi. BapTicTh TpaHCmOpTyBaHHS O/I-
Hi€l TOHHH 3epHa B YMOBHHX TPOLIOBHX OJMHHISIX IOAAHO IMOOIH3Y
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KOJKHOI JIyTW B OKPYIJIHX OyXKax. Y Mepexi Ha puc. 6.10 HeoOXigHO
BUJIAJITH 3 0OMEXXEHb Ha MPOITYCKHI 3JaTHOCTI IyT HHXKHI MEXI.

100 50, 80 (1) 150

200 80
Puc. 6.10. TpancniopTHa Mepexa 3a7adi Mpo 3epHOCXOBHIIA i TTaxodadbpuku

» Ha puc. 6.11 mpoimocTpoBaHO MEPEKy MiCis BHIYYCHHS HHXKHIX
MEX MPOITyCKHUX 3IaTHOCTEH IyT.

S0 30 (1) 130

200 80
Puc. 6.11. Mepexa 6e3 HIKHIX MEXK <

? 3anuTaHHs 1S caMonepeBipku

1. Cdodopmysmroiite 3aga4y Ipo MOTIK MiHIMaJIBHOI BaPTOCTI.

2. Onuuiite MOJEINb PO3MOUILHOT MEPEXKi.

3. Codopmysroiite y3araJbHEHY TPAHCIIOPTHY 3a/1a4y.

3aBaHHs U151 CAMOCTIiiiHOT poGoTH

3aBmanns 6.1. Po3s’sokiTh 33124y PO MOTiK MiHIMAJIEHOT BapTOCTi (puc. 6.9).

3aBaanns 6.2. Po3B’sokiTh 331a9y IO MOTIK MiHIMaIIEHOT BapTocTi (puc. 6.11).
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7. KAJIEHJAPHE IIVTAHYBAHHS Y MEPEXKAX

Ilnan BUKJaxy MaTepiany:
1. TonoBHI BU3HAYEHHS 1 TEPMIiHH.
2. Meron kputnaHoro msixy (CPM).
3. Cucrema PERT.
4. Amnani3 Ta onTHMI3allisg MepexeBoro rpadika.

s~ Ku1rouoBi Tepminu po3ainy

¥ Komnnexc pobim (npoexm) Y CmpykmypHe niany8aHus

Y Kanenoapue nnamysanms Y Onepamusne KepysamHsi

Y [paghiune npedcmasnents pooim Y Mepeoica “pobomu — nodii”

Y Vnopsiokysanns mepeaici Y Kpumuunuti winsix y mepesxci

Y Panniii mepmin 30iticnenns nooii. Y I1i3niti mepmin 30iticHenHs nooii

Y Pannii mepmin nouamxy pobomu Y Pauuitl mepmin 3aKinyeHHs pobomu
Y [1i3nitl mepmin nouamky pobomu ' [1i3nitl mepmin 3aKinueHHs pobomu
Y Ilosnuii pesepg yacy pobomu Y Binvnuil peszepé uacy pobomu

Y Oyinku ukonauua pobomu Y OyinKu GUKOHAHHS NPOEKMY

Y Koegiyicum nanpysscenns pooomu Y Onmumizayisa “uac — eapmicms”

7.1. T'os10BHi BUBHAYEHHS i TepMiHU

Inanysanns i xepysanns y mepedsicax (IIKM) — cucrema oOumc-
JOBTBHUX 1 TpadidHUX METOIB, OpraHi3aliifHuX Ta KOHTPOJBHHUX 3a-
XOJ[iB Ha OCHOBI MeEpeXeBOi MOJeli I0JA0 IUIaHyBaHHS 1 KepyBaHHS
[IEBHUM KOMILJIEKCOM POOIT.

Ilin xomnaexcom pobim (kKomniexcom onepayiii I NPOEKMOM)
PO3YMIIOTh OYyib-sIKE 3aBaHHS, JIJIsl BAKOHAHHS SKOI'0 HEOOXIHO 3Jikc-
HUTH BEJUKY KUIBKICTh pizHOMaHITHUX poOIT. Lli poboTH 3anexHi oqHa
BiJI iHIIOT Tak, 0 BUKOHAHHS MEBHHUX POOIT HE MOXE PO3IOYATUCS pa-
Hillle, Hi>K BUKOHAHI JIesKi 1HII poOOTH.

[InanyBaHHS 1 KepyBaHHS Ha MEpeXax Halidye TaKi eTaIu:

1. Cmpyxmypne naanyeanisi. IIpoekT po30MBalOTh Ha YiTKO BH3HA-
4eHi podotu (omeparii), 11 IKUX BU3HAYAIOTh TPUBAIOCTI Ta Mpi-
OpUTETH TXHHOTO BUKOHAHHSI.

2. Kanenoapme nnanysannsi. Ha ocHoBi aHaiizy po0itT OyayroTh Me-
pexxeBuid rpadik, MO BiqoOpa)kae B3a€EMO3B’S3KH MiXX HUMU. Bu-
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3HAYalOTh MOMEHTH MOYaTKy W 3aBepUICHHS KOXHOI poboTH I
1HIIII 9acOB1 XapaKTEePUCTUKU MepekeBoro rpadika. OnTUMI3yIOTh
MEpEeKEBY MOJIEIb.

3. Onepamuene kepysanisi. BUKOPHCTOBYIOTH MepeKeBHH Tpadik
Juist GOpMYBaHHS 3BITIB PO BUKOHAHHS TpoekTy. [Ipu ipomy me-
pekeBa MOJIENIb MOXKE OINEPaTHBHO KOPETYBaTHCS 3 METOI0 PO3-
pPOOKH HOBOTO KaJICHIAPHOTO IIaHy JJIT YaCTHHU POOIT, sKi mIe
Tpeba 3aBepLINTH.

Icaye nBa cmocobu ommcy MPOEKTY HA PiBHI CTPYKTYPHOTO TLIA-
HyBaHHSI: TabauuHui 1 rpadivanii. Posrisaemo ix y nmpuknani 7.1.
Mpuknaxg 7.1. Y tabnuui 7.1 Bu3Ha4eHO poOOTH, iXHIO TPHBAJICTh, a
TaKOXX TPIOPUTETH BHUKOHAHHSA poOIT (mepemyBaHHS poOOIT) IEAKOTO
npoekty. I'padik BUkoHaHHS poOIT MpoekTy 300pakeHo Ha puc. 7.1.

» Tabauys 7.1. Tepenik poGiT mpoexTy

Po6oTta PoboTw, siKi IepeayoTh TpuBanicts pobotu (y IHIX)
A — 5
B — 6
C B 4
D 4,C 3
5
A
6 4 3
B > » D
Puc. 7.1. I'padix BUKOHaHHS pOOIT MIPOEKTY <

[TpeameToM pO3TIsILy B UBOMY PO3ALUTY € KaleHOapHe NAaHY8aH-
Hs. Pe3ynpTaTH CTPYyKTYPHOTO IUIAHYBAaHHS BBaKaTUMEMO BIIOMUMH, a
NUTaHHs ONEPaTUBHOTO KepyBaHHs BUXOIATH 3a Mexi JO.

Mepeoiceéa mooenb — TIIaH BUKOHAHHS KOMIUIEKCY B3a€MO3B’s3a-
HUX poOiT, 3a7aH0T0 y cnenudiuniil popmi, rpadiune 300paXKeHHs IKOT
HA3UBAIOTh Mepedicesum epagixom (abo mepedcero). T0IOBHOO PUCOIO
MEpeX)eBOi MOJIeNli € YiTKe BHU3HAYEHHS YCIX 4dCOo6UX B3AEMO3B’S3KiB
po0it. ['07I0BHIMH elleMeHTaMH MEPEKEBOI MOJEII € n00dii Ta pobomu.
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Tepmin poboma BukopuctoByioTh y [IKM y mupokomMy 3HaueHHi.
[o-niepue, e diticha poboma — MPOTSHKHICTH TPOIIECY B Yaci, IO BU-
Marae 3arpar pecypcis. Ilo-npyre, ne ouikysanus — NPOTAKHICTh POLIE-
Cy B 4aci, III0 HE BHMAarae 3arpar npari (HampHukiIaj, IpoIec CyIIiHHS
BUpOOy micis QapOyBaHHs, TBepAiHHS OeroHy Tomio). [lo-Tpere, 1e
sanesicnicms (200 ikmusna poboma) — JOTIYHUNA 3B’SI30K MK JTBOMA
Yy JeKiibkoMa poboramu (TIOAiSIMH), SIKMM HE BHMAarae 3atpar Ipaili,
MaTepiabHUX pecypciB uM 4acy. DikTuBHa poOOTa BKazye Ha Te, IO
MOJXKJIMBICTh OJIHI€T poOOTH Oe3mocepeHbO 3aJEeKUTh BiJ Pe3yJbTaTiB
inmroi. TpuBaicTh GiKTUBHOI pOOOTH JOPIBHIOE HYITIO.

Ilo0is — 11e MOMEHT 3aBEpIICHHS JIEIKOTO IMPOoIleCy, IMo Bigoopa-
Kae OKpeMHH eTan BUKOHaHHs Ipoekty. [lofis Moxke OyTu pe3ynpTaToM
OKpeMOl POOOTH YHM CyMapHUM pe3yJbTaToM JAeKiibkox poodit. Iomis
MOX€ 3MIMCHUTHCS TITBKH TOJi, KOJHM 3aKiHYaThCSA yci poOOTH, IO ii
nepeayoTh. HacTymHi po60TH MOXYTh ITOYATUCS TUTHKH TOJIi, KOJIU TI0-
ST 301MCHUTHCS.

onist e mae mpusanocmi (3MiIACHIOETbCS MUTTEBO). KoxHa 10-
Ilist MepexeBol Mozielli Mae OyTH ILIKOBUTO, YiTKO 1 BceOIYHO BH3Haue-
Ha. @opmysroBaHHS TMOAIT Ma€ MICTUTH Yy cO0i OIMUC pe3ybTaTiB yCix
po0it, siki 6e3mocepenHbo i mepenytoTs. Cepen MoAii MepexkeBoi Mo-
Jeli BUIUIAIOTE nouamkosy 1 3agepuiansiy nopii. IloyaTtkosa nofgist He
Mae poOit 1 moxiil, mo il nepenyroTs. 3aBeplagbHa MOl HE Ma€ Hac-
TynHUX poOiT 1 momii. Ilomii Ha MepexeBoMy Trpadixy 300pakarOThCs
sepuunamu, a podoTH — dyeamu.

Mpukaax 7.2. Ha puc. 7.2 300paxkeHo MepexeBuid rpadik 1is MPOEKTY
3 npuknangy 7.1.
>

Puc. 7.2. Mepexeswuii rpadik npoekty (mpukiaz 7.1)
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3 mepexeBoro rpadika Ha puc. 7.2 BUILUIMBAE, 10 podboT 4 i B
BUKOHYIOTbCSl HE3aJIC)KHO OJIHA BiJ OJHOI MicCIisl 3Mi1HCHEHHS I0YaTKOBOT
moxii 1; pobota C — micns 3mificHeHHs moAii 2 (BUKOHaHA poboTa B); a
pobota D — micns HacTanHs noaii 3 (BukoHaHi pobotu A4 i C). <

VY Mepexi Ha puc. 7.2 moOIu3y KOKHOI IyTH MPOCTABICHO Ha3BY
pobotu Ta ii TpuBamicTh. Ili 9Yac HACTYNMHUX TEPETBOPEHb MEpEKi
Ha3By pOOOTH HE BKa3yIOTh, OCKUIBKH II¢ HAJIHIIKOBA iH(OpMaIris,
ajmke poOoty imeHTHdikye BiamoBigHa ayra: poboty A —ayra (1,3);
poboty B —nyra (1, 2); poboty C — ayra (2, 3); poboty D — nyra (3, 4).
Mpukaan 7.3. [ToOynyBatn MepexxeBUil rpadik sl MPOEKTY, TEePeriK
poOiT sIKOTO HaBeACHO y Ta0mwmi 7.2.

Tabnuys 7.2. Tleperik poOiT MPOeKTy

PoGora PoGory, siki mepenytoTb Tpusanicts podoTn
(y nsix)
A — 5
B — 6
C B 4
D A4,C 3
E C 4
F C 5
G D,E F 3

» Mepexeuii rpadik Ha 6a3i Tabmuii 7.2 300pakeHo Ha puc. 7.3.

Puc. 7.3. Mepexeswii rpadik npoekrty (mpukiag 7.3)

VY mepexxeBoMy Tpadiky Ha puc. 7.3 BHKOPUCTaHO JBi (PIKTHBHI
pobotu (3, 4) 1 (5, 6), iX 300paxeHo myHKTHpPOM. L{i poboTn He BuMara-
I0Th Yacy Ha BHKOHAHHS i BHKOPHCTOBYIOTBCS JIMIIE JJISI TOTO, II00
NPaBWILHO BiZIOOpa3UTH 3B’s3KU Mixk pobortamu. <
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MepexeBuil rpadik, GaKTHUHO, € AYUKIIYHOIO St-Mepedicer), OC-
KITbKH cepell ToJii (BEpIIMH) MEpeXeBoi MOAeNi BUAUIAIOTH nowam-
Ko8y 1 3asepuianviy TOAIl (BEPIIMHM) Ta ICHY€E YITKUH MOPSIOK BHUKO-
HaHHS POOIT 1 KO’KHA poOOTa MOKE BUKOHYBATHUCS JIMIIE OJIMH pa3. Bara
JIyTH Bi/ITIOBiZIa€ TPUBAJIOCTI BIAMOBIIHOT pOOOTH.

[Tpu nobynoBi MepexeBoro rpadika HEOOXiJHO JOTPUMYBATHCS
TaKWX MMPaBUII, SKi 320€3MeUyI0Th YTBOPEHHS alMKIIIYHOT SI-MEPEKi:

1. He moxe OyTu BepiivH (32 BUHSITKOM 3aBEpIIAIbHOI BEPIIMHHN), 3
SIKUX He UX00Uumb XoIHa ayra (podoTa).

2. He moxe OyTu BepmuH (3a BUHATKOM IIOYATKOBOI BEPIIWHHU), B
SIK1 He 6x00umb X04a O 0JIHa JIyTa.

3. VY Mepexi He Moxe OyTH nemenw 1 yuxnie. IIpy BUHUKHEHHI 1UK-
ny (Y CKIAJHHX MEpeXax I BHUSBIISAETHCS JUIIE 3a TOTIOMOTO)
KOMIT t0Tepa) HEOOXITHO TMOBEPHYTHUCS JO TOYATKOBUX IaHUX 1
MIUISIXOM YTOYHEHHS MEePETiKy pOOIT TOMOTTHCS HOTO YCyHEHHS.
Byne-ski 1B BEpITMHN MArOTh 3B’ SI3yBaTHUCS OJTHIEIO TYTOIO.

5. Y Mepexi mae OyTw JUIIEC OfHA MOYATKOBA I OJlHA 3aBepIabHA
nomii. SIKmo me He Tak, TO JOMOITHCS 0aKaHOro MOYKHA IIIIXOM
yBeneHHs (QiKTUBHHX MOJIH 1 pooiT.

[lepmri cucremu, 110 BUKOPUCTOBYBAIIM MepexeBi rpadiku, Oymm
3actocoBani B CIIIA mampukinmi 50-x pokiB i ogepxamm Hazsu: CPM
(Critical-Path Method, memoo kpumuunozo winsaxy) i PERT (Program
Evaluation & Review Technique, memoo oyinku 1 02a20y npocpamu).
Cucrema CPM 0Oyna BriepIie 3acTocoBaHa IMPH KepyBaHHI OyIIiBEITbHHU-
Mu poboramu, a cucrema PERT — mpu po3poOii pakeTHHX CHUCTEM
“ITomapic™.

Cucremy CPM opi€eHTOBaHO Ha PO3B’S3YBaHHS 0emepMiHOBAHUX
3a/la4 TUTAaHyBaHHS Ha MEPekax, B SIKUX TPUBAIICTh KOXKHOI poOOTH €
BEIMYMHOIO BIJIOMOIO Ta CTAJIOK.

Cucremy PERT opienToBaHO Ha aHalli3 MPOEKTIB, B SKUX TPH-
BaJICTh YCIX UM JESIKUX POOIT BU3HAYUTH TOYHO HE BAA€ThCs. Crucremy
PERT, 3a3Buuaii, BUKOPHCTOBYIOTH IIiJl 4aCc NPOCKTYBaHHS 1 BIpO-
BaJKEHHSI HOBHX CHCTEM, Y SIKUX 0araTo poOiT He MalOTh aHAJIOTB.
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7.2. Metoa kputuuHoro muisixy (CPM)

st 3acTOCYBaHHS Memody KpUMuyHo20 wiisaxy NONepeaHbo He-
00OXITHO YTIOPSAIKYBAaTH MEpEeKeBHH Tpadik. Yrnopsaokysauwns mepexe-
BOro rpadika rmoisirae y TakoMy po3TalllyBaHHi MOJIiH i po0iT, 3a sIKOTo
Ui OyIb-siKoi poOOTH TMOid, SKa i mepeaye, po3TalloBaHa JiBile i
Ma€ MCHINMWKA HOMEp TOPIBHSIHO 3 TOIi€l0, SKa 3aBEpINyE IO POOOTY.
To6TO B ymopsiAKOBaHOMY MepexeBoMy Tpadiky BCi poOOTH-CTPLIKK
CIpsSIMOBAHI 3J1iBa HAIMIPABO: Bij MOl 3 MCHIIUMH HOMEPaMH JI0 MOJil
3 OUIBIIMMHU HOMEPaMHU.

YMOBH ynopsiAKYBaHHsI MEPEKEBOro rpadika BiIOBiAalOTh yMO-
BaM HyMEpyBaHHS BEpIIUH aluKiIigHOro orpada (teopema 1.2). Anro-
PUTM HyMEpyBaHHSI BEPLIMH MepexxeBoro rpadika (n0dii), sIKUii HaBe-
JICHO Y JIOBEJICHHI TeopeMH 1.2, 3a/10BOJIbHSIE BHUIIEBKAa3aHi YMOBHU yIIO-
PAAKYBaHHS MepexeBoro rpadika.

OpHe 3 HAMBAXIIUBIIIUX TIOHATH MEPEKEBOTO rpadika — MOHATTS
nusixy. [llnsx — Oynb-siKa MOCIHITOBHICTE pOOIT, Y SKiM KiHIIEBA OIS
KOHOT pOOOTH 30ira€Thes 3 MOYATKOBOO TOIEF0 HACTYITHOT 33 HEHO PO-
6otu. Cepen pi3HHX LUIIXiB MEPEKEBOro rpadika BUIUIAIOTh NOGHUI
wiax L — Oymb-sKUi TIUIAX, TTOYATOK SKOTO 30IiraeThCsl 3 MOYATKOBOIO
MOJTIEI0 MEePexKi, a KiHeIb — 13 3aBEePIIATHHOIO.

HaiirpuBanimmii moBHMH WIIISIX y MepekeBoMy TIpadiky Has3u-
BalOTh Kpumuuynum. KPUTHYHUMHE Ha3UBAIOTh TaKOX POOOTH W momii,
pO3TamIoBaHi Ha IBOMY NIIAXY. J[JIs1 BU3HAUEHHS KPUTHYHOTO IUIAXY
BUKOPHCTOBYIOTh QJTOPUTM OOYHCICHHS HAUOO08UI020 ULiAXy B HaBaH-
TaXCHOMY aluKiIiuHoMy oprpadi (§ 3.5).

Kputnunuii nuisix Mae ocobnuse 3HadeHHs y cucremi [TIKM, oc-
KUTbKH pOoOOTH IBOTO MUIAXY BU3HAYAIOTH Yac 3aBEPIICHHS MPOEKTY 3a-
raoM. J[is cKOpodYeHHsS TPUBAJIOCTI MPOEKTY HEOOXIIHO, MEpemyciM,
CKOpPOYYBaTH TPUBAJIOCTI POOIT, IO JIeXkKATh HA KPUTUIHOMY LUIAXY.

Posrnsinemo criouatky napamempu noodiii. Bynb-sika mojis Moxe
HACTYIUTH TLTBKH 32 YMOBH BUKOHAHHS YCiX pOOiT, MO i MepeayroTh.
Otox pannitl t,(j) mepmin 301ACHEHHS j-01 TIOJii BU3HAYAETHCS TPHBA-
JCTIO MAaKCHMAIJIBHOTO NIUIAXY, IO MEePEAyeE i TOIii:

tp(j)znza?(t(Lnjl (7.1)

n
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ae L,; — NOBIIBHUM IUIAX BiJl HOYAaTKOBOI IOJIi 10 j-01 Mol Mepexi.

Skio mois j Mae NeKiibka NONEPeHIX NUISXIB, a, OTXKE, JCKilb-
Ka TIONIEepeIHIX TOJIN i, TO paHHIH TepMiH 3[IMCHEHHS IMOJii j 3py4HO
obumncroBaTH 32 HOPMYJIOFO:

t,(7)= max (t,[)+1), (7.2)
iel” (j)

e t; —4ac BUKOHAHHs po6oTH (i,;); I'(j) — MHOXMHA HOMEpIB By3IiB
(nooiti) Mepexi, 3 IKUX BUXOJATH IyTH (POOOTH), 10 BXOJATH Y BY301 j.

Amnaniz ¢popmyin (7.1), (7.2) 3acBiguye, mo s BU3HAYCHHS paH-
HIX mepMinie 3MINCHEHHS MO MOXXHA BUKOPHUCTATH alrOPUTM BiJIIy-
KaHHA Hall0osuio2o uiiaxy B anukiaianomy oprpadi (§ 3.5). Ilix gac pe-
aizarii boro aJrOpPUTMY 3HAXOMSITh MAKCUMAIbHI IIUIIXHU BiJl TOYATKO-
BOI 1ozii 10 1HIIOT 1OBUILHOT MOAii.

3aTpuMKa 3A1HCHEHHS MO/ii j CTOCOBHO CBOTO PaHHBOTO TEPMiHY
He 6I00Opazumbcsi Ha TEPMiHI 3MIHCHEHHS 3aBEpIIAIbHOI MOJIl J0TH,
JOKM CyMa TepMiHy 3HiiCHeHHs 1€l Tofii ¥ TPUBAJIOCTI
MaKCHMAJIBHOTO 3 HACMYNHUX 33 HEIO NUIAXIB HE MEePEBHUIUTH JOBXKIHH
KpuTHyHOTO TWIAXy. OTOX ni3uiti mepmin t,(j) 3MIACHEHHS j-0i mOmil
JIOPIBHIOE:

t,l(j)thp —maxt(Lj3), (7.3)
L.

J3

ne L;; — AOBIMbHMIA IIISAX, IO W/ 3a j-0F0 MOJI€0, TOOTO MUIX BiJ j-01
TTOAi1 10 3aBepIIaIbHOT IO Tii MepexKi.

Slkimo momis j Mae mekiibka HaCTYITHUX IUIAXIB, a, OTKE, TEeKiIb-
Ka HACTYIHUX MOJiH 7, TO Mi3Hil TepMiH 3A1liCHEHHS MO/l j 3py4YHO 3Ha-
XOJIUTH 32 (HOPMYJIOLO:

()= min |6, (1)~} (7.4)
iel (j)

Ie t; —4vac BUKOHAHHA poOoTH (J, i); [ (j) — MHOKMHAa HOMEPIB BY3IiB
(nooiit) Mepexi, y SKi BXOAATH Iyrd (poOOTH), IO BUXOATH 3 By3Ja j.

Pezepes uacy R(j) j-o1 noxii BU3HAYAEThCA K Pi3HUIT MIX MI3HIM i
paHHIM TepMiHaMH 11 3iHCHEHHS:

R(j)=t,(j)-1,(j) (1.5)
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PesepB wacy mopii neMOHCTpye, Ha SKMHA AOMYCTHMHH Mepion
yacy MOJKHA 3aTPUMATH HACTAaHHS Ili€l Mmoii, He 30UThIIYIOYH TEPMiH
BUKOHAHHS KOMITJIEKCY POOiT.

Kpurnuni noaii pe3epBiB yacy He MalOTh, OCKUIBKH Oy/b-sKa 3a-
TPUMKa y 3IiMCHEHHI MOAii, IO JEXHUTh HA KPUTHUYHOMY LUIAXY,
CIIPUYHMHUTE TAKY K 3aTPUMKY B 3IIHCHEHHI 3aBepmanbHOi mofii. OTox
BM3HAYAIO4M PaHHIA TepMiH HACTAHHS 3aBEPIIAIBHOI MOAIl Mepexi, MH
TUM CaMUM BHM3HAYa€MO JOBXHHY KPUTHYHOTO IUIAXY, a BHSBISIOUN
HoJil 3 HYIboGUMY PE3EPBAMU Yacy, BU3HAYAEMO HOTO TOIOJIOTIO.
Mpuknag 7.4. [loOynyBatu MepexxeBuil rpadik A OPOEKTY, HEpesiK
poOiT sikoro HaBeAeHO y Tabmuill 7.3. Busnauntu y nbomy rpadiky Kpu-
TUYHUHN NUIAX 1 9aCOB1 TapaMeTpH MO,

Tabnuys 7.3. Tlepenik poOiT MpoeKTy

Po- 3MicT pobotn PoGorw, sixi | TpuBamicTs pobotn
6ota nepeayoTh (y THOKHSIX)
A [TixroTyBaTn nmpoexT - 5
B Busnauntu openyiapis - 6
C [TixroTyBaTy npocneKT A 4
D Bubpatu migpsgHuKa A 3
E [igroryBaT JOKyMEHTAIIIFO A 1
F OTpumaTs JO3BUT HA OYiB- E 4
HHIITBO
G [ToOymyBaTH MaBUTBHOHU D,F 14
H 3aKITIOUYNTH KOHTPAKTH 3 B.C 12
OpeHIapsIMU
1 ]?CCHI/ITI/I OpEHJapiB y NaBLIb- G.H )
HoHHn

» Tlim 4yac BH3HAYCHHS PAaHHIX TEPMIiHIB 3IIHCHEHHS MOMAINA pyXaeMocs
3a rpadikoM y HampsMi 3J1iBa HAINpaBO i BHKOPHUCTOBYEMO (OPMYITY
(7.2). [omxnHa KpUTHYHOTO MUIAXY MAOPIBHIOE PAaHHBOMY TEpPMiHY
3MidCHEHHs 3aBepiianbHoi moaii. [ movyaTtkoBoi moAii paHHIN TepMiH
3miiicHeHHS TopiBHIOE (.

ITix yac BU3HAYCHHS Mi3HIX TEPMIiHIB 3AIMCHEHHS MOJIN pyXaemMo-
cs1 3a rpadikoM y 3BOPOTHOMY HampsaMi (TOOTO cripaBa HalliBO) i BUKO-
pucroByemo dopmyiy (7.4). [na 3aBepmanpHOi moaii mi3HIA TepMiH
3MIHCHEHHSI MOIi1 JOPIBHIOE HOTO PAHHHOMY TEPMIHY.
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Mepexesuii rpadik Ha 6a3i Tabmuui 7.3 300paxeno Ha puc. 7.4. [1o3-
HayKa BEPUIMHHM (MOJi1): paHHiil_TepMiH, misHili_TepMiH.

5,5 10, 10

Puc. 7.4. Mepexesuii rpadik npoekty (npukiaj 7.4)
Kputnuaunit nmuisx TpuBanocTi 26 300paeHo MOTOBIICHUMH JTiHis-
mu. Kputnusi nonii: 1, 2, 4, 5, 6, 7. Kputuuni podotu: 4, E, F, H,I. <
Tenep nepeitnemo 1o napamempis pooim. Oxkpema podoOTa MOXKE
posnouatuck (i 3aBepIIMTHCH) y paHHi, Mi3HI a0o0 iHII NPOMiXKHI
TepMiHu. OYEeBUIHO, WO pauHitl mepmin t,(i, j) nowamxy podotu (i, j)
30iraeTbcs 3 paHHIM TEPMiHOM HACTaHHS MMOYATKOBOI MOIii i, TOOTO

tpn(iaj)ztp(i)' (7.6)
Panniti mepmin t,,(i, j) 3a6epuienns podotu (i, j) Bu3Ha4ae Gopmyia
tps (i, )=t (0)+1;. (7.7)

PoGota He Moke 3aKiIHIYUTHUCH MICIIS JOITYCTUMOTO HANTIi3HIIIIOTO
TEPMiHy CBO€I KIHIICBOI MOJIi1 j, TOMY ni3Hil mepmin t,,(i, j) 3a6epuiens
po6oTtu (i, j) BU3HAYAETHLCS CITiBBITHOIICHHIM

tns iz )=t (/). (7.8)
a nisnii mepmin t,,(i, j) nouamky 11iei poOOTH — CITiBBiJHOIICHHM
tnn(iaj):tn(j)_tij' (7.9)

Pezeps uacy R(L) winsaxy L BU3HAYAETHCS K PI3HUIS MiXK JOBKH-
HOIO KPUTUYHOTO NUISXY 1 JIOBXKMHOIO JIAHOTO IUISAXY:

R(L)=t,, -1(L). (7.10)

BiH neMOHCTpY€E, HACKIIBKY y CyMi MOKHA 301IBIIMTH TPUBAJIOCTI yCiX
poOIT, 10 HaJIe)KaTh BOMY HUISIXOBI. SIKIIO 3aTATHYTH BUKOHAHHS PO-
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0iT, IO JIeKaTh HAa BOMY LUISXY, Ha Yac OuIbine HiX R(L), TO KpUTHY-
HUH LUIAX HepeMicTUTbes Ha muiiX L. 3BiACH BUIUIMBA€E, IO KOXKHA
poboTa Ha miIAHIN L , M0 HE 30iraeThcs 3 KPUTHYHHM IIIITXOM, Mae
pe3epB 4acy.

JI1s BCeCTOPOHHBOTO aHai3y PoOIT 3 METOK HACTYITHOI ONTHMi-
3aLii BUKOPHCTOBYIOTh IMIOHSATTSI YOTUPHOX PI3HOBHUIIB pe3epeis uacy po-
Oim: IOBHUI pe3epB vacy, YaCTKOBUH pe3epB 4acy Mepuioro pojy, 4act-
KOBHIA pe3epB yacy Apyroro poAy (abo BUIbHHIA pe3epB uacy) i He3asiex-
HUH pe3epB yacy. Y 0araTboX BHUINAAKaX JOCTATHbO MOHATTS HOGHO20 1
8i1bHO20 PE3EPBIB Yacy poOiIT, SKi i OyIe HaMH PO3TIITHYTO.

THosnuii peseps uacy R,(i, j) podboTH (i, /) IEMOHCTPYE, Ha CKUTbKU
MOJKHA 301JIBIIINTH Yac BUKOHAHHS 1Ii€T pOOOTH:

Rn(i:j)ztn(j)_tp(i)_tij' (7.11)

PoGotu, 1o nexarb Ha kpumuurHomy uiiaxy (Tak camo, sIK 1 Kpu-
TUYHI TIOJIiT), pe3epeis uacy He marome.

Binvnuuii peszeps uacy R(i, j) podotu (i, j) — 11e 4acTHHA TTOBHOTO
pe3epBy Yacy, Ha SIKy MOXHa 301IbIIIUTH TPUBAIICTH POOOTH, HE 3MiHUB-
M TIPY [IbOMY PaHHBOTO TePMiHY ii KiHIIeBOi Moil (a0 paHHIX TepMi-
HIB ITOYAaTKy HACTYITHUX POOIT):

Ry (i, /) =t,())—1,@0)—t;. (7.12)
Jlerxo mosectw, 10
Ry (i, j) = Ry (i, j) = R(j). (7.13)

ChopMymroeMo npasuio TIPO MOXIIHBI TEPMIHM BHKOHAHHS I0-

BiJIBHOT HEKPUTUYHOI poOOTH (7, j) 3 4aCOM BUKOHAHHS ;;:

o sxmio R(i,j) = R,(i, ), TO 3a3Ha4eHy pOOOTY MOXKHA BHKOHATH Ha
Oy1b-SIKOMY ITPOMIXKY JIOBXXHHOIO £, IO I[IJIKOBUTO HAJICKHUTH TIPO-
MIXKKOBI (#,(7), £,()), 6€3 mopyIIeHHs TePMiHIB BUKOHAHHS TIPOEKTY;

o sxmo R(i,j) < R,(i, ), To mogaTok poboTu (i, j) MO’KHA 3CYHYTH Ha
BenmuuHy A < Ry(i, j) BITHOCHO £,(i), 6€3 OpYIIeHHS PaHHIX TEepPMi-
HIB IMOYaTKy HACTYMHUX POOIT.

OTxe, BUTBHUI pe3epB 4acy MOKHA BUKOPUCTATH Ha 301IbIICHHS

TPHUBAJIOCTI 3a3HAYEHOI Ta MOIMEPeIHBOI POOIT 0e3 MopyIIeHHS pe3epBy

yacy HacTyITHUX POOIT.
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Mpukaang 7.5. BuzHaunty yacoBi mapameTpu poOIT IJisi MEpEKEBOTO
rpadika, 300paxkeHoro Ha puc. 7.4. JlaiiTe BiAMOBIh HA TaKi 3aITUTAHHS:
1. Ha ckimpku MoXHa Bigkiactu podory C, B, E i H, mob ne He
MOPYIIMJIO TEPMiHIB BUKOHAHHS TTPOCKTY?
2. Ha ckinpku MoxxHa Bimknactu podory C, B, E i D, mo0 1ie He
TTOPYIITIIIO paHHIX TEPMIiHIB TOYATKy HACTYITHUX POOIT?
» 3amnuiineMo 4acoBi mapaMeTpu pooiT y Tadi. 7.4.

Tabnuys 7.4. YacoBi napameTpu pooiT

P060Ta %}:;)a tii tpn Tt‘ileHI:mpOGIT ;:)e%pBI/;jaCY RB
A 1,2) | 5 0 510 5 0 0
B 1,3) 6 0 6 | 6 12 6 3
C 2,3) | 4 5 9 | 8 12 3 0
D 2,5) 3 5 8 | 7 10 2 2
E 2,4) 1 5 6 | 5 6 0 0
F 4,5) 4 6 | 10| 6 10 0 0
G (5,6) | 14 10 | 24 | 10 | 24 0 0
H 3,6) 12 9 21 12 24 3 3
1 6,7) 2 24 26 24 26 0 0
Bionoegioi. 1. MoxHa Binknactu (Ha Teokui): C—3,B—-6, E—0, H—3.
2. MoxHna Biakmact (Ha TikHi): C—0,B—3,E—0,D-2. <

7.3. Cucrema PERT

ITig yac BU3HAUYCHHS TUMYAaCOBHX MapaMETPIB MEPEKEBOrO Tpa-
(hixa goremnep nepeadavanocs, Mo Yac BUKOHAHHSI KOXHOI pOOOTH UiTKO
BH3HAYEHO. Take MPUIYIIECHHS PeaTbHO BUKOHYETHCS HEYACTO.

Haiiuacrinie TpuBajgicTh poOOTH 3a3dajierigh HEBIiOMa 1 MOXe
npuiMaT TEBHE MOKIIMBE 3HAYEHHS 3 AEAKOI HMOBipHicTiO. ToOTO
TPHUBAIICTh POOOTH f(i, /) € BHUIAIKOBOI BEIWYHHOIO, IO XapaKTepH-
3YETBCS CBOIM 3aKOHOM PO3MOITY 3 TAKAMH YHCIOBHMH XapaKTepHUC-
THKAMH, 5K cepeone snavenns (i, j) i oucnepcis o*(i, ).
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AHaniz BemuKoi KiBKOCTI CTaTUCTUYHUX AaHUX (XPOHOMETpPaxi
yacy peanizallii okpemux poOiT, HOpMaTHBHI JlaHi 1 T.J1.) 3acCBiAUye, 110
JUISL OIIIHKHM CEPEIHBOI TPUBAJIOCTI POOIT HalmpumaTHIWH B-posnodin
[10, 15, 17].

Jlnst BUSHAYEHHST YHCIIOBUX XapaKTePUCTHK (i, j) 1 02(1', Jj) mporo

posnoziny s podotu (i, j) Ha MiACTaBI OMUTYBaHHS BiJMOBiTaTbHUX
BUKOHABIIiB IPOCKTY ¥ €KCIEPTIB BU3HAYAIOTh TPH YaCOBi OIiHKH:

o onmumicmuyny oyinxy t,(i, j) TpuBasiocti podoru (i, j);

®  necumicmuuny oyiuky t,(i, j) TpuBaIIOCTi podoTH (I, );

®  Hauimosipuiuy oyiuky t,(i, j) TpuBasocTi poOoTH (i, f).
[IpunymenHs nmpo B-po3moais TpUBaIocTi poboTH (i, j) Aae 3Mory

OTPUMATH TaKi OILIHKH ii YMCIOBUX XapPAKTCPUCTHK:

Z(i,j):tO(l,J)-i_ tulél9])+t)1(l9]); (714)

.. .2
. t,(1,7)—t,(
Gz(l,]): n().]) 0( 3]) ]
6
Sxuro ¢axiBUsAM CKIATHO OLIHWUTH 1,47, j), TOJI BUKOPHCTOBYIOTh

cripouieHy (i MEHII TOYHY) OLIHKY CEpeAHbOi TPUBAIOCTI poboTH (i, f)
Ha ITiJICTaBI1 JIUIIIE TBOX YaCOBUX OLIHOK Z,(i, j) i t,(i, j):

2, )3, )
i j)= (J)5 G.J)

Tre e /e & .
3a 3HaueHHsAM £ (i, j) 1 6°(7, /) MO)KHA BU3HAYATH YacOBi MapaMeT-

(7.15)

(7.16)

pu MepexeBoro rpadika i omiHWTH iXHIO HaAilHicT. Hampukinan, 3a
JIOCUTH BEITUKOI KUTBKOCTI POOiT, 10 HalleXkaTh NIIAXy L, 1 32 BUKOHAH-
HS JESKNX y3aralbHEHHX YMOB MOJKHA 3aCTOCYBaTH IIEHTPaJbHY Ipa-
HUYHY TeopeMy JIsSImyHOBa, Ha MiJICTaBi SKOT MOKHA CTBEPKYBAaTH, L0
3arajpHa JOBKMHA HUIAXY L Mae HOpMaJIbHHH 3aKOH PO3MOIily i3 ce-
pennim 3HauennaM ¢ (L) i qucnepciero 6°(L), sKi 0GUHCITIONOTH 3a (op-
MyJIaMH:

[(L)=X1G.)) o (L1)=L0>(i,)). (7.17)

LJ LJ
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Hexaii mepexeBuil rpadik Ha puc. 7.4 300pakac Mepexy 3
BHITQJIKOBIMH TPHBAJIOCTAMHU POOIT 1 4mcia Haj poOOTaMHU-CTPiIKaAMU
3a]al0Th CepelHi 3Ha4YeHHs [ (i,7) TPUBAIOCTi BiATNOBIAHMX pOOIT,
oGuncreni 3a Gopmynoro (7.14) a6o (7.16). Bigomi yci mucnepcii 67(i,
), obuucneni 3a popmyioro (7.15).

VY 1npoMy BHIIQJIKy 4acOBi MapaMeTpH MEpPEeKeBOro rpadika: JoB-
JKWHA KPUTHYHOTO TIIAXY, PaHHI Ta IMi3HI TEPMIiHH 3MIACHEHHS TOIIHN,
pe3epBH Yacy NoAii Tomo — OyAyTh Taki K, SIK 1 BU3HAYEH] y MPHUKIIanaxX
7.4 1 7.5. OgHak Temep BOHH € cepedHiymu 3HAUYEHHSMH BiIIOBiTHUX

BUITAAKOBUX BCIHWYUH: CCPCAHBOIO NJOBXHWHOK KPUTUYHOIO HUIAXY pr .

cepeHIM 3HaYEHHAM PaHHBOIO TEPMiHY 3aBEpIICHHS MOJIT 7 p (i) Tomo.

BaxMBuM MOMEHTOM aHalli3y MEpeX 3 BHITAJKOBHMH TPHBAIOC-
TSMH poOIT CTa€e OIiHKa HMOBIPHOCTI TOTO, 1[0 TEPMiH BUKOHAHHS MPO-
CKTY I, HE IICPEBUILUTH 3a1aHOT0 IMPEKTHBHOrO TepMiny 7. Beaxaro-

au i,

7y, OTPUMAEMO:

BHUIIAJKOBOIO BCINMYMWHOIO, IIIO Ma€ HOpMaﬂLHI/Iﬁ 3aKOH pO3HOL[i—

_ T—1,
P(ty, ST):l+lq> — (7.18)
2 2 Oxp

2
Owp =110'Kp , (7.19)

ne ®(z) —inTerpan imoBipHocte# Jlannaca (z = (T — t_Kp )/ O .

Axmo suavennst P(f,, <T) € ManuM (HanmpuKIal, MCHIINM 32

0,3), To HeOe3meka 3pUBY 3aJaHOTO TEPMIHY BUKOHAHHS KOMILICKCY
pobIT € BENMKOIO, HEOOXIMTHO BXKHMBATH OMATKOBHX 3ax0JiB (Tiepe-
PO3MOIT PECYPCiB y MEPexi, Meperisil CKiaay poOiT i momii ToIo).
Sxmo 3HaueHHS P( t_Kp <T) € 3HayauM (Hampukiai, Oinemmm 3a 0,8),

TO 3 IOCTAaTHIM CTYNEHEM HaJiHHOCTI MOYKHA MPOTHO3YBAaTH BUKOHAHHS
MPOEKTY Y BCTAaHOBJICHUH TEPMiH.

PosrnsayTi motemep Mepexi Oynu demepminoganumu, Xo49a po-
00TH y HHX MOTJIM XapaKTepU3yBaTUCS HE TUILKU JETEPMiHOBaHHMHU,
aJie i BUNIaIKOBUMH TPUBAJIOCTSIMH.
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BonHoyac icHYIOTh IPOEKTH, KOJIM Ha AESKUX eTarnax Tod abo iH-
M KOMIUIEKC HACTYITHUX POOIT 3aJIe)KHUTh BiJl HEBIJOMOTO 3a3/aJIeTi/b
pesynbrary. SIKui i3 IUX KOMIUICKCIB pOOIT (haKTHYHO BHUKOHYBa-
TUMETBCS, MOJKHA TIepeI0aYnTH JIHIIE 3 ISIKOI0 HMOBIpHICTIO. Mepexi,
IO Bi10OpaXaloTh TaKi MPOEKTH, HA3UBAIOTh CIMOXACTHUYHUMU.

Hanpuxknaa, moxe OyTu mependayeHo AeKiIbKa BapiaHTiB Mpo-
JOBXEHHS JOCIIIPKEHHS 3aJIeKHO BiJl OTPUMAaHMX AOCIIAHUX JaHUX a0o
KiJlbKa BapiaHTiB OYJIBHHITBA IiJIPUEMCTB PI3HOI TOTYKHOCTI 3
00poOKHM CHpPOBHMHH 3aJIe)KHO BiJl pe3yJbTaTiB pPO3BIAKM 3amaciB wi€l
CHPOBHHH.

VY CBOIO Wepry CTOXacTHYHI MEPeX i MOXKYTh XapaKTepH3yBaTUCS
JICTEPMiHOBAHUMH 200 BUIMAAKOBUMHU TPUBATIOCTSIMHU.

7.4. AnaJji3 Ta onTuMi3ailisi Mepe:keBoro rpadika

[Ticnst 3HAXOKEHHST KPUTHYHOTO HUISXY W pe3epBiB yacy pooiT
Ta OL[HKM WMOBIPHOCTI BUKOHAHHS MPOEKTY B 3aJlaHUN TEPMiH HEOOXif-
HO 3IIHCHUTH BCEOIYHMIA aHaJi3 MEpEX)eBOTo rpadika i BKUTH 3aXOJiB
00 MOTO onmumizayii.

AHai3 MepexeBoro rpadika MOYUHAETHCA 3 aHAJI3y TOIOJIOTI]
Mepexi, M0 Haliuye KOHTPOJIb MOOYZOBH MepexeBoro rpadika, Io-
LIBHOCTI BUOOPY pOOIT, CTYNEeHs iXHBOI BiIOKPEMJICHOCT.

Bu3HauuTH CTYIiHB BaKKOCTI BUKOHAHHS Y TEPMiH KOXKHOI Irpynu
POOIT HEKPUTUIHOTO NIIISIXY MOJKHA 33 JTOTIOMOTOI0 Koeghiyichma Hanpy-
oicennss poOIT K, pobotH (i, j), AKuid BU3HAYA€E Taka GpopMmyia:

¢ (Lmax) - tl'<
.. p
K, ))=—""F— (7.20)
tkp — tkp
ne H(Liax) — TOBXKHHA MAKCUMATBHOTO TUISAXY, IO MPOXOAUTH Yepe3 Po-

ooty (i, j); t,’<p — IOBXKMHA Bipi3Ka MBOTO MIIAXY, IO 30ira€Thes 3 KpH-

TUYHUM [UISTXOM.
KoedinieHT Hanpy>keHHS MOKe 3MiHIOBaTucs y Mexax Big 0 jo 1
(mns poOiT KpuTHYHOTO UIAXY). YuM Ommkde 10 1 koedimieHT Hanpy-
skerus K,(i, j), THM CKIIagHiIlle BUKOHATH aHy PoOOTY Y BCTAHOBJICHUH
tepMiH. Yum Ommkue K, (7, j) 10 HyJs, THM OUTBIIMM pe3epBOM BOJIOJI€
MaKCHUMAIBHUH MUISX, 10 MTPOXOIUTH Yepe3 IaHy poOoTy.
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Mpukaax 7.6. 3naiitu koediuieHT HanpyxeHHs podotu (1, 4) mis me-
pexeBoro rpadika (puc. 7.5).

Puc. 7.5. Mepexesuii rpadix

» Kputnunuii nuisx tpuBanocti 61 (ogunuip vacy): 0—1—3—5—-
—6—9—10—11. MakcuMaJIbHHHA TUISAX, 0 MTPOXOIUTH Yepe3 poOoTy
(1, 4) — ne mwsax Ly (0—51—4—6—9—10—11) 3 TpuBamictio #(Lmax)=
=1(L4)=49 (omuHUIB 4Yacy). MakcuManbHUH NUIAX L4 30ira€Tbes i3
KPUTHYHUM Ha Bizpi3sky 6—9—10—11 TpuBamictio 13+6+13=32 (omu-
HUIlb yacy). BukopuctoByrouu hopmyiy (7.20), BU3HAUUMO:

KH(1,4)=M:izO,59. <
61 -32 29

OOuncrneni koe(illieHTH HaNpyXeHHS Jal0Th 3MOTY J0JaTKOBO
knacuikyBaTu poOOTH 3a 30HaMU. 3anexHo Bif BenuunHu K (i, j) Bupi-
3HSIOTh TpU 30HU: Kpumuurny 3ouy (K,(i,j)>0,8); niokpumuuny 30wy
(0,65K,(i, j)<0,8) i pesepsany 30ny (K, (i, ) < 0,6).

Onmumizayia mepedicegozo epaghika — TPOLEC MOJIMILIEHHS
opranizaiii BHKOHaHHS KOMITIEKCY pOOIT 3 ypaXyBaHHIM TEPMiHy HOTO
BUKOHaHHS., ONTHMI3allii0 3A1HCHIOIOTh 3 METOI CKOPOYCHHS JIOBKHHU
KPUTUYHOTO LUIAXY, BUPIBHIOBaHHS KOE(ILi€HTIB HaNpy>KEHHS POOiT,
palioHaJIbHOTO BUKOPUCTAHHS PECYPCiB.
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[lepenyciM BiAIIyKyrOTH 3aXOAM INOJO CKOPOYEHHS TPUBAIOCTI
PpoOiT, o nepedyBatoTh Ha KPUTHYHOMY IIISIXY. Llporo qocsraoTs:

®  [UIIXOM MEPEPO3NOILTY YCiX BHIIB PECYPCiB i3 MEHIIIE HAPYKEHUX
30H y 30HH, IO MMOEAHYIOTh HAHATIPY>KEeHilI poOOTH;

® [UIIXOM CKOPOYEHHS TPYJOMICTKOCTI KPUTHYHHX POOIT 3aBISKU
nepeaavi YacTUHM PoOIT Ha 1HILI IUIIXH, IO MAIOTh PE3epPBH Yacy;

® MapajelbHUM BUKOHAHHSAM POOIT KPUTHYHOTO MUISXY;
® 3MIHOIO CKJIAJY POOIT i CTPYKTYPH MEPEXKi.

Yacro onTmMizariiro MepexeBoro rpadika peanizyoTb METOIOM
“yac — eapmicmsv”, PUITYCKAIOYH, 10 3MEHIICHHS TPUBAIOCTI poOOTH
HponopuiiiHo 3pocTtanHio ii BaprtocTi. TpuBamicte podotu (i, j) Moxe
nepeOyBatu B Mexax a(i,j) <t(i, j) < b(i, ), ne a(i, j)— MiHIMaIbHO
MOJJIMBA TPUBAJICTh POOOTH (i, j), SKYy TIIBKM MOXKHA 3MIHCHUTH B
yMOBax po3po0Oku; b(i, j) — HOpMalibHA TPUBAIICTH pOOOTH (I, j).

[Mpu upomy BapticTh c(i, j) poboru (i, j) HaOyBaec 3HAUYEHHS Y
MeXax B Cpn (4, /) 10 Cpax (i, /), A€ Cpin (i, ) — HOpMallbHA TpUBa-

JicTh po0OOTH, €,y (I, j) — €KCTpEHa TpUBATICTh POOOTH.

1 BapTicTe
poGoTIH

A\

el b

4 I

Ac(i, j)

f-uq':rl..l _.IJ'

L
i ari, j) ii, f) (T, §} TpueanicTe
poGoTm t

Puc. 7.6. BusHaueHHs BUTpAT Ha IPUCKOpeHHs pobotu (i, f)
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BukopucToByroun anpokcumarito 3a npsmoro (puc. 7.6), MoxHa
JIETKO 3HaWTH 3MiHYy BapTocTi pobotn Ac(i, j) Tpu CKOpOUeHHi ii TpuBa-

nocti Ha BenwuuHy Ac(i, j) =[b(i, j) —t(i, j)]h(i, j). Bemmuuna h(i, j),
sKa TIOKa3y€e gumpamu Ha npuckoperns pooomu (i, j) (TOPIBHAHO 3

HOPMAJIEHOIO TPHBANICTIO) HAd OOUHUYIO Ydcy, TOPIBHIOE TAHTEHCY KyTa
0. Haxwly alpOKCHUMYIOUYOI IPSMOi:

Cmax (ia ]) ~ Cmin (ia ]) )
b(la]) - (l(l,j)

Onrtumizaniss MepexxeBoro rpadika 3 ypaxyBaHHSIM BapTOCTI BU-
KOPUCTOBY€ pe3epBH 4dacy poOiT. TpuBallicTh KOXHOI poOOTH, IO Mae
pe3epB 4acy, 30UIBIIYIOTh JOTH, JOKH He Oyae BHUEpIaHO el pe3epB
abo JIoku He Oyne AOCATHYTO 3Ha4YeHHs b(i, j). Y IbOMY BHUIAJKY IO-

h(i, j) = tgo =

YaTKoOBa BapTicTh BHKOHaHHS NpoekTy C =) c(i,j) 3MEHIIUTHCS Ha
i’j
BEJIMYUHY:

LJ i.J
TpuBanicte KOXHOI poOoTH #(i, j) MOIIBHO 30UIBIIMTH Ha Be-

JUYWHY TaKOTO pe3epBy yacy, o0 He 3MIHUTH paHHI (04iKyBaHi) Tep-
MiHH HACTaHHS YCIX TIOMIH Mepexki, TOOTO Ha BEIMYHUHY BiJILHOTO pe3ep-

By wacy R,(i, /).

Mpuxnag 7.7. 3aiiiCHATH ONITUMI3AIlII0 MepekeBoro rpadika (puc. 7.5).
I'pannuHi 3HA4YEHHS TpHUBAJIOCTeH poOiT a(i, j) Ta b(i, j), IXHBOI Bap-
TocTi c(i, j), KoediuieHTH BUTpaT Ha MPUCKOPEHHS poOiT A(i, j) HaBe-
JIeHOo B Tabmuni 7.6.

Hpumimru: 1.'Y tabauui 7.6 mpencTaBieHo MapaMmeTpu JIHIIE THX Po-
0iT, SIKi MalOTh BUTBHHUN pPe3epB vacy.

2. Baprocri c¢(i, j) inmux po6it: ¢(0,1)=50; ¢(0,3)=45; ¢(1,2)=82;
c(3,4)=55; ¢(3,5)=72; ¢(5,6)=30; c(6,7)=26; c(6,9)="75;
c(6,8) =42 ; ¢(9,10)=35; ¢(10,11) =10 (yMOBHUX OJMHHIIb).
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Tabnuysa 7.6. YMOBH Ta po3B’si3aHH MPHUKIany 7.7

PoGo- TpHBan(ich)po60TM .
gn - = Ra@D 1 ey | mipy | ac

@) | aG)) | tG.)) | bG.))
1 105 |5 9 14 11 60 8 40
2 |14 |4 6 10 9 28 4 16
3 1A |3 4 1|37 12 12
4 | @n |2 3 13 86 6 24
5 [B6) |4 6 10 92 10 30
6 |@n |3 8 14 2 48 5 10
7 | (46) |1 3 6 3 64 12 36
8 | (58 |5 10 18 7 15 1 7
9 |69 |3 6 12 16 |86 7 42
10 | (6,10) | 2 10 14 |44 5 25
1] @10) |1 15 10 |74 4 40
12 |89 |2 8 1 (20 |3 3
13 1011 | 11 17 23 2 40 4 8

Pasom | 694 - 293

» HenynboBi 3HaUeHHS BUIBHHUX pe3epBiB yacy poOit ( R, (i, j) ), a Ta-
KOX pe3yJIbTaTH ONTHMIi3allil MepeKi HaBeleHo y Tadmuiti 7.7. Y tadnm-
i 7.7 makpecieHo Ti poOOTH, BiJIbHI Pe3epBH Yacy SKHX LIJIKOBUTO
BUKOPHUCTaHI Ha 30UIbIIEHHS iXHBOI TPUBAIOCTI.

BapricTs nepBicHOTro BapiaHTa MepexxeBoro rpadika (mepBicHOTo
TUTaHY) JIOPiBHIOE CYMi BapTOCTEH ycixX poOiT, y TiM Yucii podiT, mo He
MaroTh PE3ePBiB 1 HE BKIIFOYCHI Y TabIuUITo 7.7:

C=694+50+45+...+35+10=1216 (YMOBHHX OJVHHIIb).

Bapricte HOBoro many pnopiBHioe C—AC=1216-293=923
(YMOBHUX OJMHUIIB), TOOTO 3MeHIIMIAacs Maixke Ha 25%. HoBuit onth-
Mi30BaHUI MepexeBuil Tpadik 300paxeHo Ha puc. 7.7. Jlerko mepeko-
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HaTuCiAe y TOMY, IO 3’IBUJINCS HOBI KpI/ITI/I‘{Hi IIIXu JOBXXUHOIO
typ =61, HapuKIAL:
0515354571011,
05355585911,
051539456 >7—>10>11;
0535556>8->9—>11iT. 1.

MoxHa TPOITIOCTPYBATH, IO Y HOBOMY BapiaHTI MEpEXeBOTO
rpadika (puc. 7.7) 3 64-x NOBHMX NUISIXiB 28 — KpUTHYHI. SIKOU BepxHi
TpaHUIll TPUBAIOCTEH POOIT mependadaiy IIIKOBUTE BUKOPUCTAHHS
pe3epBy 4acy BCiX poOiT, mpeAcTaBieHUX y Tabnwii 7.6, TO B HOBOMY
IJIaHi yCi MOBHI NUISIXK OyIK O KpUTHIHUMU.

OTxe, y pe3ynbTaTi ONTHMI3aIlii Mepeki MU TPUHATIUIHA J0 TUTaHY,
II0 Ja€ 3MOTy BHKOHATH KOMIUICKC pPOOIT y TepMiH [, =61 3a

MiHIMaJIbHOI Hioro BaptocTi C =923

Puc. 7.7. HoBwuii BapiaHT MepesxeBoro rpadika

3ayBaKUMO, L0 NpH JiHIAHIN 3aJeKHOCTI BapTOCTi PoOIT Bix
iXHBOI TpHBANOCTI 3a7ady MOOYIOBH ONTHMAIBHOTO MEPEXKEBOTrO Ipa-
¢bika MokHa CHOPMYIIIOBATH SK 3a/ady JIHIHHOTO MpOTrpaMyBaHHs, Y



114 JocmimkeHHs omrepartiit

AKili HeoOXigTHO MiHIMi3yBaTH BapTiCTh BUKOHAHHS MPOEKTY MPH ABOX
rpymnax oOMeKeHb.

IMeprra rpynma OOMEXeHb 3acBiMUye, IO TPUBATICTh KOXKHOI
po0OTH Mae 3HAXOMUTHCA Yy 33JaHuX Mexax. /Ipyra rpyma oOMexeHb
BUMarae, o0 TPHUBATICTh OYIb-IKOTO IOBHOTO MUISXY MEPEKEBOTO
rpadika He TEpeBHIIyBala BCTAHOBICHOTO IHUPEKTHBHOTO TEPMiHY
BUKOHAHHS MPoekTy. OMHaK BHPINTYBaTH TaKi 3amavi KIACHIHAMH U
METOIaMH JIIHIHHOTO IPOTrpaMyBaHHS, 3a3BUYal, Hee(PEKTUBHO.

? 3anuTaHHs 1Js8 caMonepeBipKu

[ITo Take KOMIUIEKC POOIT?

UuM Bifpi3HAETHCS CTPYKTYPHE IJIaHyBaHHS Bijl KaJeHIapHOTo?
SIKi TOJIOBHI 3aB/IaHHS CTPYKTYPHOTO TUIAaHyBaHHS?

Sk omMCYIOTH TIPOEKT Ha PiBHI CTPYKTYPHOTO TUIAHYBaHHS?

SIKi TONOBHI 3aBIaHHS KaJICHIAPHOTO [UIAHYBaHHS?

SIki 3aBIaHHS BUPIIIY€ OTEPaTHBHE KEPyBaHHSN?

IIlo Take momis?

P NN kW

Sk mo3Ha9ar0Th MO0 Ha MepekeBOMY Tpadiky?

R

Sxi Bumm poOiT Buapissiots y I[IKM?

—_
=]

. Onuurite npaBuiia NOOYA0BH MEPEKi “‘pobomu — nodii”.

—_—
—_—

. Y YoMy HoJisfirae yIopsiiKyBaHHS Mepexi?

—_
\S)

. 1o Take musx y mMepexi?

—
(98]

. o Take kpuTHuHKH nUIIX y Mepexi? Sk Horo 3HaiiTn?

_.
o

. IIlo Take paHHiil TepMiH 3IiHICHEHHS TOJii?

—_
(9]

. 1o Take mi3Hii TepMiH 31iHCHEHHS TTOIi?

—_
=)}

. IIo Take pe3eps gacy momii?

—
3

. o Take paHHill TepMiH 1MoYaTKy podoTn?

—
(o]

. o Take mi3Hii TepMiH MoYaTky podoTH?

—_
Nel

. o Take paHHili TEpMiH 3aKiHYE€HHS POOOTH?

[\
=]

. 1o Take mi3Hill TepMiH 3aKiHYeHHS poOOTH?

NS}
—_

. 1o Take moBHMII pe3epB yacy podoTH?

N
\$}

. o Take BunBHMIA pe3epB yacy podoTu?

[\
W

. [1y1st 4OorOo BUKOPUCTOBYIOTH TIOBHHI pe3epB yacy poooTu?

[\
=

. Jng 90r0 BUKOPHCTOBYIOTH BUIEHUI pe3epB gacy poOoTu?

[\
)]

. o Take xoedirieHT HanpyXeHHS PoOOTH?
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26. Y oMy noJjsrae onTuMiszamis MepexeBoro rpadika?

27. Slki 3ax0/¢ MPUAMAIOTHCS MO0 CKOPOYCHHS TPUBAIOCTI POOIT, 10 mepe-
OyBarOTh Ha KPUTHYHOMY HIIAXY?

28. Jlo 4oro npHpiBHIOIOTH BUTPATH HAa IPUCKOPEHHST pOOOTH?
29. OnwumriTe METO ONTUMI3AIT IPOEKTY “uac — eapmicmy”.

3aBaaHHs JJIs1 CAMOCTIiiiHOT podoTH

3aBaannsa 7.1. HeobOximHO 3po0OuTH nepeB’sHY IMIyxisamy (poOOTy BHUKOHYE
OMH 4YOJOBIK). /[ 1BOro OBeAEThCS PO3MITUTU JOUIKH BIIMOBIAHO 10
posmipiB mryxmsam (15 xB.); pospizati jmomku (12 XB.); CKIEITH YacTHHU
wyxisau (40 XB.); MPUOMTH O KPUIIKK IIyXJIsAW et (8 XB.); MOYEKaTH,
JIOKH IIyXJIsiia BUCOXHE, 1 BuTepTH ii (15 XB.); meTdi (i3 KPHUIIKOI0) MPUOUTH 110
mryxssiam (10 xB.). Y pykkax 3a3Ha4€HO TPUBAJICTh POOIT.

[TobynyBatu mepexeBuid rpagik. 3HAWTH Yac BUKOHAHHS KOMILIEKCY
po0iT, yacoBi XapaKTEPUCTUKH MO 1 pOOIT.

3aBaanns 7.2. HeoOXifHO 3aMIHUTH KOJIECO MalIHU (POOOTY BUKOHYIOTH JIBa
yonoBika). JlicraTu 3 OaraxkHuKa JOMKpar i iHcTpyMeHTH (40 ¢); 3HATH JUCK 13
kosieca (30 c); 3BUTbHUTH KoJeco (50 c); MOCTaBUTH JOMKpAT IIiji MalluHy
(26 c¢); migaatn MamuHy (20 ¢); 3 OaraxxHHWKa B3ATH 3amacHe koyieco (25 c);
3HATH Taliku 1 koneco (20 c¢); ycTaHOBUTH 3amacHe Kojeco Ha Bick (10 c); 3ar-
BUHTUTH (HE CHJIBHO) Taiiku Ha oci (15 c¢); omycTuTH MammHy i 3i0partu A0M-
Kpar (25 c¢); mocTaBuTH TOMKpar Ha3aja y OaraxkHuk (10 c); 3arBUHTHTH ralikn
Ha oci mo KiHOA (12 c); MOKJIACTH TTONIKOJKEHE KOJIeCOo ¥ IHCTpyMEHTH y
Garaxauk (40 c); mocraButn Ha Mmicue auck komeca (10 c). YV myxkax
3a3HAYCHO TPUBAIICTH POOIT.

[ToOynyBatn MepexxeBuil rpadik. 3HalTH 4Yac BUKOHAHHS KOMIUIEKCY
po0iT, THMYAcOBI XapaKTEPHUCTHUKH TTO/iH 1 poOiT.

3aBnanns 7.3. Jlng mepexeBoro rpadika (puc. 7.8) 3HaWTH yci MOBHI IUIAXH,
KPUTHUYHHN NUISX; PO3paxyBaTW paHHI Ta Mi3HI TEPMIHM 3IIHCHEHHS MOJIMH,
MOYaTKH 1 3aKiHYeHHS poO0iT; BU3HAUYUTH PE3EPBU Yacy MOBHUX IUISAXIB 1 MOIIMH,
pe3epBH 4acy (TOBHUI Ta BUIbHUIT) poOiIT 1 KoedillieHTH Hanpy>KeHHs pooiT.

3aBnanns 7.4. Slk 3MiHUTBCS TEPMiH BUKOHaHHS Mpoekty (puc. 7.8), pesepBu
yacy poOiT i moxid, koedilieHTH HampyXeHHs POOIT, SKIIO 30UTBIIUTH TPH-

BaJTiCTh POOOTH t(9,10) Ha BENUYUHY: a) R, (9,10); 0) R, (9,10).

3aBaanns 7.5. Sk 3MiHUTBCS TepMiH BUKOHAHHA MPOEKTY (puc. 7.8), pesepBu
Yacy poOiT i moiil, KoedilieHTH HAMPYKEHHS POOIT, SIKIIO TPUBAIICTh KOXKHOT
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pobGotu t(i, j) 30UIBIIMTH Ha BEIMYUHY: a) R, (i, j) 0) R, (i, j). Jis Bunaz-

KiB a), 1 0) 3HAWTH yci KPUTHYHI NIUISIXHA MEPEKEBOTO Tpadika.

3aBnanus 7.6. Y Tabmuii 7.6 3a3HaU€HO OLIHKU 4acy BUKOHaHHS poOIT mepe-

Puc. 7.8. Mepexesuii rpadik (3aBaanns 7.3 — 7.5)

JKEBOTO Tpadika, HaJaHi BIAMOBITaTbHUMH BUKOHABI[IMH Ta €KCIIEPTAMHU.

Tabnuysa 7.6. YMOBH 3aBHaHHS 7.6

No | PoGora OumiHka 4acy BUKOHaHHs poOOTH, 100K
s/ (i, J) OHTI/IMi.CT'I/I‘IHa mecuMicT A Haf/’liMO]?ip‘HiH_[a
fo(0.J) A) 1)
1 2 3 4 5
! (1,2) 5 9 6
2 (1,3) 2 7 5
3 1,4) 4 10 8
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Rakinuenns maobn. 7.6

1 2 3 4 5

4 3,4 9 14 11

5 2,5) 7 13 10

6 4,5) 1 4 3
Heobxigno:

a) moOyayBaTH MepexxeBuil rpadixk;
0) BU3HAYMTH OUIKyBaHI 3HAYEHHS TPUBAJIOCTI POOIT;
B) BU3HAYUTH KPUTHYHUH IUIAX Ta HOTO JOBXKHUHY.

BBakaroum, 1110 94aC KPUTHYHOTO IUIXY PO3MOALICHUN 38 HOPMATBHAM
3aKOHOM, 3HAWTH HMOBIPHICTH TOTO, IIO TEPMIH BUKOHAHHS KOMILJIEKCY pOOIT
HE MepeBUIuTh 17 1i6.

3aBaannsa 7.7. Y tabmuii 7.7 3a3HAYCHO OI[IHKK Yacy BHKOHAHHS 1 BapTOCTI
PpooiT.
Tabnuysa 7.7. YMoBHU 3aBIaHHA 7.7

No PO@” Tpusanicts poboTu (106a) Wi C =(,j) npu
sm | ()
a(i, j) b(i, ) (i, j) = b(i, J)
1 2 3 4 5 6
1 0, 1) 10 20 6 35
2 (0,2) 12 32 3 50
3 (1,2) 2 12 3 15
4 (1,3) 2 7 8 10
5 2,7 2 7 3 10
6 (3.4) 16 26 2 50
7 (3.5) 8 13 6 15
8 | (4.6) 12 22 4 40
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3axinuenns maon. 7.7

1 2 3 4 5 6

9 (5,6) 20 25 4 30

10 (6,7) 8 13 5 25
11 (7,8) 6 11 9 20
Pazom 300

3a mannmu Tabmumi 7.7 HeoOX1aHO:
a) moOyayBaTH MepexXHui rpadik;

0) BM3HAYUTH KPUTUYHHMH IUIAX 1 BapTICTh MPOEKTY 32 MiHIMaJIbHO MOIKIIU-

BUX 3HaU€Hb TPUBAJIOCTI YCiX poOiT;

B) IJIaH 3 MAKCUMAJIbHUMH 3HaYEHHSIMU TPUBAJIOCTI YCIX pOOIT 1, BIINOBITHO,

MIHIMaJIBHOIO BapTICTIO MPOEKTY.
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